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INTRODUCTION 


(o) During the last century it was discovered that the geometry of 
Euclid, which ruled supreme for 2000 years, is not the only true geom¬ 
etry and that it is possible to invent mathematically non-Euclidean 
spaces having any number of dimensions whose properties differ from 
those of our three-dimensional physical space. For the study of these 
new types of spaces a new mathematical discipline slowly evolved, 
which was shaped into a tool by Ricci and Levi-Civita. This tool is 
usually known today by the name “tensor analysis.” 

Great impetus was given to the application of this new mathemati¬ 
cal tool to the study of physical problems by the advent of the theory 
of relativity in which Einstein showed that our physical universe itself 
is neither three-dimensional nor Euclidean. As tensor analysis became 
better known among physicists, it was employed with increasing fre¬ 
quency in the study of classical dynamical problems such as hydro¬ 
dynamics, electromagnetic theory, elasticity, and lately in quantum 
dynamics. Since many engineering problems by the very nature of 
the variables used are inherently neither three-dimensional nor Eucli¬ 
dean, there is a need for an engineering tool that utilizes any number 
of variables in the most systematic manner. The application of ten- 
sorial methods to the solution of engineering problems arises from this 
need. 

(6) The subject matter of this volume presents a new method of 
approach to the analysis and synthesis of networks that are most fre¬ 
quently encountered by the electrical engineer in his daily work. The 
method of approach is so formulated that it might serve as a first step 
to the systematic analysis and synthesis of rotating electrical machin¬ 
ery on the one hand and of transmission networks on the other. The 
latter in turn will serve as a second step in the study of radiation and of 
electronic phenomena from the point of view of the electrical engineer. 

Analytical investigators usually build up a different, highly special¬ 
ized method of reasoning for each particular field of electrical engineer¬ 
ing in which they happen to be interested. As a result their work is 
usually u closed book to engineers specializing in other fields. It is 
hardly necessary to point out that the language, the terminology, and 
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the methods of reasoning of engineers specializing in synchronous 
machines, for instance, are utterly different from those specializing in 
multiwinding transformers or in vacuum tubes. Any information 
acquired in the study, say, of induction motors is of little use to the 
engineer in his attempt to study, say, the motion of an electric charge 
in a magnetic held. 

In order to carry along the unified point of view throughout the 
range of interest of the engineer from network to field problems, from 
rectangular to cur\dlinear axes and from stationary to accelerated 
systems so that knowledge gained in one field of engineering might be 
useful also in an apparently different field of engineering, the writer 
abandons the beaten track followed by other writers both in the 
analytical tool used and in the method of reasoning followed- (Of course, 
the results arrived at are in all respects the same as those of other 
writers when the same assumptions are made in investigating the same 
problem.) 

The analytical tool used in the quest for a unified point of view of 
the large variety of engineering structures is the same that is employed 
by physicists in their quest for a unified point of view of classical, rel¬ 
ativistic, and quantum physics, namely ''tensor and spinor analysis'^ 
(also known as the “absolute differential calculus**). The method of 
reasoning employed for the engineering work also follows as closely as 
possible that of modern theoretical physics, namely, the geometrical 
reasoning of a branch of geometry called "differential geometry" 

However, for engineering work it was found necessary to augment 
the concepts of differential geometry with the concepts of another 
branch of geometry, called '^topology" or “analysis situs,** that hith¬ 
erto has not generally been employed in the study of physical phe¬ 
nomena. It was also necessary for enginf?ering work to forge the con¬ 
cepts borrowed from these two apparently different fields into a single 
engineering tool. This fusion has been accomplished with the aid of 
tensorial methods. 

It is emphasized that this book is not written by a mathematician 
and is not written for mathematicians. This book is written by an 
engineer for engineers who are interested in learning an organized 
method of attack to analyze and synthetize electrical networks. The 
method of tensor analysis is still a rapidly growing structure, and con¬ 
sequently there still exists among its exponents disagreement on nota¬ 
tion and nomenclature so that a student has difficulty in deciding for 
himself what to take and what to leave for his own special purpose. 
The definitions and physical interpretations of all concepts are given 
here in a language that is thought to be best suited to the requirements 
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of the engineer who confronts such method of attack for the first time. 
This volume makes no pretense of possessing absolute mathematical 
rigor. Anyone interested in precise mathematical or geometrical defi¬ 
nitions is Inferred to books given in the bibliography and written by 
mathematicians or mathematical physicists specializing in these fields. 
The aim of this volume is to get definite answers to definite engineering 
problems, the mathematical concepts serving only as an aid. 

(c) The keynote of this volume is '' organization It undertakes the 
organization of the large variety of networks according to their basic 
properties and expected functions. By organization they become 
obedient to the command of the engineer as an army of well-disciplined 
soldiers responds to the control of the commanding general. This 
organization is realized by the introduction of ''groups of transforma¬ 
tions'' that control the unfolding of the analysis as the several ranks of 
officers direct the movements of the privates. 

Several aspects of the method of organization to be introduced here 
are not new to the electrical engineer. The shorthand procedure of 
denoting a collection of numbers by one symbol is used by the engineer 
whenever he solves a set of linear equations with the aid of determinants 
or manipulates them with the aid of matrices. Denoting the complex 
number r + jx by one symbol Z is an analogous organization. Such 
shorthand procedures have been used in electrical engineering inter¬ 
mittently since the days of Kirchhoff. Lately Strecker and Feldt- 
keller and their followers have used systematically matrices with two 
rows and columns in the analysis of four-terminal networks; and Cauer 
and his followers have used matrices in their synthesis. 

A further step in organization consists of denoting by a single sym¬ 
bol not a collection of numbers, but a physical entity actually existing 
in nature. Vector analysis, used by the electrical engineer since Max¬ 
well, is such a type of organization. Since a physical ent-i v may be 
measured from an infinite number of reference frames, each measure¬ 
ment giving a collection of numbers, a single symbol now represents an 
infinite number of collections instead of one. Vector analysis represents, 
however, a very limited type of organization, since it represents only 
physical entities existing in a three-dimensiofial Euclidean space. The 
concept of a “group of transformation’* is also implied in vector 
analysis, relating the components of each physical entity along the 
various reference frames of a three-dimensional Euclidean space. 

A still more advanced type of organization that is useful in physical 
problems requiring generalized coordinates employs new types of 
spaces, having more than three dimensions and having more compli¬ 
cated structures than a Euclidean space. These new types of spaces 
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are populated by new types of physical {or geometrical) entities^ each 
denoted by a separate symbol. These spaces and the entities existing 
in them are created with the aid of “groupsof transformations” so that 
in general there are as many basic types of spaces as there are “groups 
of transformations." The structure of the basic spaces depends on 
the type of entities that exist in them. 

Tensor analysis is the systematic study of these generalized spaces 
and of the entities that may fexist in them. From this point of view 
tensor analysis may be considered as an extension and generalization of 
vector analysis from three- to n-dimensional spaces and from Euclidean to 
non-Euclidean spaces. Of course, it is possible to disregard the geo¬ 
metrical picture entirely and to consider tensor analysis as the study of 
advanced types of mathematical entities. 

These new types of spaces differ radically from the conventional 
Euclidean space; hence in their study the usual intuitive concepts of 
space must be discarded. The primitive definitions of vector analysist 
as, for instance, “a vector is a quantity having magnitude and direc¬ 
tion," have to be abandoned, as must also all other preconceived geo¬ 
metrical notions and definitions such as “magnitude," “direction," 
“parallelism." In studying tensor analysis the definition and manip¬ 
ulation of geometrical or physical entities have to he approached anew 
from the very foundations. 

The organization does not stop at this point. The n-dimensional 
spaces can be generalized to infinite-dimensional spaces. Also instead 
of using only four- five-, that is integer-dimensional sjiaces, it is possible 
to use or 4,375- or 7r-dimensional spaces having all types of com¬ 
plicated structures. These spaces are used in the study of the more 
basic electrodynamical phenomena. 

The Analytical Tool, (a) As befits a really powerful tool, various 
people see various advantages in the use of tensors, depending on their 
individual outlook and on their fields of endeavor. In applying tensors 
to the analysis and synthesis of the large variety of interrelated prob¬ 
lems that confront the engineer, the following reflections may throw 
light on certain aspects of the tool that fit it to engineering application. 

The use of tensor analysis in the solution of engineering problems 
may be compared to the use of a steel frame in erecting a skyscraper. 
Now, it is possible, at least theoretically, to erect a skyscraper a hun¬ 
dred stories high by simply placing brick upon brick on top of one 
another. History does record one such construction undertaken in 
the city of Babel, but it clouds in mystery the success of that pioneer¬ 
ing enterprise. 

Whatever advantages the use of steel frames offers for the construction 
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of buildings^ analogous advantages are offered by the use of tensor and 
spinor janalysis in the solution of engineering problems. The founda¬ 
tions occupy less space, the erection of the building is speeded up, and 
it can stand more violent shocks from the vicissitudes of the elements. 
The engineer dares to design and build new types of structures—for 
new as well as for old uses—that he would not attempt had he no steel 
frames at his disposal. When the steel frame has been erected, it is 
possible to put in the bricks only on the sixtieth story and to furnish 
that particular floor alone, leaving the lower fifty-nine stories uncom¬ 
pleted, a feat that would be impossible without the steel frame. Simi¬ 
lar unfinished steps may be left in the analysis of engineering prob¬ 
lems where only the needed part may be investigated in detail. It is 
not necessary to carry in each particular problem the group of equa¬ 
tions page after page, keeping their physical analysis in mind at the 
same time; all that may be left in a crude state in the form of a few 
symbols that act as the needed framework supporting the detailed 
parts. At any time it is possible to add additional floors to the 
already finished building or subtract any part and change it according 
to the new needs without disturbing the remaining structure. 

In addition to allowing the engineer to build skyscrapers, the use 
of a steel frame allows the engineer to fabricate buildings by mass pro¬ 
duction. The same steel frame may be used for a great variety of 
buildings by arranging the brickwork and the partitions according to 
the taste and needs of the various tenants. Similarly it is found that 
it is possible to set up in the language of tensor analysis equations 
analogous to a steel frame that represent the performance or character¬ 
istics of a large variety of networks or rotating machines or trans¬ 
mission systems. Once these tensor equations have been established, 
it is possible to find the equations of performance or characteristics of 
any one particular network or machine or transmission s\ stem by a 
routine substitution of particular constants. 

(6) This versatility of tensors enables the engineer in the study of, 
say, a large variety of rotating machines to select one whose structure 
is quite simple and to study the properties and equations of this par¬ 
ticular simple machine only. If the engineer, with the aid of tensor 
concepts, learns the method of analysis and the physical phenomena 
taking place in this particular machine, he learns at the same time the 
physics, the method of analysis and solution of a large variety of machines, 
without learning a new trick for each particular machine as is necessary 
with other methods of attack given in all textbooks on machinery. 

These two particular characteristics of the tensorial reasoning, 
namely: (1) the ability to introduce analytical skyscrapers and (2) the 
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ability to introduce mass production into the analysis and synthesis of 
engineering problems, are emphasized in this volume. The first charac¬ 
teristic of the method of tensors enables the engineer to attack and 
solve problems that he otherwise would not be inclined to attack 
because of the mechanical difficulties or could not attack because of 
the difficulties in visualizing the physics of the problem. The second 
characteristic enables the engineer to utilize the reasonings and results 
of one problem in the solution of many other problems, by storing 
away whole or partial results of one investigation in the form of ten¬ 
sors and expanding or combining them again in various manners in 
several new investigations. 

This temporary storage and reutilization of the results of previous 
investigations is analogous to the storage of standardized parts, like 
the frames and laminations and shafts and bearings of rotating 
machines, in the stockroom, and their immediate recombination into 
complete machines with various specifications as the orders come in, 
without building each part of the machine anew when ordered. With 
the method of tensor analysis at his disposal the engineer can combine 
analogously his tensors that he built up previously and stored away 
into the new tensors needed, without repeating the whole analysis each 
time a new problem comes up. 

(c) Just as architects using steel frames, similarly engineers using 
tensors, must keep in mind that once the steel frame has been erected, 
it is still necessary to put in the brickwork and to furnish the finished 
building and to find tenants. There are a certain number of windows 
and doors, partitions and stairs that have to be installed, whether or 
not the steel frame is used. Of course, mass-production methods can 
also be used in supplying these additional fixtures. Similarly in any 
engineering problem there are an absolute minimum number of addi¬ 
tions, multiplications, divisions, finding of roots, etc., that cannot be 
avoided by any organized method of attack. Of course the steel frame 
facilitates the more systematic use of calculating machines and it 
enables the engineer to delegate a large part of his work to 
computers. 

Also it must be kept in mind that it would rarely be good engineer¬ 
ing to use a steel frame in constructing a one-car garage. No general 
rule can be given to determine the lower limit for the use of a steel 
frame, or for the use of tensors. 

(d) A very important advantage in erecting a steel frame first in 
the study of physical phenomena is that the same steel frame—the same 
tensor equation—is valid for several different types of physical phenomena. 
Most of the tensor equations of hydrodynamics, or electrodynamics. 
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or optics, or elasticity, all have the same form; they differ from one 
another only by the brickwork and the furnishings. The tensor equa¬ 
tion of any accelerated electrical machine is identical with the tensor 
equation of an accelerated electric charge viewed from any curvilinear 
reference frame, and the passage from any rotating machine to any 
other machine or from one frame to any other frame involves only a 
routine transformation. 

The number of the type of girders used in the steel frame of nature—the 
number of tensors—is quite limited. The discovery of a new type of 
tensor or spinor existing in a physical phenomenon is analogous 
to the discovery of a new building-block in the structure of the 
atom. 

This volume is an introduction to the theory and use of analytical 
steel frames in engineering. It deals with the simplest type of frame¬ 
work using only straight girders that have to be erected in organizing 
the sets of linear, algebraic equations that occur in the study of asym¬ 
metrical, active networks having lumped constants. As bricks it uses 
only additions, multiplications, and divisions. Differentiations (with 
their curved steel girders) are introduced only occasionally to establish 
points of contact with the differential equations to be organized in 
another volume, but those sections may be left out without disturbing 
the development. 

The Method of Reasoning, (a) To those who are interested in 
how the method of reasoning used in two such divergent branches of 
abstract geometries as ‘"topology” and “differential geometry” can be 
used in the analysis of practical engineering problems, the following 
remarks may be of some value. 

Roughly speaking, “differential geqmetry” studies certain special 
properties of curves and other configurations drawn in flat or curved 
two-, three-, or more dimensional spaces. The main point of interest 
is the study of those properties of curves that are independent of the 
reference frames that happened to be assumed in the space. Tensor 
analysis serves as a powerful analytical tool in such studies where the 
reference frames are varied. 

“Topology” deals with more general properties of curves drawn 
in a set of interconnected w-dimensional spaces. Such an intercon¬ 
nected structure is, for instance, the surface of a cube in which six two- 
dimensional planes, twelve one-dimensional lines, and eight zero¬ 
dimensional points are interconnected into one system. In the gen¬ 
eral case each of the spaces may be quite distorted. Here it is also 
possible to assume on the same structure various reference frames for 
the study of curves drawn, say upon the cube. 
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(6) Now the types of problems allowed by the freedom of selecting the 
reference frames arbitrarily on the same complicated structure of 
spaces {that is covered in most textbooks and publications) are not suffi¬ 
ciently general to be of real value to the engineer. This is perhaps the 
main reason why the method of these sciences has not been applied 
as yet to engineering. This lack of generality may be seen from the 
following considerations. 

The engineer deals with a collection of zero-, one-, two-, and three- 
dimensional structures interconnected in innumerable ways. For 
instance, a transmission system contains two-, one-, and zero-dimen¬ 
sional structures in the form of rotating machines, transmission lines, 
and the junctions between the lines and machines. Similarly a bridge 
contains an assembly of piers, plates, girders, and their junctions; or 
a reciprocating engine contains among other things pistons, crank¬ 
shafts, rods, and bearings. The superposition of electromagnetic 
phenomena upon the whole transmission system (or the superposition 
of stresses upon the bridge or motion upon the engine) is analogous to 
superimpoung curves upon the interconnected spaces of various 
dimensions. Hence the properties and equations of the superimposed 
curves are identical to those of ihe superimposed electrical or mechanical 
phenomena, and the results of one investigation can be applied with a 
simple reinterpretation of symbols to the others. 

However, the engineer changes the reference frame on some par¬ 
ticular structure only occasionally. What the engineer does most 
often is to combine the component one-, two-, and three-dimen¬ 
sional structures in all imaginable manners to build a large variety of 
new structures on which he again superimposes the same type of 
forces. And the engineer is interested chiefly in finding out how this 
large variety of new structures responds to applied forces in order to 
select the most suitable structure to accomplish some desired ends and not 
how one structure appears from various points of view. 

(c) This more general problem of the engineer appearing in the 
central foreground of this volume may be formulated from a geomet¬ 
rical point of view as follows: 

Let there be a collection of zero-, one,- two-, and three-dimensional 
spaces. These spaces may be flat, curved, distorted, and so on. Let 
this collection of spaces be interconnected and interlinked with one another 
in a large variety of manners analogously to the large variety of engineering 
structures, and let upon each of these structures certain types of configura¬ 
tions be drawn (say the shortest line between any two points on the 
structure) analogously to the phyacal phenomenon superimposed upon 
the engineering structure. 
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Of course, each of these configurations can be expressed in the form 
of an equation, when some arbitrary reference frames are assumed on 
each structure. One of the problems to be investigated is to find an easy 
way to establish the equations of the configurations drawn on all the dif¬ 
ferent types of structures provided the equation of the configuration 
drawn on one particular structure is known. Geometrically speaking, 
the problem is to set up a correspondence between the configurations 
drawn upon the different types of structures (or to find the **group*’ 
of the correspondence). In the language of the engineer the problem 
is to establish in a routine manner the equation of performance of all 
the different types of structures, if that of one of the structures is 
known. The structures may contain different number and types of spaces. 

The equations of performance are changed in a routine manner 
with the aid of a group of transformations (to be called the ‘‘connec¬ 
tion tensor”) representing the manner of interconnection of the vari¬ 
ous spaces. By using this method the engineer needs to establish 
from purely physical considerations the equations of only one system 
(the so-called “primitive system”), while the equations of all the other 
systems follow automatically, without starting their study all over 
again. 

In conjunction with this newly developed process of changing over 
from a reference frame on one structure to some arbitrary reference 
frame on another structure^ also the customary process of changing 
over.from one reference frame to another on the same structure occurs 
quite often as a special case. Of course on each structure it is possi¬ 
ble to assume numerous actual or hypothetical reference frames. 

id) This volume undertakes the study of structures in which only 
zero- and one-dimensional spaces are interconnected. Owing to the 
simplicity of the component spaces not much differential geometry 
enters into the study and most of the concepts are borrowed from 
topology. 

It is interesting to note that the foundations of topology were laid 
originally by Kirchhoff in his investigations of the flow of electricity 
through networks. However, the science of electricity and the science 
of topology soon drifted apart until, after a century of slow separation, 
hardly any traces of one can be found in the other. Of equal interest 
is the fact that both modern tensor analysis and modern differential 
geometry also owe much of their development to the study of the 
motion of an electrified particle in an electromagnetic field, requiring 
a four- or a five-dimensional space with a complicated structure for its 
geometrical analogy. Small wonder that the concepts and methods 
of tensor analysis, topology, and differential geometry, and the science 



xxii 


INTRODUCTION 


of electricity by their very nature go hand in hand, each influencing 
the other. 

I^e Point of View. Although most of the applications of tensor 
analysis in theoretical physics pertain to fidd problems, this volume 
undertakes a new type of application to circuit problems. (The dif¬ 
ference between field and circuit problems is more or less analogous 
to the difference between problems of differential geometry and those 
of topology.) 

One other point of view assumed here must be especially empha¬ 
sized. The main purpose of tensor analysis and its application to 
other sciences is usually to establish all-inclusive equations, broad con¬ 
clusions valid for as many varieties of cases as possible. However, for 
engineering work that point of view is insufficient. In engineering 
tuork it is also necessary to get specific answers to specific problems in the 
shortest possible time. Hence in this volume every effort has been 
nuide to develop this phase of the tensorial method of attack, which 
of course is implied in tensor analysis but has been neglected by other 
writers owing to their lack of interest in specific problems. Among 
the many textbooks on tensor analysis quoted in the bibliography, 
there are very few which work out even one specific problem with the 
aid of the equations developed in them and for that reason these text¬ 
books contain only occasionally a set of functions arranged in a row 
or a square or a cube, in which the present book abounds. 

In order to facilitate the solution of specific problems several new 
concepts and points of view have been introduced, such, for example, 
as "primitive” systems, reduction formulas, "compound” networks, 
rules for the quick manipulation of sets of numbers, and generalization 
postulates. 

The examples covered in this volume are quite elementary and do not 
represent all the types of network problems that can be attacked by ten¬ 
sorial methods. This volume hardly scratches the surface of the vast 
possibilities that can be brought into existence by proper "organiza¬ 
tion” introduced into the multitude of methods of attack on engineer¬ 
ing problems. Filter networks, for instance, which are not even 
touched upon in this volume, though they have been given excellent 
treatment by organized methods, still offer a fertile field for a new 
method of attack with the aid of tensorial concepts. 

There is nothing final about the notation, terminology, and defini¬ 
tions arrived at in this volume. They should serve only as starting 
points for new departures or as stepping stones for deeper penetration. 
It is strongly felt by the writer that beyond the footpaths cleared in 
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this volume there lies a vast and uncharted territory which awaits 
its explorers. 

Suggestions for Reading. The greater part of this volume may be 
read by anyone who has a knowledge of elementary mathematics and 
some acquaintance with Ohm’s and Kirchhoff’s laws. The volume 
has been written with several types of readers in mind. Engineers 
who are interested exclusively in getting a quick and organized answer 
to their problems may leave out several of the chapters and many 
scattered sections that expound geometrical or other not strictly 
engineering viewpoints, such as Chapters VII, VIII, XVII, and 
XVIII. Many of the chapters deal with special engineering subjects 
such as windings, tube-circuits, etc., that may be left out by those 
who are not interested in that particular topic. Such chapters are 
XII, XV, XX, XXI, XXIII. Those who are not interested in engi¬ 
neering problems, but only in the manner of application of tensorial 
concepts, may read Chapters I-XI, XIII, XIV, XVI-XVIII, and the 
first part of XIX and XXI. Many of the earlier sections that may be 
left out at the first reading (since they are needed only in the more 
advanced work) are denoted by an asterisk. 

This volume covers in detail the subject matter of the first two 
parts of a series of articles running currently in the General Electric 
Review. The serial, of which so far seventeen parts have appeared, 
began in the April, 1935, issue and is entitled “The Application of 
Tensors to the Analysis of Rotating Electrical Machinery." Some 
of the material from the other parts that are of introductory nature 
are also included and enlarged here. It is hoped that eventually other 
parts of the General Electric Review serial may be published in detail 
as time and opportunity permit. 
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CHAPTER I 

THE ALGEBRA OF iV-WAY MATRICES 

L A NEED FOR “ORGANIZATION” IN ATTACKING 
ENGINEERING PROBLEMS 

(a) In engineering work a symbol like A may represent different 
types of quantities. Among others the following may be mentioned: 

1. It may represent a co«5ton/quantity like i4 = S.orA = 3.14159, 
or A — 3 + 4j. 

2. It may stand for a variable quantity as A = x, or for a function 

of the variables, as A *= cos x,or A = + 3a: + 4. 

3. It may represent a linear operator as A = d/dt = p, or 
A — A- p, or A = 1 = Heaviside unit function, etc. 

In all these cases the single symbol A stands for a single quantity, 
and consequently in all engineering works as many symbols are used in 
general as there are quantities in the problem under consideration. Because 
of the large variety of symbols needed to represent even simple types 
of engineering structures and the mental discipline necessary to keep 
the role of each symbol in memory throughout the whole analysis, a 
need arises for an analytical tool that dispenses with the large variety 
of symbols and keeps only an absolute minimum number throughout 
the analysis of the engineering problem., 

(5) The problems of the engineer are fundamentally the same as 
those of the physicist; both express physical phenomena in mathe¬ 
matical symbols. Generally speaking, the physicist endeavors to 
reduce natural phenomena to their simplest possible form, usually 
expressible by a few, mostly one equation, introducing only as many 
mathematical symbols as there are corresponding physical concepts. 
That is, the physicist sets up an equation for, say, the conduction of 
electricity between two electrodes, or for an electromagnetic wave 
traveling along a single conductor, or for the electromotive force gen¬ 
erated in a rtffgle conductor moving in a magnetic held, or for the 
passage of light through a lens, etc. Once the equation for the 
phenomenon is set up, the physicist’s role has ended. 

This is where the engineer’s role begins. The engineer takes a two- 
electrode tube and adds several additional electrodes; and for good 
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measure he connects them to different types of networks; or he builds 
transmission networks covering whole continents; or he takes several 
moving conductors and constructs a large variety of complex rotating 
electrical machines; or he combines a series of lenses into an optical 
instrument, and so on. 

That is, the engineer generalizes the one-, two-, or three-dimensional 
problem of the physicist to k dimensions. And that is where his diffi¬ 
culty originates. It is recognized that the engineer introduces no 
additional physical phenomena in his systems, but he introduces 
additional interrelations between the various components in such a 
way that the complications increase with an increase in the number of 
components. Most engineering problems require not discovery of 
new laws, but ingenuity in organizing interrelated phenomena, whose 
laws are already known for each component part of the system con¬ 
sidered separately. For instance, the law of motion of a conductor 
through a magnetic field is known, and combining several conductors 
into a rotating electrical machine requires only an organized method of 
analysis and not discovery of new laws. The law valid for the motion 
of the single conductor must necessarily be valid also for the motion 
of any complicated network consisting of any number of conductors. 
The problem is how to express this fact in practical calculations. 

In order to organize the large variety of engineering problems 
into the absolute minimum number of standardized types in which the 
physicist has expressed them, it is necessary to introduce new points 
of view, new symbols, new mental and physical concepts. WluU is 
needed for the unified point of view is not additional mathematics, but 
" organization ” of the already employed mathematics. 

n. SETS 

In order to manipulate the large number of quantities that occur in 
engineering problems the first logical step in organization consists of 
avowing the single symbol A to represent not one quantity {number, 
function, linear operator, etc.; as shown above, but a whole set of quan¬ 
tities that play analogous physical roles. For instance, A may represent 
ail the currents, **, *<*••• flowing in all the meshes of a network 
instead of representing just one of the currents. 

Accordingly the single symbol A may represent the following 
sets " of quantities: 

1. A set of k quantities, a, b, c, arranged in a row, called “one 
dimensional set ’’ or “ one-way set ” as 


□ 

LlJ 

LlJ 

1 ^ 

«lJ 

a 


A 


1.1 
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2. A set of quantities arranged in a square, called “ two-dimen¬ 
sional set or “ two-way set " as 


a 

b 

c 

d 

e 

f 

g 

h 

i 

j 

k 

1 

m 

n 

p 

Q 


3. A set of quantities arranged in a cube, called ** three- 
dimensional set ** or ** three-way set ** as shown in Fig. 1.1. 



Fig. 1.1.—A Three-way Set 


In general these sets are called w-way sets.*^ 


m. n-WAY MATRICES 

(a) In order that the final answer should be the same, irrespective 
of whether the original large number of quantities are used in the • 
analysis or the symbols representing them, it is necessary to manipulate 
these sets of various dimensions, that is, to add them, multiply, differentiate, 
integrate them, etc. 

It is possible to devise all types of rules for the manipulation of 
sets, depending on the problem at hand. In physical and geometrical 
problems a particular type of manipulation has been found quite useful 
that will be given here. When a set of quantities obeys the particular 
rules of manipulation to be shown presently, the set is called an “ n-way 
matrix ” or an ** n-dimensional matrix ” or shortly an “ n-matrix." 

(p) In order to add, multiply, etc., n-way matrices of various 
dimensions with ease, in these pages a distinguishing mark or index will 
be attached to each row and column or layer of an n-matrix as shown in the 
following: 

1. Examples of one-way matrices, or 1-matrices, are 


a 

b 

C 

d 

e 

/ 

g 

h i 

Cl] 

CD 

-9 

D 

n 

1 2 1 

7 

8 j -3 
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A Umatrix is also called a “ linear matrix.” 

The components may be real or complex numbers or any other 
types of quantities. The number k of the components may be any¬ 
thing from two to infinity. 

When the number of components is infinite, special methods have 
to be used, and consequently they will not be touched upon in this 
treatise. 

2. Example of two-way matrices or 2-matrices are: 



a 

b 

c 

d 

e 

a 

2 

3 

7 

-8 

-5 

h 

0 

1 

5 

4 

1 

A ^ c 

5 

-7 

8 

-9 

0 

d 

3 

6 

4 

2 

7 

e 

4 

8 

2 

9 

5 



a 

h 

c 

a 

3 + y 

0 

-2j 

B --b 

9 

5 -j 

8 

c 

-15 

0 

j 


1.4 


abed 


1 

0 

0 

0 

0 

sin $ 

cos $ 

0 

0 

—cos $ 

sin $ 

0 

0 

0 

0 

1 


a h c 


a 

X* 

y 

3xa 

i) = * 


0 

z 

c 

-5 

x*y^ 

x^y 

d 

xyz 

X 

0 


A two-vxiy matrix is also called shortly a “ mairix." 

2-Matrices in which the components are arranged in a rectangle 
instead of a square also occur. 
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Two important matrices are: 

1. The “ unit^matrix - containing unity in its main diagonal com¬ 
ponents and zero elsewhere, as 



a 

h 

c 

d 

e 

a 

1 

0 

0 

0 

0 

b 

0 

1 

0 

0 

0 

I c 

0 

0 

1 

0 

0 

d 

0 

0 

0 

1 

0 

e 

0 

0 

0 

0 

1 


It is also called the “ Kronecker’s della ” and is. denoted by 6. 

2. The null-matrix ** containing zero in all components as 



a 

b 

c 

d 

e 

a 

0 

0 

0 

0 

0 

h 

0 

0 

0 

0 

0 

0 « c 

0 

0 

0 

0 

0 

d 

0 

0 

0 

0 

0 

e 

0 

0 ! 

0 

0 

0 


1.6 


3. Example of a three-way matrix or 3-matrix with 4*^ = 64 com¬ 
ponents is the cube of Fig. 1.2a. 

On paper the components of a 3-matrix may be represented by 
splitting it into k 2-matrices, each containing k‘- quantities since 
*3 = ib X (Fig. 1.2&). 

There are three possible 
ways of splitting a 3-matrix 
into 2-matrices. 

The representation of 
w-matrices of more than 
three dimensions is'shown 
later. A single quantity 
like 5 may be called a 
**zero-dimensional matrix'* 
or “ zero-way matrix " or 
0-matrix." 

It is emphasized that the indices or marks shown outside the heavy 
lines do not belong to the n-matrices. Strictly speaking, they should 



(a) 


(b'i 


Fig. 1.2.—Splitting of a 3-Matrix into a Set of 
k 2-Matrices 
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not have been introduced at this point. They are introduced here 
only in anticipation of further developments in Chapter III. 


IV. A PHYSICAL EXAMPLE FOR THE OCCURRENCE OF n-MATRICES 

(a) For instance, let four stationary coils a, b, c, and i be given 
with mutual inductance between them, as shown in Fig. 1.3. The 
, bed self-impedance of winding a 

—f>« i is Zoo, the mutual inductance 
r ^1 between winding b and c is Zu, 
®b ec «d etc. 

Fig. 1.3,—a Network with Four Meshes The instantaneous voltages 

impressed upon each of them 
can be arranged in a row forming a 1-matrix 


t ^ \ ta \ eh 


The instantaneous currents flowing in each of them can be also 
arranged in a row forming another 1-matrix 


The self- and mutual impedance between the coils can be arranged 
in a square forming a 2-matrix 

abed 


a 

Zfna 

Zob 

Zqc 

z^ 

b 

Zta 

Zbb 

Zu 

Zbd 

Z 

c 

Zca 

Zd, 

Zee 

Za 

d 

Zja 

Zd> 

Zde 

Zdd 


The diagonal components are the self-impedances; the others the 
mutual inductances. 

(b) Instead of saying that there are four voltages ta, Cb, Ce and Cd 
impressed on the network containing sixteen impedances and four 
currents, from now on it will be said that one voltage e is impressed 
on the network, whose impedance is z and in which one current i flows. 

That is, with any stationary network containing any number of 
impedances at least three concepts may be associated, which define 
their performance: 

1. The voltage matrix e representing all the impressed voltages. 
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2. The current matrix i representing all the currents flowing in the 
various coils. 

3. The impedance matrix z representing all the self- and mutual 
impedances of the various coils. 

With the simplest d-c. circuit containing one reastance also three 
concepts are associated, e, i, and z. 

If the coils move or another point of view is introduced, these three 
concepts are insufficient to represent their performance and additional 
n-matrices have to be defined. 


V. NOTATION 

(a) Two types of notation will be used throughout this book to 
represent n-matrices: 

" Direct notation,” in which each n-matrix is represented by one 
symbol, called the base letter, irrespective of its number of dimensions. 
It is customary to print these symbols in bold-face type as e, i, z, to 
differentiate them from ordinary letters e, i, z representing one quan¬ 
tity. In writing, a bar may be placed over them as 6,1, z. Of course, 
if it is certain that no misunderstanding may arise, the bold-face type 
or the bars may be dispensed with. 

"Index notation,” in which each n-matrix again is represented by 
one symbol A, the base letter, but in addition indices are also attached 
to it, representing the dimensions in which its components are arranged. 
In particular: 

1. A 1-matrix has one index, as Aa. 

2. A 2-matrix has two indices, as A„fi. 

3. A 3-matrix has three indices, as A afy. 

4. A 0-matrix has no index, as A. 



-"P 

Fig. 1.4.—The Arrangement of Indices 


In general, the base letter A, representing the n-matrix, has as many 
indices as thenumberofdimensionsinwhichitscomponentsarearranged. 

(b) It will be agreed that, in representing an n-matrix by several 
indices as Aafy, in general (Fig. 1.4): 
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1. The first index represents the rows. 

2. The second index represents the columns. 

3. The third index represents the layers, parallel to the plane of 
the paper. 

However, as long as the indices are correctly attached to the 
arrows, the order of representation, that is, whether the first index is a 
row or a column, is not important. 


VI. “FIXED” AND “VARIABLE” INDICES 

(а) Just as every coil in Fig. 1.3 has a definite name a, 6, and d 
attached to it in order to handle the coils individually, similarly every 
row, every column, and every layer in an n-matrix has a distinctive 
name attached to it, as has been shown. These individual names 
are called ''fixed'* indices and are written alongside the row, column, 
and layer. 

In order to handle all the coils collectively, in addition to the 
fixed " indices a, b, c, d • • • another set of indices is also introduced in 
the index notation that represent all the fixed indices^ Such collective 
names are called variable " indices and will be denoted, say, by 
Greek letters a, P, y That is, the variable index a assumes all fixed 
values a, b, c, d • " in succession as do similarly P or y. For instance, 
A a represents all the components of the 1 -matrix A, while A b represents 
only one component, namely, the second one in the row. 

For a 2-matrix the two variable indices are placed in the upper 
left-hand corner in their proper place alongside a slant line, as shown 
in Fig. 1.4. For a 3-matrix three arrows are drawn along the three 
edges at the cube, then alongside each arrow a variable index is placed 
as shown in Fig. 1.4. 

(б) When all the indices are variable, as AaPt then all the compo¬ 
nents of the n-matrix are represented by it. When, however, one or 
more of the indices are fixed indices, as Aep or Aady, then a particular 
row or column or layer has been selected out of the n-matrix, as 
illustrated in Fig. 1.5. 

For instance, Aady represents a 2-matrix cut out of a 3-matrix. 
The existence of three indices indicates that originally >1 is a 3-matrix. 
The two variable indices a and y show that a 2-matrix is cut out and 
that this 2-matrix is perpendicular to the plane of the paper (the 
variable indices being the first and the third index). The fixed index 
d shows that the 2-matrix is the last of the four 2-matrices. 

Individual components are represented by giving their fixed indices 
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as i4b = 5 or Abd = 7, etc., showing that 7 belongs to row b and 
column d. 

When direct notation is used^ then the variable indices are not intro¬ 
duced, The fixed indices a, i, c, d, however, still do exist and are 


p hac 

^ a b cj d 
a 




Aotpy 


Acp 



P 


Fig. 1.5.—Representation of Parts of an w-Matrix 

printed in bold-face type as a, b, c, and d| alongside the components. 
Hence a 1-matrix and a 2-matrix are written respectively as 


e = 


1.10 


abed 


4^ 

1 

3 

2 

Cn 

7 

6 

8 

9 

oo 

5 

6 

F 

4 

3 

2 


l.ll 


showing the fixed indices in bold-face type but the variable indices are 
left out. Partial n-matrices as shown in Fig. 1.5 may be represented 
in direct notation only with special symbolism in each cast?. 

Hence, generally speaking, the difference between direct and index 
notations consists of omitting the variable indices in direct notation. 
In place of the variable indices, bold-face type is used to differentiate 
them from ordinary quantities. 


VU. REPRESENTATION OF n-MATRlCES OF HIGHER DIMENSIONS* 

(a) With the aid of fixed and variable indices a 4-matrix Aafiyif 
representing quantities, can be represented graphically as k cubes 

* This section may be left out at first reading. 
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(since k* k X 1^), if the last variable index is replaced in succession 
by the fixed indices a, b, c, d, as shown in Fig. 1.6. 



Since each of the cubes can be represented on paper as k 2-matrices, 
Amfiyi can be represented on paper as 2-matrices {k* =* Jfe* X k^) as 
shown in Fig. 1.7. 


S 



Fig. 1.7.—Representation of a 4-Matrtx Aafiyt as a Set of 2-Matrices 


Similarly Aafiy$; a 5-matrix, may be represented graphically as 
Jfe* cubes {k^ ^ X 1^) as shown in Fig. 1.8. 

On paper it is represented as 2-matrices by dividing each cube 
into k 2-matrices. 

In this treatise all n-matrices with n greater than two wiU be repre¬ 
sented on paper as being composed of 2-matrices, that is, A^fy wiU be 
represented by k 2-matrices, Aafiyt by k^ 2-matrices, etc, 

(jb) Of course an »-matrix Him Aafiy may be represented on paper 
not only as k 2-matrices, but also as k^ l-matrioes, or as 0-matrices, 
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by simply writing down in succession the various components until all 
components are covered. 




5 




A 

"Zp 


7 

8 

1» 




7 

/ 

/ 

A 1* 




7 

/ 

/ 

1 1- 




/ 

/ 

/ 

u 




/ 

V h 




/ 

V jo 





/ 

“c 




/ 

Oc 




1/ 

“c 




\y 



a b c 
Aotpvaa 


i‘ 

«c 






/ 




/ 

/ 





a b c 



7 




/ 

/ 








a b c 
Aap^ac 

a 






M 


M 


a b c 
Aa^^ba 




i: 



7 




/ 

/ 

/ 








a b c 
Aaavbb 

^ y 


a b c 
Aapvbc 








a b c 
Aapvca 


a b c 
AapYcb 


a b c 

A- 

^apYcc 


Fig. 1.8. —Representation of a 5-Matrix AafiyU as a Set of 3-Matrices 

For instance the 3-matrix ^4 «/iy can be represented as two 2-matrices 
Aafia and Aafib^ as shown in Fig. 1.9, 


a b 




Aaaa- 

= Ar 




7\ y 


H 

1 % 

a 

b 


a 

b 

1® 


R 




/ 

%i* 

3 

2 

+ al® 

8 

6 

‘b 



y 




-i. 

5 

1 

K 

0 

1 


= A, 


Qpa 


Aa^b 


Aq^y = ^Q^b- 

Fig. 1.9.—Representation of a 3-Matrix Aa$y as a Set of I; 2-Matrice8 


or it can be represented as =* eight 0-matrices as 


1 

II 

1 

II 

Is) 

1 

II 

00 

Am 5 

Am ““ ^ 

o 

11 

1 


Am “■ 6 

Am = 1 
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The 1-matrix A . 


V a b c d 



may be represented as A =» 4 quantities (0-matrices) as 
Aa = cos 0, Ab = sin B, -4^ = 0, i4d =* 1 

It often happens that each component of a 1-matrix or a 2-matrix, 
etc., involves such a long expression that they must be represented on 
paper in terms of a set of k or quantities. 

In books on tensor analysis each n-matrix is represented on paper 
by showing each of its components separately, that is, as a collection of 
0-matrices. The aim of these books is not to work out numerical 
problems, but to prove some geometrical or physical theorem, hence a 
practical representation of w-matrices is of no importance in them. 
However, in engineering work the solving of numerous problems is of 
prime importance, and the usual representation of n-matrices was 
found to be impractical. 

The method of representation of an n-matrix like Aa$y in a cube 
or in k 2-matrices or in numbers is a question of taste. The break¬ 
ing up of n-matrices into 2-matrices and representing them so on paper 
was found by experience to be the most practical procedure for quick 
or routine solution of engineering problems. Other forms of repre¬ 
sentations may also be introduced. However, the method of repre¬ 
senting n-matrices on paper has nothing to do with the concepts and 
reasonings to be introduced later. 


vni. MATRIX ROTATION 


(a) The main purpose of this book is to express sets of numbers 
along certain reference axes or circuits that vary from problem to 
problem. Hence, it is absolutely necessary to identify each circuit or 
reference axis by a distinctive name or sign, the so-called “ fixed 
index. However, n-way matrices are also used extensively in prob¬ 
lems where they have no connections at all with physical reference 
frames. In such cases the fixed indices become superfluous and may 
be left out, so that, for example, the components of a 2-matrix may be 



A B C D 
E F G H 
I J K L 
M N 0 P 


1.12 




THE MANIPULATION OF w-WAY MATRICES 


13 


without giving names to the various rows and columns. As this nota¬ 
tion is used in matrix analysis, it will be called here the “ matrix 
notation.” 

To avoid any confusion, the fixed indices representing the various 
reference axes will always be shown in this book, but they may be 
omitted at pleasure wherever no misunderstanding may arise. 

Summarizing, w-way matrices are represented: 

1. In index notation as Zap* 

2. In direct notation as Z. 

3. In matrix notation as Z or [Z], etc. 

The components of an «-way matrix are represented: 

1. In index notation by showing both variable and fixed indices. 

2. In direct notation by showing only fixed indices. 

3. In matrix notation by showing neither fixed nor variable indices. 

In this book the matrix notation will be used only sparingly. 

(6) It is impossible to draw attention emphatically enough to the 
fact that in the analysis of problems tht reader should not confuse 
** notation ” with ” method of reasoning^ The mere fact that a set of 
numbers is arranged in a square and is denoted by one symbol 
does not make that square a ” tensor ” and it does not make the 
analysis used ” tensor analysis.” 

The expression “tensor analysis” is used, as will be shown later, 
for a ^'method of attack'' a special "point of view" in the reasoning 
followed in analyzing problems, and it has decidedly nothing whatever 
to do with the notation employed. Leading writers on tensor analysis 
have found the index notation the most convenient for their purpose, 
but it does not follow that one is not allowed to use any other notation 
one’s fancy dictates. Nor does it follow that, if one uses index nota¬ 
tion, that makes his reasoning “tensor analysis.” 

IX. THE MANIPULATION OF n-WAY MATRICES 

(a) The rides of manipulation of n-way matrices, namely, their 
addition, multiplication, etc,, have been originally so defined that the 
final answer is the same as if the ordinary quantities themselves (forming 
their components) had been manipulated in the usual manner. 

No new concepts are involved in these rules of manipulation to be 
shown presently; these empirical rides merely speed up the mechanical 
labor of computation. It is possible to invent still speedier rules, or 
even mechanical devices that perform these manipulations. These 
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rules have been devised to push the mechanical labor into the back¬ 
ground to make room for the concepts to be introduced. 

(6) The following manipulations will be considered in more or less 
detail: 1. Addition. 2. Multiplication. 3. Division. 4. Differen¬ 
tiation. 5. Integration. 

In connection with each operation, the equality sign occurs between 
two n-matrices. 

Two n-matrices of the same dimensions are equal if their corre¬ 
sponding components are equal. For instance, 



are equal, that is A = B, since each of their components is equal in 
corresponding order. 

X. ADDITION 


(a) Two n-way matrices of the same dimensions are added together 
by adding corresponding components. 

The sum of two 1-matrices is 



The sum of two 2-matrices is 




1.17 




ADDITION 


IS 


A + B 


a b c d abed 


a 

b 

C » 

c 

d 


12 

1 

2 

6 

-7 

9 

-2 

8 

1 

5 

12 

-2 

9 

3 

12 

10 


6 + 6 

5-4 

-7+9 

4 + 2 

-8 + 1 

1+8 

-9 + 7 

5+3 

-4 + 5 

7-2 

8+4 

3-5 

2 + 7 

0 + 3 

6 + 6 

9 + 1 
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(b) Two n-matrices of different dimensions cannot be added. 

(c) The occasion will often arise to add two 1-matrices or two 
2-matrices, etc., which have, however, different fixed indices. For 
example, let 



a 

b 

c 

d 

A = 

11 

-3 

5 

LJ 


1.19 


B 


-7 


1.20 


The question is, what is their sum? 

In this book it will be assumed that in such cases each of the 
\-matrices A and B have seven components and seven fixed indices 
a, b, c, d, e, f, and g. However, the components not shown are zero. 
That is, it will be assumed that the complete representations of the 
above 1-matrices are 



a 

b 

c 

d 

e 

f 

8 

A « 


'"-3 

5 

1 

» 


_Lj 


a 

b 

c 

d 

e 

f 

g 

B » 

r ’ 0 ■ 


« 

0 

-7 

Li_ 

M 

Hence their sum is 








a 

b 

c 

d 

e 

f 

g 

A + B = C = 


EE 

5 

1 ^ 

-7 

EJ 

ld 
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1.22 


In the case of two 2-matrices with different fixed indices such as 



a 

b 

c 

a 

8 

9 

2 

A »b 

1 

3 

-7 

c 

-5 

6 

4 



1.23 


they are assumed to stand for 2-matrices each having in the present 
example five rows and columns with axes a, b, dy and e 
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abcde abcde 



This convention is introduced in this volume because of the special 
types of problems analyzed. 

(d) It may also occur that of two given «-matrices some of the fixed 
indices are the same and some are different. In such cases again the 
above procedure is followed; that is, it is assumed that the components 
along the missing indices are zero and so they are replaced before the 
manipulation. For instance, let the two 2-matrices be added: 



They actually stand for two 2-matrices, each having six fixed indices 

ai ti| C| dy Of L 

abcdef abcdef 
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Hence their sum is 

abed e f 


a 


b 


A + B = C = 

d 


e 


£ 


8 

-5 

3 

0 

4 

0 

6 

2 

-7 

0 

6 

0 

-2 

4 

9 

6 

4 

-7 

0 

0 

1 

2 

7 

2 

3 

1 

11 

-4 

18 

5 

0 

0 

8 

5 

6 

-4 


1.28 


Each time the components of an w-matrix are represented on paper, 
it is advisable that the fixed indices should he written alongside their 
respective row^ column, or layer, and should not be left out. If no mis¬ 
understanding may arise, then they may be left out. However, it 
must be kept in mind that the indices do not form part of the n-matrix, 
(e) In index notation the addition (or subtraction) of two »-matrices 
is represented as follows: 

~ Ba = Ca 1.29 

Aafiy + Ba$y = Cafiy 1.30 


That is, the variable indices remain unchanged (showing that the 
fixed indices are also unchanged); only the base letters are changed. 


XI. MULTIPLICATION OF 1-MATRICES 


(a) In order to learn how to multiply two n-matrices of various 
dimensions, it is sufficient to remember how to multiply two l-matrices. 

Two l-matrices are multiplied together by multiplying corresponding 
components and then adding them. Their product is a single quantity. 
For instance, if 


abed 


e “ 



1.31 



1.32 


then their product is 


e-i = (2 X 1) + (3 X 4) + (4 X 2) -KS X 3) = 

* 2 + 12 + 8 + 15 = 37 1.33 


If e represents the instantaneous voltages impressed on the four 
coils of Fig. 1.3 and i represents the four instantaneous currents flowing 
in them, then their product e • i gives the instantaneous power input to 
the whole system, the power being a single quantity. 
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(6) In index notation the product of two ^matrices e« andis repre- 
sented as a summation 


e-i 


CaU 


1.34 


where the variable index a assumes all the fixed indices in succession. 
This summation is equivalent to the above rule. That is, if 




o«a 


««*. + 

(2 X 1) + (3 X 4) + (4 X 2) + (5 X 3) = 
2 + 12 4- 8 + IS =» 37 = P 


1.36 


1.37 


It should be noted that to the right of the summation sign both 
variable indices must be denoted by the same letter a or that appears 
under the summation sign. That is, 




P 


1.38 


xn. THE PRODUCT OF 2 -MATRICBS BY THE ARROW RULE 


(a) A 2-matrix is multiplied by a \-malrix by dividing the 2-matrix 
into 1-matrices, then multiplying each of the latter in succession by the 
given 1-matrix. 

Since a 2-matrix can be divided into l-matrices in two different 
ways, an arrow will show the direction in which the 2-matrix should 
be divided into l-matrices. For instance, let the 2-matrix z and the 
1-matrix i be given as 


a b c 


3 

4 

2 

9 

1 

5 

6 

T" 

8 


a b c 
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Their product z • i is found by dividing z into horizontal rows, as 


a 

b 

c 

1 ^ 


0 



1 

0 


0 

7 

0 

-► 


i = 


a 

b 

c 

h 

3 




1.40 


then multiplying each horizontal row by the given 1-matrix, as 

(3 X 2) + (4 X 3) + (2 X 4) = 6 + 12 + 8 = 26 

z. i = (9 X 2) + (1 X 3) + (5 X 4) = 18 + 3 + 20 = 41 1.41 

(6 X 2) + (7 X 3) + (8 X 4) = 12 + 21 + 32 = 65 

Each product gives a single number, altogether three numbers, 

that can be arranged in their original order to form a 1-matrix as: 

a b c 

' 1.42 


z«i = e =: 


26 


41 


65 


That is, the product of a 1-mairix and a l-mairix is a l-matrix. 

Of course, in actual calculation it is not necessary to redraw the 
2-matrix into a set of 1-matrices. It is sufficient to draw an arrow in 
the direction in which the 2-matrix is imagined to be split up. 

(b) Two 2-matrices are multiplied together by splitting up each into 
\-matrices, then multiplying each 1-matrix of the first with each 1-matrix 
of the second in succession. An arrow should show again the directions 
of the split-up. For example, let the two 2-matrices A and B be multi- 
plied together a b c a b c 


a 

3 

4 

7 

a 

7 

5 

2 

A * b 

1 

6 

8 

II 

1 

3 

4 

c 

9 

2 

5 

c 

9 

8 

6 
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Splitting them up along the arrows, tnere results: 

a b c a b 

5 


a|jJ 

LiJ 

m 

bd] 

TTT] 


Jlsj 


B 


1 


1.44 
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Now, let every horizontal row of A be multiplied by each vertical 
column of B in succession, each product giving one number. Altogether 
there will be 3 X 3 = 9 numbers, that are to be arranged in a 2-matrix 
in the same order as they are produced. 

For instance, the product of the second horizontal row and the third 
vertical column is placed into the second row and third column of the 
resultant 2-matrix as 

□□□ 

-□□0 >-45 

□ □□ 


iJ 


] u 


since 1X2 + 6 X 4 + 8 X 6 = 2 + 24 + 48 = 74. 

Hence, multiplying all the 1-matrices in succession and placing 
their product in their proper order, the resultant product matrix is 




a 

b 

c 

a 

88 

83 

64 

C « b 

85 

87 

74 

c 

no 

91 

56 


1.46 


For instance, the product of the third row and the second column is 


(9 X 5) + (2 X 3) + (5 X 8) = 45 + 6 + 40 = 91 

2 md this number is placed into the third row and the second column of 
the resultant 2-matrix C. 

As another example: 


2 + 3i 

3 

2i 

0 


-4 

i+i 

0 

-j 


-8 - 12j 

-1 + 2 j 

-87 

—2 + 2j 


1.47 


For instance, the product of the first row and the first column is 


(2 + 3i)(-4) + (3)(0) = - 8 - 12j + 0 = - 8 - I2j. 

(c) When the products of 1-matrices and 2-matrices are represented 
in direct notation as Z• i or i*Z or Zi • Z 2 etc., requiring two arrows 
alongside them, the first arrow is always horizontal, the second arrow is 
always vertical. Of course, the matrices are placed on the paper (or 
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are imagined to be placed) in the same order as they appear in the 
given expression. Their order cannot be interchanged’, for instance: 



1.48 


1.49 


1.50 


With a 1-matrix it is Immaterial whether its components are placed 
in a horizontal row or in a vertical column. 

(d) Since, in the product of two n-matrices A *3, their order cannot 
be interchanged a5 B • A, that is, since 

I A*B^B>A 1.51 


the algebra of n-way matrices is called a “ non-commutative algebra." 

For instance, if, in the above product of two matrices A -B, their 
order is interchanged as B* A, the resultant 2-matrix C' is different 
from the former C given in equation 1.49 



1.52 


Xm. THE PRODUCT OF 2-MATRICES BY THE SUMMATION RULE 

(a) In index notation the product of matrices is again represented 
by a summation as 

A*B — ^ ^ Attfi B$y = Cay = C 1.53 

e 

the summation being equivalent to the arrow rule of multiplication 
given above. 

In the index notation it follows, from the position of the indices to 
be summed up, just in what direction the individual matrices are to be 
split up. 
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In order to show that performing the indicated summation gives 
the same answer as the above arrow rule, let the following example be 
worked out in detail. Let 


11 a b 
21 c d 


1 J_ 

2 g h 


then in the product A = Cay the indices a and 7 , that are 
not to be summed up, may assume 2 + 2=4 different values in 


succession: 


1 . a = 1 , 7 = 1 . Then allowing 0 to assume its fixed values: 

^ ^ AifiBfii = AixBii + A12B21 = ae + 6 g = Cn 

2 . a = 1 , 7 = 2. Then 

^ ^ AifiBfi2 =* AnB 12 + A12B22 = a/ + = C12 

3. a = 2, 7 = 1. Then 

^ ^ A20BP1 = A21B11 + A22B21 ce + dg ^ C21 


4. o *= 2, 7 =» 2. Then 



A2fiBp2 = -d. 2 i 5 i 2 + A22B22 — cf dh ^ C22 


Thereby all summations are covered. The final result is 



1.55 


The process of summation gives exactly the same answer as the arrow 
ride previously given. However, the summation procedure is awkward 
and slow, and it should be used only in case of doubt. 

(b) From the last examples it follows that the summation is equiva¬ 
lent to drawing the arrows along the two indices to be summed up. The 
other two indices appear again in the final matrix. 
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The two identical indices are called dummy'* indices^ and the 
remaining indices a and y are called ''free" indices. 

Since in a term the dummy indices occur twice, while the free indices 
occur only once, it is superfluous to add a summation sign Z and write 
under it the dummy index for the third time. It is an accepted con^- 
vention to leave out the summation sign and to write 

^ = AafiBfiy 1.56 

er 

since there cannot be any doubt that the summation sign (that was 
left out) refers to jS and not to a or 7. For instance 

= Aa$Ba and ^^Aa 0 Bfi =* AafiBfi 1.57 

a 0 

The convention of leaving out the summation sign is also known as 
the ‘‘Einstein convention,” since he introduced it first. This summa¬ 
tion convention is not used in general in the theory of n-way matrices. 
It is introduced here only in anticipation of further developments. 

It is emphasized that the introduction or removal of the summation 
sign is a question of individual taste and has no bearing whatever upon 
the concepts or ideas to be introduced later. The same remark applies 
to the procedure of performing the multiplication by drawing arrows 
and thereby multiplying 1-matrices together or by actually summing 
up the various components as suggested by the notation. The final 
answer is the same in either case. 

(c) It should be noted that in index notation there are four different 
ways of multiplying two matrices together as shown by the dummy 
indices, namely, 

Aa 0 B 0 y\ A a 0 Byff\ Aa 0 Bayt Aa 0 Bya 

In direct notation only the first and the last products can be repre¬ 
sented as A-B and B-A. Later on, a notation will be introduced 
to represent the other two products. 

Just which indices are summed up (or in which order the matrices 
are written) depends on the problem at hand. 

(d) Later on 2-matrices with special components will occur (con¬ 
taining mostly zero components) whose multiplication may be per¬ 
formed much more quickly by following some special rule in each 
special case, instead of the arrow rule. These special rules, of course, 
are valid only in special cases; the arrow rule always gives the right 
answer. 
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XIV. THE PRODUCT OF ANY TWO n-MATRICBS* 

(а) Following the reasoning of the previous sections, two n-matrices 
of various dimensions are multiplied together by splitting each into 
l-matrices, then multiplying each \-matrix of the first with each l-matrix 
of the second^ each product giving a single quantity. The resulting 
quantities are arranged into a new n-matrix in their proper order. 
The dummy indices represent the directions along which the given 
n-matrices are to be divided into Umatrices. 

Before the n-matrices are split up into 1-matrices, first they should 
be split up into 2-matrices in order to represent them on paper. Then 
each 2-matrix is split up figuratively into 1-matrices along the dummy 
index by drawing arrows along it, and finally the 1-matrices are multi¬ 
plied together. That w, the multiplication of n-matrices of any dimen- 
sion may be reduced to the multiplication of the 2-matrices they are 
composed of. 

(б) For instance, let the product 

AafiyBifi =* AafiyBifi = Cayi 1.58 

0 

be found, where A afty is a 3-matrix and is a 2-matrix. The dummy 

index is j9, hence Aa0y and 
Bifi are to be split into 
1-matrices along the fi 
directions, as shown in Fig. 
1 . 10 . 

The free indices are a, 
7, and 6; hence the result¬ 
ant products are to be 
^ arranged in a 3-matrix 

Fig. 1.10. —^Splitting a 3-Matrix and a 2-Matrix 

into 1 -Matrices along the Dummy Index p To perform the multi¬ 

plications quickly on paper, 
it is advantageous to divide the 3-matrix first into k matrices along a 
free index, say in a direction parallel to the plane of the paper, 
along 7. Afterward each of the k matrices A A apt, i4 • • • should 
be multiplied by the given matrix Bifi by dividing each of them into 
1-matrices along the direction of the dummy index j9, giving n pro- 
duct-matrices Caaa» Cabif C«ca • * *. The latter matrices are equiva¬ 
lent to splitting up of the resultant 3-matrix Cayb along 7. 




This section may be left out at the first reading. 



THE PRODUCT OF ANY TWO n-MATRICES 


25 


As an example let only two fixed indices a and b exist. Then the 
three matrices to be multiplied together are shown in Fig. 1.11. 



Fig. 1.11. —Multiplication of a 3-Matrix Aa$y with a 2-Matrix Bi0 


Let arrows be drawn along the direction fion each matrix to show 
that the matrices are assumed to be split into 1-matrices along those 
directions. 

1. The product of the first matrix Aa$a and gives Caai- 



Ccroi 


2. The product of the second matrix Aa^b and gives Cabi- 




1.60 







26 


THE ALGEBRA OF J^T-WAY MATRICES 


The two resultant matrices Caat and Cm form the 3 -matrix Cayt 
shown in Fig. 1.12. 


^craS 



■'doS 


a b 
T 


Fig. 1.12. —Constructing the Resultant 3-Matrix Cm 


(c) Similar procedure follows in multiplying, say, Aaftys with 
along the dummy index 7. In that case Aaflys is divided into 

matrices and into k matrices. Then the matrices are multiplied 
together along 7. 

It is emphasized that any number of special procedures may be 
developed to perform the multiplications, depending on the special 
problem at hand. In many problems most of the components are 
zero, hence it is practicable to represent each n-matrix as composed of 
single numbers and sum up the numbers as indicated by the dummy 
indices. 

The free indices are the original indices without the two dummy 
indices. Hence the dimension of the product n-matrix is the sum of the 
original ones minus two. For example, the product of a 3 -matrix and 
a 2 -matrix is (3 + 2 ) — 2 = 3 , a 3 -matrix; the product of a 2 -matrix 
and a 1-matrix is (2 + 1) — 2 = 1, a 1-matrix; the product of two 
1-matrices is (1 + 1) — 2 = 0, a 0-matrix. 

(d) Any n-matrix is multiplied by a single quantity by multiplying 
each of its components by the quantity. Its dimension is not changed. 
To illustrate: 


“ 3 X 


a 

b 

0 \ 

a 

h 

1 

-2 

a 

3 

-6 

4 

5 

" h 

12 

15 
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(e) In direct notation the products of 3 -marrices and n-matrices 
of higher dimension need special symbols that are not considered 
here. Generally speaking, the direct notation has been abandoned by 
practically all writers on tensor analysis. It is used in these pages 
only for simple problems, and even then only to serve as a stepping 
stone until the reader gets used to the index notation. 
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It is possible to have more than one set of dummy indices such as 
AafiyB^y, The treatment of such general products will be taken up 
later. 

If the components of the »-matrices to be multiplied together do 
not contain linear operators such as /> = d/dt, then their order in 
index notation may be interchanged. That is, AfiB^y may be written 
as BfiyAfl. 


XV. DETERMINANTS 

(a) In order to learn how to divide by a 2-matrix, it is necessary to 
learn what a determinant of a 2-matrix is. 

With every 2-matrix (a set of numbers) there is associated a 
single number, called the ^^determinant'' of the 2-matrix. It is formed 
from the components of the 2-matrix by certain multiplications and 
additions. No other w-matrix has a determinant. 

When the matrix has only two rows and columns, its determinant is 
defined as follows: 


A 

B 

C 

D 


Determinant of Z 


IZ 


AD - CB 


1.62 


For instance, 


Z 



Det. 


1Z1 = 2XS-4X (-3) 
= 10 + 12 = 22 


1.63 


When the matrix has three rows and 
columns its determinant is defined by the 
following scheme 


A 

B 

C 

D 

E 

F 

G 

H 

I 


Det. ■“ 


Det. -‘AEI + BFG + CHD 



V 

/' \ 

X' 

X 

X 

N 

A- 


K 

A 


'r\ 
' \ 
/ I 


— 


- GEC - DBI - AFH 


1.64 
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For instance, 

Det. = 1X5X4+2X6X2+3X8X4 
- 2XSX3-4X2X4-1X6X8^ 

= 20 + 24 + 96 - 30 - 32 - 48 = 140 - 110 = 30 1.65 



Later, in Chapter X, a labor-saving method will be shown that 
in most problems eliminates the need of calculating the determinant 
of matrices having more than three rows. 

(6) With each component of a matrix there is associated a number, 
called the “minor” of the component. The minor of any component 
is found by striking out the row aud column in which the component lies, 
then calculating the determinant of the remaining matrix. 

For instance, the minor of 3 in the following matrix is 22 


Minor of 3 = 


The minor of 5 is —2, that is. 





1.67 


(c) When a matrix has more than three rows and columns, its 
determinant may be found in several ways. One way of finding the 
determinant is the following: 

1. Find the minors of each component lying in the first row (or 
column). 

2. Multiply every other minor by minus one. The result of mul¬ 
tiplying the minors by ± 1 is called “cofactor.” 

3. Multiply each cofactor by the corresponding component of the 
first row (or column) whose cofactor it happens to be. 

4. Add these products. 

The result is the determinant. This method requires the calcula¬ 
tion of several determinants, each having one less row and column than 
the desired determinant. 

An extensive literature is available on the theory and calculation 
of determinants, which should be consulted for further information. 
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XVI. DIVISION WITH 2-MATRICES 


(a) Only a 2-matrix {and a single number) can be used as a divisor. 

Division with other n-matrices is not defined. Division by a 2-matrix 
Z = Zafi is represented as a multiplication by its “inverse” 
Z""^ = Hence, generally speaking, division does not exist in 

matrix algebra. Its only trace is the “inverse” of a 2-matrix, Z~^ 
provided the determinant of the 2-matrix is not zero. 

The calculation of the ''inverse'' of a 2-matrix is equivalent of 
solving a set of n linear equations with n unknowns. Hence the two 
procedures follow parallel. 

(b) The inverse of a matrix is found by the following steps: 

1. Interchange rows and columns. 

2. Replace each component by its minor. 

3. Multiply every other minor with minus one, starting witli plus 
one in the upper left-hand corner, as shown in the following scheme. 


1.68 


After this multiplication the result is called a "cofactor." 

4. Divide each resultant component by the determinant of the 
whole matrix. 

The calculation of the inverse of a matrix is time-consuming, and, 
when the matrix has more than, say, four rows and columns, in general 
its inverse should be calculated only if the components are known 
numbers. If the components of the matrix Z are algebraic symbols, 
its inverse should be denoted if possible only symbolically, as Z'"^ 
and each numerical case of inverse should be calculated separately. 
However, in many problems most components of the matrix are zero, 
in which case it is practical to calculate the inverse in terms of algebraic 
symbols. 

Later^ a labor-saving device will be shown to calculate the inverse of 
matrices with large numbers of rows and columns. 

{c) As an example let the inverse of 




1.69 
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be calculated. Its determinant is 1XSX4 + 2X6X2 + 
3X8X4-2X5X3-4X2X4-1X8X6-30. 


1. Interchanging rows and columns gives 


1 

4 

2 

2 

5 

8 

3 

6 

4 


2. Replacing each component by its minor gives 


-28 

-16 

-3 

4 

- 2 

-6 

22 

4 

-3 


3. Changing the sign of every other component gives 


-28 

16 

-3 

-4 

-2 

6 

22 

-4 

-3 


4. Dividing each component by 30 (the determinant) gives 


- 14/15 

8/15 

- 1/10 

- 2/15 

- 1/15 

1/15 

11/15 

- 2/15 

- 1/10 


(d) The product of a 2-matrix Z and its inverse is always the 
“ unit matrix. That is 


Z*Z“» « I 


or 


Z“».Z = I 


1.71 


This fact may serve as a check on the correctness of the inverse calcu¬ 
lation. For the above example 


1 

0 

0 

0 

1 

0 

0 

0 

1 


- 14/15 

8/15 

- 1/10 

- 2/15 

- 1/15 

1/15 

ll/is 

- 2/15 

- 1/10 


1 

2 

3 

4 

5 

6 

2 

8 

4 


1.72 
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(«) A matrix that contains only diagonal components is called a 
^'diagonal matrix'' Its inverse is found by taking the inverse of 
each of its components. For instance 


A 

0 

0 

0 

B 

0 

0 

0 

C 


UA 

0 

0 

0 

UB 

0 

0 

0 

1/C 


1.73 


Its inverse matrix is also a diagonal matrix. 

In index notation the inverse of a matrix Aa$ is denoted by a 
different base letter with its indices intercJw,nged, 


XVII. DIFFERENTIATION * 

(a) An w-matrix is differentiated with respect to a single numl)cr by 
differentiating each of its components separately. The dimension of 
the n-matrix does not change. 

For instance, let a 2-matrix he gix eii whose components are func^ 
tions of 0 


a 

a 

h 

c 

a 

1 

0 

0 

Zap — b 

0 

cos d 

—sin 0 

c 

0 

sin 0 

cos 0 

ig each component with respect to 0 

«\ 

a 

b 

c 

a 

0 

0 

0 

dZaP A t 

ee ** ^ 

0 

—sin 0 

— cos 0 

c 

0 

cos 6 

— sin 0 


1.74 


1.7S 


(6) An n-matrix is differentiated with respect to a 1-matrix by dif¬ 
ferentiating each component of the n-matrix with respect to each 
component of the 1-matrix. Since each component of the n-matrix 
becomes a 1-matrix after differentiation, its dimension increases by one. 
That is, a 2-matrix becomes a 3-matrix, and so on. 


^ This section may be left out at the first reading. 
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For instance, let the n-matrix to be differentiated be 


and the 1-matrix 



1.76 


1.77 


That is, let dealdX 0 = Aa$he found. 
Differentiating each component of eai 



Hence the resultant w-matrix is 


dC g 

dX0 



a 

h 

c 

m 

— sin Xm 

0 

0 

= Aa 0 = n 

0 

0 

0 

h 

0 

0 

C03X* 


1.78 


(c) In general, any n-matrix is differentiated with respect to any 
other n-matrix by differentiating each component of the first with respect 
to each component of the second one. The dimension of the resultant 
n-matrix is the sum of the dimensions of the other two. For instance, 




C.„u or — 




1.79 


In direct notation, differentiation is denoted as de/ dx =• A* The 
notation does not give any clue, however, about the dimensions of 

Ci Z| or^A* 
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XVIIL INTEGRATION* 

An w-matrix is integrated with respect to a single number by 
integrating each of its components. For instance, if 


Aa = 


sin 6 


cos 6 


1.80 


J" Aade = Ba = 


20 yl — cos 0 B 


sin S + C 


1.81 


A 1-matrix is integrated with respect to another 1-matrix by inte¬ 
grating each component of the first with respect to the corresponding 
component of the second one, then adding them as indicated by the 
dummy indices. For instance, if 



V 


\ 

a 

b 

c 

Aa « 

COSXo 

3 

sinxe 1 


a 

h 

c 

dXa = 

dxa 

dxh 

1 dXe 1 


= J"At^Xa + J"Avixb + J'Acdxc = 

= J "cos Xa/dXa + J'3dxi, + J "siu XdiXe = 

= (sin Xa +• A) + {3x1, + B) — (cos Xc + C) 


1.82 


1.84 


A detailed analysis of these and also of other cases will be taken up 
later. 


* This section may be left out at the first reading. 




CHAPTER II 


THE FIRST GENERALIZATION POSTULATE 

1. OCCTOKENCE OF jF-WAY MATRICES 

(a) w-Matrices may arise in many types of mathematical studies. 
They may occur in algebraic, differential, or integral equations, in 
particular when there are: 

1. Several equations with several variables. 

2. One equation with several variables. 

3. One equation with one variable, in which the variable or its 
coefficient have special forms. 

There is a very extensive literature available on the use of 
n-matrices, especially in the solution of differential and integral 
equations. 

(&) One of the purposes of introducing n-matrices is to reduce 
during the analysis the number of equations and the number of sym¬ 
bols to as few a number as possible, usually to one. Such a reduc¬ 
tion of the number of equations and the number of symbols greatly 
facilitates the organization, the manipulation, and the solution of the 
problem, since all unessential details (the particular values of the 
various components of n-matrices) are eliminated from view when one 
symbol, say Z, is used in place of n^ or n^ components throughout the 
whole analysis. 

Once the final answer is reached in terms of n-matrices, it is neces¬ 
sary in most engineering work to replace the n-matrices by their com¬ 
ponents, thereby to enlarge the symbolic expressions to the usual 
form, and then to perform the indicated numerical calculations in a 
routine manner by slide rule or by some mechanical calculating device 
(network analyzer, differential analyzer), and so on. 

With the use of n-matrices the saving of labor occurs not in the 
number of final additions, multiplications, differentiations, or integra¬ 
tions that have to be performed to get a numerical answer but in the 
reduction of the amount of intermediary steps that are needed to arrive 
to an answer. That is, the use of n-matrices saves in that portion of 
the work that requires thinking and reasoning on the part of the engineer, 

34 
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hut it does not save in that portion of the work that can be performed by 
a machine, 

(c) It cannot be sufficiently emphasized ^ however^ that the saving of 
mental and physical labor is of secondary importance compared with far 
more important considerations that influence the very foundations of 
the mental images and mathematical symbolism that have been built 
up to represent physical phenomena as they appear to the senses and 
instruments. These basic considerations will be successively pointed 
out as the introduction of new and more advanced concepts continues 
throughout the treatise. 


IL N-MATRICES OF STATIONARY NETWORKS 
WITH LUMPED CONSTANTS 



j-AAMr- 
1— ^ 


Ca 




Let, in Fig. 2.1, a stationary network be given where the various 
branches contain resistances, self- and mutual 
inductances, capacities, some of them zero. 

Let various instantaneous voltages be impressed, 
and let currents flow in the various circuits. 

Let the meshes be called a, 6, c, and d re¬ 
spectively. 

In connection with the stationary network 
the following n-matrices may be established: 

1. The values of the various impressed volt- 
ages may be arranged in a row, representing the 
“ impressed voltage matrix'' 


►ic 
r-AWWV- 

I " 


D iB 

e—' L-e-j 


Cd 


Fig. 2.1.—^Stationary 
Network 



a 

b 

c 

d 

e = 

M 

M 

M 




abed 


1 1 

eb 

Cc 

ea 


The components ^o, eb may represent instantaneous values; or steady 
a-c. values, or d-c. voltages, or any time function. That is, e® may 
be 5, or 2 + 3j, or 2 sin co^, or 21, where 1 is the Heaviside unit func¬ 
tion, etc. I 

2. The values of the various currents may be arranged in a row, 
representing the “ current matrix" 


abed 





"n 

LL 

ih 

ic 

±J 



abed 


ia 

h 

LiJ 

3 


The components iat ii, may represent a-c., d-c., instantaneous, etc., 
values. 




36 


THE FIRST GENERALIZATION POSTULATE 


3. The self- and mutual inductances of the coils may be arranged 
in a square, the “ inductance matrix ** 


a 

b 

c 

d 


Ma 

M„ 

Mai 

Jfa6 

Lib 

Mm 

Mm 


Mic 

Lee 

Med 

Mai 

Mm 

Mci 

Ldd 



Maa 

Mob 

Mac 

Mai 

Mob 

Lib 

Mbc 

Mbd 

Mac 

Mbc 

Lee 

Med 

Mad 

Mhd 

Med 

Ldd 


The self-inductances are arranged in the main diagonal line, the mutual 
inductances on both sides of the line. For instance, in row b and 
column c the mutual inductance between coils b and c, namely, Mta is 
written. When the mutual inductance between any two coils, say 
c and d, is the same as that between d and c, that is, if Med = Mdc, 
then the inductance matrix is symmetrical with respect to the main 
diagonal line. 

It is assumed that, when the self-inductance of a coil or the mutual 
) inductance of two coils are measured, all the other coils are open-- 
^^^ircuited. 

When other reference frames are introduced in place of the actual 
circuits, the inductance matrix of stationary networks may become 
asymmetrical. 

4. The various resistances may be arranged in a square, the resis¬ 
tance matrix'^ Rap containing in the present case no mutual resistances. 
Similarly the elastances (the inverse of the capacities) may be arranged 
in a square, the ''elastance matrix,"' Sap, containing in the present case 
no mutual elastances, as 



5. The resistances, inductances, and elastances of the various coils 
may be combined into a single concept, the impedance of a coil 
Z « jR + + S/p where p d/dL Similarly, the matrices R, L, 




THE ORDER OF »-MATRICES IN DIRECT NOTATION 37 

and S may be combined into one matrix, the “impedance matrix" Z 
Z = R + L/> + S, I Za» == Rae + La»p + SafilP 


a 

b 

Z = 

c 

d 


abed 


Zaa 

Zab 

Zac 

Zad 

Zab 

Zlb 

Zbo 

Zbd 

Zac 

Zhe 

Zee 

Zed 

Zad 

Zbd 

Zed 

Zdd 


where Zaa = Raa + Laap + SaJp, and so on, the components repre¬ 
senting the various self- and mutual impedances. It is usually a 
symmetrical matrix for stationary networks, although not in all 
reference frames. 

When the coils have lumped constants, are stationary, and have 
single-frequency voltages impressed upon them, then the impedance 
matrix Z need not be separated into its component matrices. In the 
present volume these conditions will usually be satisfied, hence the 
impedance matrix will be treated as a unit. 


m. THE ORDER OF n-MATRICES IN DIRECT NOTATION 

(а) The index notation supplies a very flexible and smoothly work¬ 
ing apparatus to indicate the order and manner of manipulation of 
w-matrices. When the indices are discarded, as in direct notation, 
the role of the indices has to be replaced by special symbols and marks 
such as dots, crosses, stars, subscripts, etc. In simple cases a few 
symbols are sufficient, but as the complexity of problems increases, the 
number of special symbols increases correspondingly until the symbol¬ 
ism breaks down under its own weight. The *'index” notation may 
be looked upon as a type of ** direct ” notation in which the indices them¬ 
selves take the role of the special symbols. 

One special symbol hitherto introduced in direct notation was 
the **dot.** Now another special symbol is introduced, a subscript 
t as A(, called the “ transpose ” of A. (The symbol A~^ to represent 
the “inverse“ of a matrix is used also in conjunction with the index 
notation.) 

(б) It was shown in Section XIII, Chapter I, that in direct notation 
the products AafiBy^ and Aa^Bay cannot be represented. In order to 
do that an additional symbol is introduced. 
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The “ transpose of a matrix A is found by interchanging rows and 
columns. The transpose of A is denoted as At, so that 




Hence the above products are written as 


AafiByfi = A*Bt and AafiBay = At*B 2.1 

since in index notation if A => then At ~ A 0 a> 

Taking the transpose of a transposed matrix, the original matrix 
is reestablished, that is 

(At)t - A 2.2 

Similarly taking the inverse of an inverse matrix, the original is 
reestablished. That is 

(A-i)-' “ A 2.3 

(c) In index notation the order of n-matrices in a term is immaterial. 

For instance, Aa^e^ may be written as e^Aa^, and may be 

written as iye^Tafty or effTaflyiyf etc. If, however, the »-matrices 
contain linear operators, their order cannot be disturbed. 

In direct notation the order of n-matrices in a term cannot be disturbed 
in general. In certain special cases it may be disturbed, provided that 
the components contain no linear operators. In particular: 

1. In the product of two 1-matrices as e • i the order may be inter¬ 
changed, that is, e • i =* i • e. 

2. In the product of a 1-matrix and a 2-matrix, their order may be 
interchanged by taking the transpose of the matrix, that is A • i »i • A|. 

If a 1-matrix e lies between two matrices, as say A* (e • B), then a 
parenthesis must indicate whether the l-matrix is to be multiplied by 
the first or by the second matrix, since each case gives a different 
answer. That is 

A-(e-B) (A-e)-B 2.4 

If, however, a l-matrix is at the beginning or at the end of an 
expression, the parenthesis may be left out as 

A*(B*e) » A*B*e 


2.5 
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In an expression like A • (e • B) the term in parenthesis is a 1-matrix 
and it can be manipulated as such, that is 


A-(e-B) = (e-B)-Ai = A-(B,-e) = A-B^e 2.6 

In index notation these precautions in the order of the n-matrices 
need not be observed in general, since the indices show the correct order 
of multiplications, irrespective of the order of the base letters. How¬ 
ever, if the components of some of the n-matrices contain “ operators 
{such as p ^ d/dt or !//>, etc,), then also in index notation the order of 
n-matrices cannot be disturbed. 


IV. THE ORDER OF MULTIPLICATIONS 


(a) When three matrices are to be multiplied together as A -B 
giving a matrix M, the multiplication may be performed in two dif¬ 
ferent orders: 

1. First matrix A is multiplied with matrix B giving matrix 
A • B = G, then matrix G is multiplied with matrix C in the order G • C 
giving G • C = M. 

2. First matrix B is multiplied with matrix C giving matrix 
B*C = K, then matrix A is multiplied with matrix K in the order 
A*K giving A«K = M. 

That is, the multiplication may be performed as 

A.B.C = (A.B).C = G-C = M 2.7 

or as 

A.B.C = A.(B.C) = A.K = M 2.8 

However, the order of the matrices cannot be interchanged. 


For instance, let the three matrices 





j 

k 

1 

m 

n 

0 

P 

2 

r 


s 

t 

u 

V 

w 

X 

y 

z 

a 


be multiplied together in the order A.B.C = M {AmnBnvCp^ =» 
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1. Performing the multiplications in the order (A»B)«C, the first 
product is 


■> 


aj '^rbm + cp 

ak + bn cq 

ol ho Cf 

dj +tm +fp 

dk en + fq 

dl + eo +fr 

gj + hm + ip 

gk +hn+ ig 

gl ho -{■ if 


The second product is (A»B)«C = M 


(aj +bm + cp)s + 
(ak + + cq)v 4- 

(al 4* 4“ cr)y 

(aj 4- few -f cp)t 4- 
(ak 4* few 4- cq)w 4- 
(al 4“ fe^> 4" cr)z 


aj 4“ few 4- cp)u 4- 
ak 4- few 4* c^x 4- 
[al + ho 4- cr)a 

(dj +em +fP)s + 
(ak en + Mv + 
(dl +eo +fr)y 

(Aj 4- em -\-fp)t 4- 
(nk + en 4- ww 4- 

{dl + CO +ff)z 


[dj 4* em 4-//>)w 4- 
4- «w 4“ fq)x 4“ 
[dl 4* eo 4“/r)a 

^ + km + ip)s + 
Uk +hn + iq)v + 
Ql +ko +ir)y 

(jgj +hm + ip)t + 
(p + fcn + tg)te; + 
Igl +fa) +*>)* 


[gj 4- few 4“ ip)u 4- 
[gfe 4- few 4- 4- 

[gl ho ir)a 


2. Performing now the multiplications in the order A • (B • C) the 
first product is 


B-C = 


The second 


a(js + + /y) + 

b(ms + n» + oy) + 
c(pa +ge +ry) 

aijl 4 few 4 «)4 
b(mt 4- ww 4 oz)-^ 
c {pt 4 ffw 4 ra) 

a{ju kxla) + 

h {mu 4- wx 4“ oa)\- 
c(pu 4 2* 4 ra) 

d(js 4- fe» 4- /y)4- 
e (ms 4- ww 4- oy) 4 
j{ps 4 ffw 4 ry) 

d(,jt 4 few 4 fe) 4 
e (mt 4- ww 4- oz) 4- 
fipt + qw -{■ rz) 

di^ju 4fex4lw)4 
e Imu 4- wx 4“ oa) 4- 
fipu 4 2* 4 ra) 

g(js + kv + ly) + 
k(ms + nw + oy)+ 
i(Ps + 4- ry) 

g(jt + ftw + fe)+ 
h(mt 4 wte; 4 oz) 4 

♦ ipt 4- ffw 4“ rz) 

g(ju +**+te) + 
h(mu 4 wx 4 oa) 4 

ilpu 4- 2^ 4- ra) 


Each component of this matrix is the same as that of (A • B) • C • 
(b) In general, when any number of n-matrices are to be multiplied 
together as A • P • B • C, the multiplication may be started with any two 
neighborif^ ones and may be continued with any grouping, as for 
instance A • P • (B • C) or A • (P • B) • C, etc. Quite often a particular 
grouping speeds up the calculations considerably. 


js + kv + ly 

jt 4 few 4 te 

ju 4 fex 4 to 

wf j 4 wv 4 oy 

w/ 4 ww 4 oz 

mw 4 wo 4 oa 

ps +qo +ry 

pi 4 2 +w rz 

pu 4 2^+^® 


product is A • (B • C) = M = 
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If the components j, A, • •, etc., of A, B, and C contain 

“ operators,"' their order in the products of the resultant matrix M, 
such as in ajs^ akv, aly, etc., must be kept the same as it follows from 
the arrow rule. 


V. MANIPULATION OF PRODUCTS 
(a) The transpose of the product of two matrices A • B is 


(A-B)i = B,-A* 2.9 

A similar formula applies for the inverse of the product of two 
matrices 

(A-B)"i = B“*-A-i 2.10 

In general, the transpose (or the inverse) of a product of matrices 
is found by taking the transpose (or inverse) of each matrix in the 
reverse order. For instance. 


(A-B-C)i - CrBrAt 2.11 

(A-B-C)-“i - C~'-B-i-A-i 2.12 


(6) A product of n-matrices is differentiated by differentiating each 
n-matrix separately, just as with scalars. P'or instance. 


dA • e 0A , A de dA apCfi 

-= — • e + A • - 

dx dx dx dXy 


dAafi , . defi 

-I— ef + 

UXy UXy 


2.13 


In direct notation the order of the n-matrices should not be inter¬ 
changed. 

Similarly the differential of products is found by taking the differ¬ 
ential of each n-matrix 


d{k • e) = (dA) • e + A • de I d{A = {dA + A apde^ 2.14 

{c) The integration of products will be taken up later. 


VL ** SYMMETRIC” AND ” SKEW-SYMMETRIC ” MATRICES 

(а) A line drawn from the upper left-hand corner of a matrix to the 
lower right-hand corner is called the “ main diagonal line. 

(б) A matrix is called “ symmetric ’* if the same components occur 
on both sides of the main diagonal line such as 
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abed 


a 


b 

A » 

c 


d 


The transpose of a symmetrical matrix is identical with the original 
matrix. That is, if A is symmetrical, then A =» A^. 

A matrix is called skew-symmetric ** ift he same components 
occur on both sides of the main diagonal line, but with opposite signs, 


a 


b 

A = 

c 


d 


abed 



8 

9 

-2 

1 

00 

\ 

\ 

-3 

0 

-9 

3 

\ 

7 

2 

0 

-7 

\ 


V 

\ 

8 

-2 

9 

00 

\ 

\ 

5 

-6 

-2 

S 

\ 

4 

9 

-6 

4 

\ 


and if the components along the main diagonal line are zero. 

(c) Any general matrix A may he divided into the sum of two matrices 
B + C where B is a symmetric matrix and C is a skew-symmetric matrix. 
That is 

A—B + C I = Bafi + Cad 


where the symmetrical part is found by 


B 


A + A| 

2 


■®a/f — 


Aud + Ada 
2 


2.15 


and the skew-symmetric part is found by 


C 


A - A, 

2 


Cad = 


A ad "" ^da 
2 


For instance the matrix 


A 

B 

C 

D 

E 

F 

G 

H 

K 


A 

D 

G 

B 

E 

H 

C 

F 

K 


2.16 
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may be expressed as the sum of two matrices, one symmetric, the other 
skew-symmetric: 


A Jr A 

B -f D 

C JrG 

D-\-B 

E E 

F 

G 

H-\-F 

K + K 


0 

B - D 

C-G 

D - B 

0 

F-H 

G - C 

H - F 

0 


Vn. MANIPULATION OF MATRIC EQUATIONS 


(a) An equation in which emery symbol is an n-matrix will he called 
a “ matric equation'' Each side of the equation is composed of the 
sum of several terms, such as 


P = i-L-i 

e =R.i + a •y‘ + i-r-i 

dt 

Z’ + Z" =R + L^ 
dt 


P — Lafiiaifi 

diff 

CL a — + T afiyifiiy 

dt 


2.17 

2.18 

2.19 


ip) It is important to note that in a matric equation each term has 
the same dimension. That is, each term is 0-matrix, as in equation 2.17, 
ora 1-matrix as in equation 2.18, or a 2-matrix as in equation 2.19, etc. 
In index notation each term has the same free indices. In equation 2.17 
none of the terms has free indices; in equation 2.18 the free index in 
each term is a; in equation 2.19 they are a and jS. Each term may 
contain, on the other hand, any number of dummy indices. 

(c) In manipulating a matric equation it must be remembered that 
only a 2-matrix {or products of n-matrices forming a 2-matrix) can be 
transferred to the other side of the equation by multiplying both sides of 
the equation by the inverse of the matrix. Products of «-matrices 
forming a resultant 1-matrix or a 3-matrix cannot be carried from one 
side of the equation to the other. Also this transferable matrix must 
have one free index^ which in direct notation is equivalent to having the 
matrix at the beginning or at the end of a term and not in the middle. 
For instance let 


X • r • i = e I TafiyXai^ = Cy 

Combining the 3-matrix F and the 1-matrix x into a 2-matrix 

x*r = A I 
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it can be transferred to the right-hand side by multiplying over both 
sides with the inverse of A, that is 


A*i = e 
i = A“i-e 
i = (x-n-i-e 


Apyifi = Cy 

ip = {Apy)'^^ey 
tp = (Fa/J-yXa) 


(d) In the manipulation of matric equations it is often necessary 
to replace a 1-matrix or a 2-matrix A by A* I or I* A, where I is the 
** unit matrix ” (Equation 1.5), having unity in its diagonal compo¬ 
nents and zero elsewhere. (It should be noted that I< = I and 1“^ = I. 
Also multiplication with I leaves any w-matrix unchanged.) Such 
cases occur where a common w-matrix is to be factored out from a sum 
of terms. For instance, 


A - i-r-A = B 
(I-i-D-A = B 
A = (I - i-r)~i-B 


A aP 1 yaiiyA ip = ^aP 

(/a5 ^yahiy^A ip = 

A ip ^ "" F-yajly) ^BaP 


Vm. MANIPULATION OF INDICES 

In manipulating equations in index notation the following should 
be kept in mind: 

1. The free index in every term must be the same, but it may be 
changed from one letter to another. For instance, in the equation 

^Cl ■A. ciP^P i tfPy^p^y 

the free index ct may be changed to ca 

= AfapCp “h MupyCpCy 

It should be noted that to avoid confusion the new free index should 
not be the same as any of the dummy indices. 

2. The dummy indices may be changed in every term separately. 
For instance, the equation 

ia “ AaP^P “I” Ma^y^p^y 

may also be written as 

ia “ Aa$^S “f” 

3. The same dummy index, say i3, may appear in two or more terms 
at will. In an expression like 

Aa0fi$ + 
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the vector may be factored out by changing the dummy index 7 
in the second term to jS, giving 

AafiCfi + Bafiefi = (Aa$ + Bafi)e$ 

IX. “ FORMS ” 

(a) In a matric equation each term is either a 0 -matrix, or a 
1-matrix, or a 2 -matrix, etc. If each term is a 0 -matrix (a single 
number), then each term is called a ''form,'' A “form” such as 
AafiXaXfi consists of two types of components: 

1 . 'fhe “ variables ” Xa or ia that may occur once or more than 
once. There may be two or more types of variables as Xa and 

2 . The “coefficients” of the variables as i4a/j. The coefficients 
of the form may be the products of several w-matrices. 

{b) According to the number and type of the variables the follow¬ 
ing “ forms ” may be distinguished: 

1 . e • i or Baia is a “ linear ” form. 

2. i • L • i or is a “ quadratic " form. 

3. Aafiyiai^iy is a “ trilinear " form. 

4. Bafiyh _ iaipiyih _ is a “ multilinear " form. 

These types of forms contain only one type of variable i«. With 
two types of variables the following form often occurs: 

5. X • D • y or DapXayp is a “ bilinear " form. 

(c) The variables ia in the above forms may be replaced by the “dif¬ 
ferentials ” dxa, in which case the forms are called “ differential forms," 
With ia or Xa they are called “ algebraic forms," The most important 
types of “ differential forms ” are: 

1 . The linear differential form Cadxa- 

2 . The quadratic differential form Oafidxjlxfi, 

(d) In mechanical or electrical problems, an example of a linear 
form is 

1 . Power input = P = e*i — Caia- 

Examples of quadratic forms are: 

2. Stored magnetic (or kinetic) energy ^ 2T =ai-a«i=» aa^aifi- 

3. Dissipation function =» 2 F*iT*i=* rafiijfi- 

4. Stored electrostatic (elastic) energy a27ax-s*x=> 
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When ia is expressed as dxajdt, the first three of the above four 
forms may be considered as " differential forms ” instead of " algebraic 
forms.” 

(e) If each term in a matric equation is a 1-matrix, each term may 
be considered as a " set of forms." For instance: 

1. Z • i or Zairifi is a set of linear forms. 

2. TafjXays is a set of bilinear forms. 

(/) The significance of the concept of "form ” is that, whereas the 
variety of matric equations is great, the variety of their component parts, 
the " forms," is small. An extensive mathematical literature has been 
built up on the theory of forms, dealing with their characteristics, their 
reduction to simplified forms, etc. All textbooks on modern algebra 
or higher algebra chiefly deal with the theory of " forms.” Their 
theory leads often to reduction in the numerical calculations necessary. 

(f) The following theorem on quadratic forms may be considered 
as an example of simplification. It was shown in Section VII that 
any matrix may be considered as the sum of a symmetrical and a skew- 
symmetrical matrix. The theorem states that: 

In any quadratic form i*G*i the matrix G may always be 

replaced by its symmetrical part (G Gt)/2. 

That is, the coefficient of a quadratic form, algebraic or differential, 
is always a symmetrical matrix, since the asymmetrical part reduces the 
form to zero. That is 


i 


/g-gA . 

\-T-r 


i = 0 




For instance if: 

a b 

.r 


a b 


G- 


A 

B 

C 

D 


G,- 


_a b 
i- 1 »• H 


G - G« _ • 
2 “b 


0 

(B - 0/2 

- (B - 0/2 

0 


(1/2)(G - G,).I - 


*6(B - 0/2 


-U(B - 0/2 


(l/2)i- (G - G,)M - (l/2)[**(5 - C)ia - iaiB - 04] =■ 0 
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Hence 

i G»i = i . ^3 .i 2.20 

X. THE “FIRST GENERALIZATION POSTULATE” 

(а) The interesting fact should be noted that a single coil is charac¬ 
terized by the quantities 

e, i, Rt L, C, and Z 

while a set of coils is characterized by the w-matrices 

C} 1 | C| and Z 

That is, a set of coils is characterized by the same type and number 
of symbols as a single coil, with the difference that single numbers are 
replaced by n-mairices of various dimensions. 

Hence it should be noted that an w-matrix represents not just any 
haphazard collection of numbers. The components of each n-matrix 
correspond to some definite physical {or geometrical) concept^ and in each 
problem only as many n-matrices can be introduced as there are physical 
{or geometrical) concepts involved. Their number can be increased or 
decreased only by following strict rules that correspond mathematically 
to the physics of the problem at hand. 

(б) Later on it will be found that in general complex systems are 
not only characterized by the same number of symbols as simple sys¬ 
tems, but the whole method of reasoning to be used in their performance 
analysis follows quite closely the analysis of a simple system, with the 
difference that each quantity is replaced by an n-matrix in the analysis. 

In other words, before analyzing any complex system with several 
variables t it will be found advantageous first to analyze a similar system 
having only one {or more) degrees of freedom. Then the same reasoning 
can be repeated in substantially the same manner^ replacing each quan¬ 
tity by an appropriate n-matrix^ however. It will then be found also 
that the final equation of the complex system with n degrees of freedom 
will look substantially the same as that of a simple system with one 
(or more) degrees of freedom, each quantity being replaced, however, 
by an »-matrix. 

This labor-saving device will be called ** the First Generalization 
Postulate,'* and it can be stated as follows: 

“ The method of analysis and the final equations describing the 
performance of a complex physical system {with n degrees of freedom) 
may be obtained by following step by step those of the simplest but most 
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general unit of the system^ provided each quantity is replaced by an 
appropriate n-matrix." The simplest unit of the system may have one 
' or more degrees of freedom. 

^ It seems logical that the mere collection of system elements should 
not introduce any physical phenomenon that has not already been 
contained in the simplest element, hence new symbols, representing new 
physical concepts, should not arise in combining several elements. It is 
not always obvious, though, what the simplest system element is, and 
not just any formulation of the method of analysis and of the equation 
for the simplest element is capable of generalization. It will be found 
usually that only the shortest (but still more general) and at the same 
time the most elegant scalar formulation of the physical phenomenon 
is in a form to be replacable by an w-matric expression. The scalar 
formulation may involve, of course, one or more equations. 

It should be remembered that the simplest unit of a system may 
contain two or more variables, also that a system may be composed of 
two or more radically different types of elements so that each of these 
elements may require a different equation. Also a system containing 
one type of element may be divided into several groups according to 
the different behavior of the various elements. 

(c) Since the manipulation of «-matrices differs slightly from that 
of ordinary quantities, in the parallel analysis the ordinary equations 
should have the following forms: 

1. Instead of dividing by a number as 1/Z multiply by 
corresponding to the inverse of Z which is written as 2”“^ 

2. Instead of squaring a number as Z^, use it in the form ZZ, 
corresponding to Z * Z. 

3. The quantities should be kept in the proper order as the arrange¬ 
ment is built up by the analysis if the »-matrices are to be expressed 
in direct notation. If the index notation is used, the order is imma¬ 
terial in the absence of operators. 

These rules for the manipulation of quantities are about the same 
as those of “ operators ” like p = d/dt. 

(d) If the analysis of a problem is carried through in terms of 
n-matrices, it will eliminate the necessity of carrying along for page 
after page a set of ordinary equations. It is emphasized, however, that 
there are certain types of operations and a minimum number of manipu¬ 
lations that are not eliminated by the use of n-matrices. Such necessary 
operations are, for instance: 

1. In the analysis of a set of linear equations a certain amount of 
determinant calculations cannot be avoided. 

2. In the solution of a set of differential equations, the finding of the 
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roots of an nth degree algebraic equation cannot be avoided by the use of 
any imaginable symbolism. 

In particular it is emphasized that, once the final equations are 
arrived at by either nfiethod, the same amount of numerical additions 
and multiplications is needed to get the numerical answer. However, 
it often happens that the final answer arrived at in terms of w-matrices 
is in a far more organized form than an answer expressed in terms of 
ordinary quantities and hence it requires less numerical labor; or 
owing to its organized form the numerical calculation may be per¬ 
formed by a computer on a calculating machine. Also it often 
happens that the use of n-matrices suggests a new method of attack which 
is unsuspected when the usual reasoning is followed and so the final answer 
comes out in a new form requiring far less numerical work. Numerous 
examples of such cases will be given later. That is, the use of n-matrices 
in general effects great savings: 

1. In the analytical work. 

2. In the numerical calculations. 

It should be remarked that it is not always apparent just what 
quantities should be grouped together to form an n-matrix. Often several 
choices are open, but usually only one selection leads to the simplest 
formulation of a problem. More often the organization into w-matrices 
appears to be hopeless at first sight. One of the purposes of this 
treatise is to set up basic principles for organizing certain electrical 
engineering concepts in terms of »-way matrices. 


XI. STATIONARY NETWORKS 

A very simple example of the First Generalization Postulate is the 
analysis of a stationary network. The relation between the impressed 
voltages e and e, the currents i and i, and the impedances Z and Z 
of a single coil and of a network with n degrees of freedom is given by 
Ohm*s law for both cases as 

e — Zi I e = Z*i 2.21 

If the voltages are known and the currents are unknown, these 
equations may be solved by multiplying both sides by the inverse of 
Z or Z 

Z-^e = Z-iZi Z i-e = Z-i-Zm 

Z-^e = i Z-i-e = i 

That is, the currents i are found by finding first the inverse of Z and then 
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multiplying it by e. If the inverse of the impedance is defined as the 
admittance and denoted by a new symbol, then 

i = Z-^e i =: 

i^Ye i = Y*e 2.22 

For instance, the inverse of matrix Z given in Section II is found 
to be: 

a 
b 

Y = Z-» = 


d 


This matrix, the “ admittance matrix represents the self- and mutual 
admittances of the various coils of Fig. 2.1 assuming that, when the 
admittance of one coil is measured, all the other coils are short-circuited. 
This matrix is also symmetrical if Z is symmetrical. 

The current flowing in the various circuits of Fig. 2.1 due to the 
impressed voltage e given in Section II is then 

a 

b 

i « Y.e - 


d 


XII. TRAVELING WAVES ON MULTICONDUCTORS* 

(a) As an example of applying the First Generalization Postulate 
to a set of differential equations, consider the motion of electromagnetic 
waves along a transmission system. 

For a single conductor, let the resistance of a unit length be R, its 
inductance L, its leakage conductance G, and its capacity C. Then 
along an infinitesimal distance dx the voltage drop is 

be di ( d\ 

—de = — — {fo: =s Ridx + dx =* (jR + iTJ 
dx dt \ dt/ 

and the current change is 

di de / d\ 

^di-^-'^dx = Gedx^C^dx » [G^^C^]edx 
dx dt \ dt/ 

* This section may be left out at first reading. 


Yaafia Hh YiAfib 4" Yatfic 4“ Yatifid 
Yab^a 4 * Yhbeb 4 - YtcCe + Ybdfid 
Yaefia 4 " 4 " Yctfie 4 " Ycdfid 

Yacfia 4 " Yhdfib 4 " Ycdfie 4 " Yddfid 


abed 


Yaa 

Yah 

Yac 

Yad 

Yah 

Ybh 

Ybc 

Ybd 

Yac 

Ybc 

Ycc 

Ycd 

Yad 

Ybd 

Ycd 

Ydd 
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\l R + L d/dt Z, also G + C d/dt = F, and if dx is cancelled, then 
the equations become 

de , di 

— — = Zt and- Ye 2.23 

dx dx 

(b) Now let a transmission system with n parallel conductors be 
considered with electromagnetic and electrostatic coupling between 
them. The resistances and the self- and mutual inductances may be 
arranged in the form of a matrix 


a 

b 

n 

Zaxx 

Zab 


Zan 

Zba 

Zib 


Zbn 


... 



Zna 

Zfib 

... 

Znn 


where Zaa = Raa + Laa d/dt. The leakage conductances and the self- 
and mutual capacities also may be arranged in the form of a matrix 


a b ... n 


a 


Ya 

... 


b 

Yba 

Ybb 


Ybn 

; 





n 

Yn. 



K«, 


where Yaa = Gaa + Caad/dt. (This matrix is not the inverse of Z| 
being independent of it.) 

Let the potentials of the various conductors be arranged in a row 
to form a 1-matrix 



a 

b 


n 

e = 

ea 

Cb 


en 1 

Similarly the currents form the 1-matrix 

a b 

n 

i » 

ia 

ib 

m 

1 1 


Since the conductors are parallel, the distance along each conductor 
may be considered as a single quantity x. 

Altogether five n-matrices are introduced, in particular two 2-matrices 
Z and Y, two 1-matrices e and.i, and one 0-matrix x. 
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(c) The differential equations containing only voltages will be 
developed for a single conductor and for n conductors in parallel 
columns. The equations for n conductors will be given in both direct 
and index notations. 

The voltage drops are 


dx 


- - = z.i 


dx 


The current changes are 


di 

dx 


- — = Ye 
dx 


Differentiating the first equation with respect to x 

dx^ dx dx^ dx dx^ dx 

Substituting the second equation into the last equation, when the 
signs are changed, results in 


dx^ 


* ZYe 


= ZYe 


= Za$Yfiy6y 2,24 


The last equation gives the differential equations for the propaga¬ 
tion of the voltage waves e which are functions of x and /. It is 
emphasized that the analysis can be carried through clear to the 
complete solution of the differential equations in terms of n-matrices. 
However, the use of n-matrices does not eliminate the necessity of finding 
the roots of an nth {or 2nth) degree algebraic equation. The use of 
n-matrices eliminates only the carrying along of n ordinary equations 
page after page. 

{d) In order to show the set of n ordinary equations that are 
represented by the single matric equation 2.24 let the indicated opera¬ 
tions be performed. 
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Z-Ye = 


a (^ao^aa "f" ^an^«o)^a 4" (^oo^^oL 4" 4“ (^oa^^an 4” ZanYnn)^n 

b i'Zf^Yaa 4" ^6nl^na)^a 4“ {ZbaYab 4" ZbnYnb)^ 4" i^haYan 4" ZhnYni^^n 

n {.ZnaYaa 4" ^nnl^na)^a 4“ (ZnaYab 4“ ZnnYnb)^ 4" (ZnaYan 4* ZnnYnn)^n 



a 

b 

n 

a*e 

a»ea 


d^en 

ajc* 

a*» 

dJC* 

"ax* 


Equating corresponding components of the last two 1-matrices 
according to equation 2.24, the set of n ordinary equations representing 
the single matric equation 2.24 are: 

= (ZaaYaa 4“ * * * ^ttn5f^na)«a + (^aa^ab 4“ • * * ZanYnb)eh 
dx^ 


4" • • • {ZzgYan + • • • ZanYnn)en 

= (ZaaYaa + * « * ZbnYna)ea + (ZbaYat 4 " * * • Z,nYnb)eb 

dx^ 

+ ••• (ZbaY,^n+ •••ZbnYnn)en 


^ - {ZnaYaa + * ' • Fn„)e„ 4“ (ZnaYab + * * * ZnnYnb)eb 
ox^ 

+ ••• (2„aF«»+ 

The differential equations analogous to equation 2.24 in terms of 
currents are: 


= YZi 


= YZi 


= YafZ,yi, 2.26 


The matrix Y-Z is different from Z«Y. 


xni. POWER SERIES DEVELOPMENT* 

(a) To show the use of the First Generalization Postulate in a 
problem where 3-matrices and »-matrices of higher dimensions occur, 
let the development of several functions of several variables in terms 
of power series be considered. Such cases occur, for instance, when a 
non-linear relation exists between quantities, such as between currents 
and voltages in vacuum tubes, or between m.m.f.’s and fluxes in 


This section may be left out at the first reading. 






54 


THE FIRST GENERALIZATION POSTULATE 


saturated magnetic circuits, etc. A power series development of the 
variables is necessary when a set of equations cannot be solved other¬ 
wise. 

First one function of one variable will be developed in terms of 
single quantities, then the Same steps will be repeated in terms of 
n-matrices for several functions of several variables. 

(6) Any curve in a plane y = f(x) can be expressed as a power series 

y ^ A + Bx +Cx^ + Dx^ + Ex^ + 2.27 

where the coefficients A, B, C, D • • • are known or unknown quan¬ 
tities (provided certain conditions stated in textbooks are satisfied). 

(c) A curve in a three-dimensional space is represented by the 
intersection of two surfaces 


ya = fa{Xa, Xh) 

yb = fh(xa, Xb) 2.28 

Each of the dependent variables ya and yb may be expressed as a power 
series in terms of the independent variables Xa and Xb such as 

ya = + (BaaXa + BabXb) + 

+ (CaaoXa + CaabXaXh + CohaXhXa + Co»Xj) + 

+ iPaaaaP^ + DaadbXaXb + DacibaP^Xb + DaahbXaXb + 2.29 

“f" BabaaXlpCa "}” BahbaXaP(^ "I" BabbibP^^ "1“ 

+ (EaaaaaXi + EaaaabP^Xb + * * •) 

+. 

The coefficients of the variables as Dabaa are known or unknown quan¬ 
tities. A similar equation can be written for yb 

yb — Ah + (BbaXa + BbbXb) 

+ (Cbaapdi + ChabXaXb + CbbaXbXa + CbbbXl) 

+ (PbaaaP^ + DbaabP^Xb + DbabaXlXb + DbMtXaXl 2.30 

+ DbbaalXbXi + DhbabXaXl + DbbhaXaXb + Dhbbbxl) 

+ (EbaaaaXt + Ebaa^lxb + * * •) 
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If instead of two functions and two variables there are n functions 
and n variables (all real) 

ya ““ faiXat Xbf Xc* * *^n) 
yb ^ fb(Xay Xh, Xc--Xn) 

yc = }c(Xa, Xb, Xe- * • Xn) 2.31 

yn = fn{Xa, Xb, Xc^ • Xn) 


there are n such series equations as the foregoing, each parenthesis 
containing w, n^, • ‘terms instead of 2, 2^, 2^* • - terms. 

(d) In order to represent the n ordinary equations as one matric 
equation, let the following n-matrices be defined: 

1. All the dependent variables are arranged in a row forming a 
1-matrix 

\ 

ya = 


2. All the independent variables are arranged in a 1-matrix 
\ 


a b c ... n 


1 Xa 

Xb 

Xe 


Xn 1 


a h c ... n 


y- 

yb 

yc 


yn 1 


3. All the A coefficients are arranged in a 1-matrix 



4. All the B coefficients of Xa are arranged in a square forming a 
2-matrix 




«\ 

a 

b 

C 

n 

a 

Baa 

Bab 

Bae 


B«, 

b 

Bba 

B» 

Bbc 


Bbn 

Bafi - C 

Bca 

Ba 

B„ 


Ben 

: 

. . . 

. . . 

... 

. . . 

. . . 

n 

Bna 

Ba 

Bn. 

... 

Bnn 
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S. All the C coefficients of are arranged in a cube forming a 
3-matrix. 



6. All the D coefficients of XaXfiXy are arranged into n cubes, form¬ 
ing a 4-matrix Da^yi- The E coefficients form a S-matrix, Eafiyit, and 
so on. 

(e) In terms of these n-matrices the n power-series equations are 
written as one matric equation 

ya — Aa‘\‘Ba$Xfi-\‘CafiyXfiXy'\‘Da»yhXfiXyX^-^Ea$yh*XfiXyXlXt-\- * * * 2.32 

This equation has the same form as the single equation 2.27 except: 

1. Each quantity is replaced by an w-matrix. 

2. The wth power of a quantity, say is replaced by n products 

XfiXyX^X^. 

It should be noted that in the equation: 

1. Each term is a 1-matrix, that is, in each term one free index 

exists. All the other 
indices in each term 
are dummy indices. 

2. Each free in¬ 
dex on each side of 
the equation is de¬ 
noted by the same 
letter a. 

3. In each term 
a n-matrix is multi¬ 
plied by the 1-matrix 
Xa several times. 
For instance, the 
3-matrix Cafiy is 

multiplied first by the 1-matrix Xy giving the 2-matrix CafiyXy » Fafi, 


1 



Yd * Aq BcrpX|| ♦ **■. 

Fig. 2.2.—^A Power Series in Terms of »-Way Matrices 



















THE INVERSE SERIES 


57 


then the 2-matrix Fa^ is multiplied again by the 1-matrix x$ as 
Fa 0 Xfi = (CafiyXy)x 0 f giving the 1-matrix G«. Each term in the equa¬ 
tion is such a 1-matrix as shown in Fig. 2.2. 


XIV. THE INVERSE SERIES* 

(а) In order to show an example in which 3-matrices are manip¬ 
ulated^ consider three terms of the above series with y replaced by e 
and X by i 

Ca = Ba^ip “1" CaPyipiy + • • • 2.33 

Let it be assumed that the components of Bap and Capy are known, 
also the components of €„ (which represent, say, some impressed 
voltages on a non-linear system). The problem is to solve this series 
for the unknown iat that is, to express ia as a function of B^p, Capy% 
and ea- 

The unknown ip may be expressed as a function of ea in a power 
series (called the inverse ** series) 

ip = Kp^e% + 2.34 

where the coefficients Kpt and Mp^^ are unknown functions of the 
previous coefficients B^^p and Capy The problem is then to find K and 
Af as a function of B and C. 

(б) Following the First Generalization Postulate, the analysis will be 
performed first in terms of single quantities. That is, first the following 


problem will be solved: given the power series 

e = Bi -|- Ci^ "!“••• 2.35 

find the unknown i, that is, in the inverse series 

i = Xe + + .. • 2.36 

express the unknown K and Af as a function of the known B and C. 
The steps are the following: 

1, Substituting the second equation into the first 

e = B{Ke + Me^) + CiKe + Me^y + • • • 2.37 

Since all expressions in which e occurs in higher than the second power 
are going to be neglected, the above equation reduces to 

e = BKe + BM^ + CXV + • • • 2.38 

e * BKe + {BM + CK^)^ + • • • 2.39 

* This section may be left out at the first reading. 
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2 . Equating corresponding coefficients of e and ^ on each side of 
the equation 



1 = BK 

2.40 


0 = (BM + CIP) 

2.41 

3. 

Solving these two equations for the unknown K and M 



K = 5-1 

2.42 


M = - C(5-i)3 = - CK^ 

2.43 

4. 

Hence the value of i in terms of e, B, and C is 



i = 5-ie - C(5-i)V 

2.44 

or 

i = Ke- CK?e^ 

2.45 

where K = B~^. 



(c) These same steps will now be repeated by replacing each quantity 
with an n-matrix. 

1. Substituting equation 2.34 into equation 2.33. 


=» Bafi{K.fi,e, + M$,te,e,) 

”i" Cagy{^Kff,et "i" “I" 2.46 

It should be noted that in equation 2.34 the free index is denoted first 
by /3 then by 7 for the purpose of substitution. Similarly in the latter 
case the dummy indices are changed to 

to avoid confusion in substituting if twice in succession (see Section 
IX). 

Neglecting powers of e, higher than 2, the above equation is 

Ca ** BasKfitCt "I" Bafi^ 0 "|“ CaSfKyt/fitCa 2.48 

Factoring 

Ctt BafiKfi^et "i“ 0 aflyKy r)ete 0 2.49 

2 . Equating corresponding coefficients of e, and «.e, on each side 
of the equation (writing ««/•« for Ca where I,a is the unit matrix): 

^t0t tiffinfi0 


0 *■ BatMu0 + CafiyKfiJCy0 


2.50 

2.51 
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3. Solving these two equations for the unknowns Ka$ and Ma^y 

Kfi. = 2.52 

Mi,, = - iCaftyKfi,Ky,){Baiy^ = - CafiyKiaKfi,Ky, 2.53 

These matric equations are the same as the corresponding ordinary 
equations 2.42 and 2.43. That is, the matrix Kafi is found by taking 
the inverse of the matrix Bafi and the ^-matrix Ma^y is found by multi¬ 
plying the 3-matrix Cafiy by the matrix Ka^ three times in succession in 
the order indicated by the indices, then taking its negative. 

Since {Ba$)'~^ = Kfia, that is, since in taking the inverse of a matrix 
the order of the indices changes, the three Kae matrices in the last 
expression have their free indices in different position. That is, the 
free index of Kia is its first index, while the free indices of and 
Ky, are their second indices. 

4. Hence the value of ia in terms of Bafi and Cafiy are 

ia ” CyitKayKi^KtoCxCff 2.54 

where if 

It should be noted that without the concepts of w-matrices it is an 
extremely laborious procedure to find the inverse of a set of ix)wer 
series equations. Because of the absence of such rules as equation 2.53 
each time the inverse of a set of equations is to be found, the whole 
analytical procedure has to be gone through all over again. If the 
finding of the inverse of a power series is just one step in some analytical 
development, then the analysis is rarely undertaken in ordinary 
symbolism, since after the first few steps the mechanical difficulties 
involved in handling the numerous terms become insurmountable, 
not even mentioning the mental labor necessary to keep the physics 
of the problem and the analysis clear. 


XV. ELIMINATION OF VARIABLES 


(a) To show an example where the First Generalization Postulate 
is used for the manipulation of several matric equations, consider three 
linear equations: 


e\ = Ziii + Z2i2 + Z^i^ 

62 = Z4ii + Zbi2 + Z^iz 

63 = Ziii 4* Zzh + Z^iz 


ei = Zi*ii + Z2-i2 + Za-is 
62 == + Zfi-b + Zo'ia 

03 — Zy»ii + Zg'b + Zg-ia 


2.55 


The left-hand column represents three linear ordinary equations 
with three unknowns, ii, ^ 2 , and fa. The right-hand column repre- 
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sents three linear matric equations, in which the three l-matrices e 
and the nine 2-matrices Z are known quantities, while the three 
1-matrices i are unknown. Each matric equation may represent any 
number of ordinary equations. 

(6) Let it be assumed that in the problem at hand the knowledge 
of the values of is is not needed; hence let is be eliminated, leaving only 
two matric equations with ii and is as unknowns. The elimination of 
is will be performed in parallel columns for the ordinary and for the 
matric equations. 

1. From the third equation let is be expressed in terms of ii and is. 
Placing the terms containing is on the left-hand side of the equation 

Z^iz ~ s — Ziii — Zgts I Zg*is — ©s — Z 7 *ii — Z 8 *is 

Multiplying both sides of the equation by Zg”^ 

iz = Zg“^(tfs “ Ztii — Zgts) I is — Zg"“^»(e3 — Zy-ii — Zs^is) 

2. Let this value of is be substituted into the other two equations 

ei = Ziiy -|- Zsis ei=Zi*ii + Zs*is *t" 

+ ZzZz'^^ifiz Zti\ — Zs^s) +Zs*g““^*(©s Z7»ii — Zg^is) 
ez ** Z4ii 4“ Zgis + ©2=* Z4*ii + Zg^is + 

+ ZzZz’"^(fiz Z'jii — Zgts) + Ze*Zg“^»(©3 — Z7di — Z8*i2) 

Factoring ii and is in both equations: 
ei — ZzZz^^ez ** ©i "■ Z3«Zg~^»©3 *= 

=» (Zi — Z3Zg”^Z7)ii + =“ (Zi — Z8»Zg“^«Z7)«il + 

+ (Zs — Z3Zg'"^Z8)t2 + (Zs — Z3»Zg^^»Z8)*i2 

ez — ZeZg—^^s ©s“" Za*Zg""^«©3 = 2.56 

*= (Z 4 — Z^zr^Zi)i\ + =» (Z 4 — Z 6 *Zg~^»Z 7 )«ii + 

+ (Zg — ZzZz^^Zz)iz + (Zg — Z6*Zg*"^*Z8)*i2 

In these two matric equations there are only two unknowns ii 
and is* 

The two equations may be written shortly as 

e\ s® Ziii + Zgis ©1 ** Zi*ii +• Z 2 *i 2 

2.57 

Sg “ Zzil 4" Z^ts ©2 “• Zg-ij 4" Z4*l2 

The new coefficients Z' of the unknowns are matrices and are found 
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from the original matrices by performing the indicated operations, as 
for instance 

Z\ = Zi — Z27‘%~^Z'i I Zi = Zi — Z3’Z9“**Z7 

(c) Of course the manipulation of a set of matric equations involves 
only incidentally the finding of the unknown quantities. More often 
the manipulation involves, say, the development of certain criteria 
between the known quantities in order that the system should perform 
in some desired manner. Or the manipulation may involve a search 
for a new equation that includes say less concepts, or more details, or 
covers more systems, etc. The variety of the manipulations of matric 
equations is at least as wide as that of ordinary equations. In fact, 
mairic equations are manipulated for more reasons than ordinary equor 
tions are, since the organization of quantities into n-way matrices 
introduces additional concepts, that are non-existent in the absence 
of such an organization. 



CHAPTER III 


THE SECOND GENERALIZATION POSTULATE 

L THE CREATION OF NEW MATHEMATICAL ENTITIES 

(c) In the previous chapter the First Generalization Postulate was 
introduced showing that, if a set of ordinary equations is represented as 
one matric equation, the latter has the same form for any number of 
degrees of freedom as for one single degree of freedom. (In case of 
several matric equations, they have the same form as the similar num¬ 
ber of ordinary equations that represent the simplest analogous sys¬ 
tem.) This postulate leads to great savings in thought and labor in 
setting up the equations and in manipulating them. 

However, as soon as a set of equations is set up, not haphazardly, 
but in a systematic manner in terms of w-way matrices, the resulting 
equation immediately calls into existence three interrelated concepts 
that have hitherto been hidden from view in the unorganized manner 
of attack of engineering problems. These concepts occupy the central 
foreground of modern physical and mathematical analysis. The three 
concepts are: 

1. Transformation. 

2. Invariance. 

3. Group. 

With the systematic introduction of these concepts begins the study 
of what is known as " tensor analysis ” or “ absolute differential calculus.” 
The ideas developed hitherto are useful in the understanding of tensor 
analysis but they themselves are not yet tensor analysis. 

(b) It will be shown that the organization of a set of quantities into 
a single n-matrix and its representation by a single central letter AaSy 
signifies far mdre than just the introduction of a shorthand notation 
and a labor-saving device. The organization of a set of quantities and 
the simultaneous introduction iff the concepts of " transformation,” 
“ invariance,” and “ group ” represent the creation of an entirely new 
mathematical entity A aSy, that is endowed with properties that its building 
blocks, the “n-matrices ” or their “ components,” do not possess. The 
creation of new entities from a mere collection of n-way matrices by means 

62 
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of '^organization^" and the endowment of these new entities with new 
properties^ constitute the underlying purpose of tensor analysis. 

This creation is of the same nature as building out of a conglomer¬ 
ation of atoms a new entity, a molecule, which is endowed by the mere 
process of organization with new characteristics, new properties, that 
its component parts, the atoms, do not possess; it is of the same 
nature as the organization of a community of people into a state, having 
functions that none of its constituent members has. The creation of 
these new mathematical entities and the endowment of these entities 
with new properties are equivalent to discovering in the corresponding 
physical (or geometrical) phenomena new physical (or geometrical) 
entities obeying new physical laws. 

(c) It cannot he emphasized sufficiently that an n-way matrix itself 
is not a new mathematical entity. That is, the fact that the various 
currents in a system are represented by one symbol i, the voltages 
by e, and the impedances by z does not represent a creation of new 
entities, neither does the fact that the current i is imagined to be repre¬ 
sented by a point in an ^-dimensional space. An n-way matrix is 
just a shorthand notation, a labor-saving device, but it has as yet no 
additional properties that its components themselves do not possess. 
For instance, both have rules of manipulations associated with them; 
that is, both n-matrices a^nd their components can be added, multiplied, 
differentiated, etc. The situation of using n-matrices is analogous to 
using a steam shovel where previously many laborers with pick and 
shovel were employed. The single steam shovel does the same work 
but more systematically and faster (and with less labor trouble) that 
laborers can do with a large number of picks and shovels. 

In order to endow an «-way matrix with hitherto non-existent 
characteristics, and thereby to create a new mathematical entity, 
it is absolutely necessary to introduce a new content into a matric equation 
that the corresponding ordinary equations do not possess. This new 
content is introduced with the aid of the three interrelated concepts 
of “ transformation,” ” invariance,” and ” group.” 

(d) It is also emi^hasized that it is not necessary to use n-matrices 
in order to introduce these new concepts and contents into the analysis. 
In fact, no textbook or publication on tensor analysis employs n-way 
matrices as a stepping stone to introduce this new method of reasoning. 
The textbooks simply use expressions such as a ”set of 2^ quantities,” 
without arranging them into a cube with 2 rows, columns, and layers, 
merely writing the eight quantities in a row side by side. Of course, 
the fixed indices take care of their correct manipulation. 

However, the experience in working out numerous engineering 
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problems with this new method of reasoning has led to the systematic 
use of rows, squares, and cubes in the actual calculations, which is 
also employed in this volume. But their use has little to do with 
tensor analysis; it only facUitates its presentation and application. 

n. THE “SECOND GENERALIZATION POSTULATE" 

(o) When a current i flows in a single stationary coil (or mesh) 
Ohm’s law gives its equation of voltage as 

e = zi 3.1 

The concepts occurring in the equation are three in number, namely 
e, z, and «. 

When any number of stationary coils with any tjrpe of mutual 
impedances between them are interconnected into a network with « 
meshes, the First Generalization Postulate states that the equation of 
voltage of the set of coils has the same form as that of the single coil 
except that each quantity e, z, and i is replaced by some appropriate 
»-matrix of various dimensions e, z, and i, giving the resultant equa¬ 
tion of voltage of the whole system with n degrees of freedom as 

e = z • i I e„ = Zafli^ 3.2 

Suppose now that the interconnection of the coils is destroyed and 
the individual coils are interconnected into a mesh network in a dif¬ 
ferent manner, without, however, destroying or changing the individ¬ 
ual self- and mutual impedances. The question is now: What is the 
equation of voltage of the new system in terms of n-matrices? 

A fundamental assumption of tensor analysis states: 

1. The new system has the same number and types of n-matrices as 
the old system (namely e', z', and i') but they now have different compo¬ 
nents. 

2. The equation of the new system in terms of n-matrices is exactly 
the same as the equation of the old system, namely, it is 

e' = z'-i' I e.. = 3.3 

3. The n-matrices of the new system may be established from those of 
the old system by a routine transformation. 

These statements, or their equivalent, will be called the " Second 
Generalisation Postulate." 

That is, in changing over to a new interconnection, no new types 
of ff-matrices are introduced and the arrangement of the existing ones 
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is not changed. The only difference is that the existing n-matrices e' 
and z' have different components from those that they formerly had and 
that the variables i are changed to new variables i'. 

The step in going from one type of interconnection to another type 
will be called a “ transformation ” or (to employ a phrase that is 
much used, but is not quite descriptive of this step) a “ transformation 
of the reference frame.*' It may also be called a “ change of variables " 
since the set of variables i changes to another set of variables i'. 

If the new interconnection is again changed to another one, that is, 
if a new transformation is introduced, the set of equations describing 
the third arrangement of coils are still 






where now e" and z" have again different components and i" repre¬ 
sents still different sets of variables. (The use of the upper index in 
i^ will be explained later.) 

(6) As another example of the use of the Second Generalization 
Postulate let the equation of voltage of a single moving coil be: 


dih 

e = i?i + “ + ^ 

at 


where Ri is the resistance drop in the coil, d(f>/dt is the voltage induced 
in the coil as the result of the time variation of the flux lines 0 linking 
it (assuming the coil stationary), and where ^ is the voltage generated 
in it owing to its motion through the flux density ^ with an instan¬ 
taneous velocity v (assuming the flux lines constant in time). The 
concepts occurring in the ordinary equation are seven in number, 
namely /, r, e, i, 0, 0, and R. 

Next, instead of one coil let several coils with mutual inductances 
between them move all with the instantaneous velocity v. Let these 
moving coils be, say, those of an alternator. The First Generalization 
Postulate states that their equation contains seven n-matrices, 
t,v, and it has the same form as the corresponding ordinary 

equation, namely 


e 


R-i + 


d^ 

dt 


+ ^v 


Ca = Rafii^ + + 0aW 

at 


Now, if these same coils are interconnected in any other manner 
with the aid of brushes, or slip-rings, or taps, etc., forming a new 
machine, say a shunt-polyphase commutator-motor, then the Second 
Generalization Postulate states that the equation of the new machine stiU 
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contains the same seven n-matrices and they are arranged in the same 
manner 


R'-l' + f++V 


««' = Ra’S'if' 4 - 


except that now the n-matrices e', i', R', and have different compo¬ 
nents. But the form of the equation has not changed. 

For a third type of interconnection the equation still keeps its 
form except that the primes are replaced by double primes. There 
exists a large variety of interconnections {transformations) of n coils for 
which the equations keep their form. 

(c) As a third example, let the differential equation for the propa¬ 
gation of electromagnetic waves along a single conductor be 


a** 


ZYe 


containing the four concepts x, e, Z, and Y. 

If the waves travel along several parallel conductors, the First 
Generalization Postulate introduces the four w-matrices x, e, Z, Y and 
gives their differential equation as 




= Z-Y*e 


dHa 

dx^ 


= Zafi Yfyey 


When the conductors are joined together or are terminated, etc., 
in various manners, the differential equations of propagation are, by 
the Second Generalization Postulate, 


d^e' 

3*2 


Z'*Y'‘e' 


dx* 


Za'y Yf'y'ey. 


These examples can be continued indefinitely. 

(d) In all these transformations it is tacitly assumed that in 
changing over from one system to another nothing is disturbed except 
the interconnection (consisting of infinitely short conductors having 
neither resistance, nor inductance, etc.). That is, during the trans¬ 
formation no new physical phenomenon is introduced such as motion 
where none existed before the interconnection or an electrostatic 
field where none existed previously. 

Just because the number of physical concepts and their inter¬ 
relations remains unchanged, it is possible to keep the number of 
mathematical symbols and their interrelations also unchanged. It 
is one of the goals of tensor analysis in analyzing any ph)^ical problem 
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to establish only as many symbols as there are actually existing 
natural phenomena corresponding to them, and to interrelate these 
symbols in a parallel manner as the corresponding physical manifesta¬ 
tions are interrelated. That is, in the equations of tensor analysis: 

1. Each symbol {base letter) corresponds to a physical or geometrical 
entity, 

2. Each operation on the symbols corresponds to an analogous physical 
or geometrical relation existing between the entities, 

m. THE CONCEPT OF “GEOMETRIC OBJECT” 

(a) The Second Generalization Postulate states that a single 
symbol A stands not for a single n-matrix, but for a large number of 
n-matrices, each having the same dimensions and the same number of 
axes, but different components. 

From now on, each symbol or base letter will stand for an infinite 
number of n-matrices that will be considered to form a new mathematical 
entity, called the ** geometric object,'' The particular n-matrix under 
consideration will be represented by the variable indices {having primes 
or double primes, etc,) attached to the base letter. That is, in each refer¬ 
ence frame with each geometric object is associated an n-matrix which 
gives the components of the geometric object in that particular reference 
frame. As the reference frames vary, the components of the geometric 
object (identified by the indices) also vary, but the geometric object 
itself (represented by the base letter) remains unchanged. 

In physical problems a “ geometric object " stands for some physi¬ 
cal object, as the velocity vector of a moving body or stresses in a 
deformed body. The expression “ geometric object ” used for Aafiy 
could just as well be replaced by “ physical object or ‘‘ mathematical 
object.” The geometrical nomenclature is retained in tensor literature 
since these concei)ts were first developed in conjunction with geometri¬ 
cal problems. 

Hence the components of the velocity vector v® of a point measured 
along a particular reference frame are v®', along another frame its 
components are v®", along a third one they are w®'”, etc. Although all 
these components are different, the velocity v of the point itself is 
unchanged. 

The representation of a geometric object" along a particular ref¬ 
erence frame includes not only the components that are arranged in a row 
or a square or a cube, but also the fixed indices themselves written alongside. 
That is, each time the components of a geometric object are given, it 
is absolutely necessary to state the reference frames along which the 
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^components are expressed. If the identifying indices along the com¬ 
ponents are omitted, only an “n-matrix ” is defined by the given com¬ 
ponents but not a “ geometric object.” For instance Ike expression 

matrix*' refers to a set of quantities arranged in a rectangle, ignoring 
the fixed indices written alongside the rectangle. 

(b) With the introduction of the new entity—the ” geometric 
object ”—in place of an ” n-matrix,” a new terminology and notation 
will be introduced. The reason for each of these changes will be 
stated as the development of new concepts continues. In particular: 

1. In index notation an «-matrix is distinguished from a geometric 
object by enclosing the indices of the former in parenthesis asZ(a)(^). 
That is, Zafl is a geometric object having components in an infinite 
number of reference frames; 2 (a)( 0 ) is an n-matrix having components 
in a single reference frame only. In direct notation no such differenti¬ 
ation exists since in simpler problems their manipulation is analogous. 

2. An equation in which each symbol stands for a geometric object 
instead of an n-matrix will be called an ” invariant equation ” instead 
of a ” matric equation.” That is, an invariant equation as Ca = Zasi^ 
is valid for an infinite number of physical systems, while a matric 
equation as e(^) = S(a)(^)i(^) is valid for only one particular physical 
system having n axes. 

/ 3. An n-dimensional geometric object will be called a ” geometric 

'A object of valence w.” 

4. The expression ” current vector ” will be used for ” voltage 
vector ” for e, ” impedance tensor ” for Zy and ” admittance tensor ” for y. 

5. The current vector and the admittance tensor will have 
upper instead of lower indices. 

r 

^ IV. MATHEMATICAL REPRESENTATION OF A GEOMETRIC OBJECT 

(a) Strictly speaking, to represent a single geometric object (or 
physical object) mathematically it is necessary to show all its compo¬ 
nents along all the possible reference frames that may exist. That is, 
a geom^ric object is fully represented mathematically only by a large, 
usually an infinite, number of n-matrices. 

In practice this representation is accomplished in the following 
manner: 

1. Out of its infinite number of n-matrices only one is fully given by 
showing all its components. 

2. The particular reference frame along which these components 
are known is also given. 

3. All other possible reference frames along which the geometric 
object may possess components are defined. 
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4. A routine procedure, a ** formula/' is given by which the com¬ 
ponents of any one of the other infinite «-matrices may be calculated 
in a routine manner, whenever they are needed. 

The ability to find any one of the infinite number of w-matrices 
belonging to a geometric object whenever it is wanted is equivalent to 
completely defining the geometric object itself. 

(i) Summarized, a geometric object ” is defined if: 

\ 1. A particular n-matrix is given along one reference frame, 
t 2. All the axes of this particular reference frame are given. 

'v. 3. All the possible reference frames of the geometric object are 
defined. 

4. The formula for finding the various n-matrices along the various 
reference frames is also given. 

V. THE TRANSFORMATION TENSOR 

(а) When an w-matrix representing the components of a geometric 
object along some reference frame is given, the particular axes are 
shown by placing fixed indices to each row, column, layer, etc., of the 
«-matrix. 

Each of the other reference frames is defined by a 2-matrix C = C*' 
called a transformation matrix " (to be studied in detail in Chapter 
IV), that shows how the new reference frame (or system) differs from 
the original reference frame (or system). Each new reference frame 
has its own transformation matrix relating it to the old reference 
frame, hence with every geometric object a whole group of transforma¬ 
tion matrices is associated. The totality of all transformation matrices 
forms one entity, the “ transformation tensor " 

The formulas by which the components of the geometric object 
along all the other reference frames are found are called “ transforma¬ 
tion formulas " or equations of transformations " or laws of trans¬ 
formation” Each geometric object Aa^y has its own law of trans¬ 
formation that involves only Aafiy and the transformation tensor 

Hence the concept of “ geometric object " involves the following 
additional concepts: 

1. An n-matrix (or a set of ik** quantities). 

2- A group of transformation matrices. 

3. A law of transformation. 

(б) In terms of these new concepts, the Second Generalization 
Postulate may also be stated as follows: 

If the matric equation of the physical phenomenon taking place in 
a particular system (or reference frame) with any number of degrees of 
freedom is known, then this same equation is valid for an infinite variety 
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of similar systems {or reference frames) in which the same physical 
phenomenon takes place, if each n-way matrix is replaced by a geometric 
object. The components of each geometric object along any of the new 
systems are found from those of the original system by routine formulas 
of transformation with the aid of a'' transformation tensor 
^ (c) Hence by the Second Generalization Postulate the analysis of 

any new system consists of the following steps (if the invariant equa¬ 
tion of one system already has been established): 

1. Find the transformation matrix C of the new system, showing 
how it differs from the old system. 

2. Find the new components of the geometric objects for the new 
system by using the transformation formula of each geometric object. 

When the new system or reference frame differs in some essential 
manner from the old system (for instance, the junctions vary in time 
instead of being stationary or the reference frame is no longer recti¬ 
linear), then the equation of the new system has a different form. 
Later on other generalization postulates will be developed to take 
care of this fundamental dissimilarity of the old and the new systems 
or reference frames. 

{d) In order to avoid lengthy and roundabout expressions of 
stating each time that a given set of k^ quantities (w-matrix) represents 
“ the components of the geometric object A along the given reference frame 
it will often be stated in its place that the given n-matrix represents 
the geometric object A.” (If the fixed indices alongside the ^-matrices 
are assumed to represent unit vectors along the axes, the n-matrix plus 
the unit vectors do represent the geometric object.) 

VI. THE PURPOSE OF THE GENERALIZATION POSTULATES 

(a) Summarizing the statements of the previous section: 

1. The First Generalization Postulate changes an ordinary equa¬ 
tion valid from one (or a few) degrees of freedom to a matric equation 
valid for n degrees of freedom; that is, it generalizes a phenomenon 
from one (or a few) axes to any number of axes. 

2. The Second Generalization Postulate changes a matric equation 
valid for one particular reference frame to an invariant equation valid 
for an infinite variety of other reference frames of the same type. 

3. The remaining generalization postulates will change an invariant 
equation valid for one type of reference frame to tensor equations valid 
for several other types of reference frames (say both rectilinear and 
curvilinear axes, or stationary and moving axes, and so on). 

{b) These postulates have been formulated in these pages in order 
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to reduce to a few routine standardized steps the mental labor needed 
to formulate the large variety of engineering problems. Generally 
speaking, the analysis of engineering problems in terms of ordinary 
equations requires an entirely new procedure, a new physical picture, 
etc., for each particular system to be analyzed, with very little reference 
to the analysis of other systems. For instance, each rotating electrical 
machine has a different theory (as a glance into any textbook will 
show), so that engineers specializing, say, in induction-motor analysis 
know little about the analysis of the salient-pole alternator, and vice 
versa. It is the purpose of this treatise to point out that the various 
types of rotating electrical machines or stationary networks or trans¬ 
mission systems, etc., are fundamentally identical; their equations 
differ only because the reference frames assumed are different in each case. 
Hence in learning the analysis of one particular machine or system the 
engineer learns at the same time the analysis of a large variety of analogous 
machines or systems. 

(c) It will also be shown in this treatise that stationary networks, 
rotating machines, transmission lines, etc., are not isolated types of 
structures whose theories and equations (even in the language of 
tensor analysis) are independent of each other. All engineering struc¬ 
tures may be looked upon as links of various dimensions in a single 
chain, which obeys one single law, which, however, manifests itself 
(mathematically) in different forms, for instance as the dynamicEil 
equation of motion of Lagrange on one hand and the field equations 
of Maxwell on the other. 

The attempt to preserve this unity of all equations of performance of 
engineering and non-engineering systems will manifest itself throughout 
this treatise. Networks, the subject matter of this volume, are con¬ 
sidered as the simplest possible links, namely, a collection of zero¬ 
dimensional (junctions) and one-dimensional (coils) links in a chain 
of multi-dimensional links. (Rotating machines will be considered as 
a collection of two-dimensional links, etc.) 

iff) It is emphasize^, however, that it is not the sole purpose of 
tensor analysis to establish standardized steps to set up the equations 
for another set of reference frames or systems if they are known for 
one particular system. A still more important function of tensor 
analysis is to set up an equation in a form in which every symbol should 
correspond to an actually existing physical phenomenon in nature and 
not be just a figment of human imagination. 

Still another important function of tensor analysis is to set up 
equations in a form or to transform them to a reference frame in which 
they can be solved in the simplest possible manner, with exact or 
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approximate methods. In other words, a set of equations is to be 
transferred to a new reference frame or is to be brought to a new form 
not because it corresponds to a physical system, but because in that 
frame the algebraic, differential, or integral equations can be more 
easily visualized, or solved. 

(«) It should be noted that the “ Second Generalization Postulate ” 
/ endows a matric equation with a new content that a set of ordinary equa¬ 
tions does not possess. That is, a matric equation is endowed with the 
additional property of being valid for a large variety of systems or reference 
frames, instead of just for one particular system or reference frame. 
On tile other hand, a set of ordinary equations is valid only for one par¬ 
ticular system or reference frame, and it cannot be endowed with this new 
interpretation. 

For instance, the ordinary equations of performance of, say, a 
series polyphase-commutator motor cannot by any stretch of the 
imagination be endowed with the additional property of representing 
at the same time the equations of performance of, say, a salient-pole 
synchronous motor with amortisseur windings. But, if their per¬ 
formance is expressed first in terms of n-way matrices and then the 
transformation tensor C changing the connection of one machine into 
the other is established (thereby changing the «-way matrices to 
geometric objects), then the same equation represents the performance 
of both machines and the ordinary equation of each machine can be 
established from that of the other by a routine calculation, without the 
aid of any physical analysis or other supplementary help. 

The key to the creation of these new entities (that is, to the endowment 
of n-way matrices with new properties) is the concept of “ transformation 
tensor ” C, whose study forms the main interest of this volume. As the 
development continues throughout the treatise, the geometric objects will be 
endowed with additional properties and the invariant equations will be 
endowed witii additional "contents." 

VIL NETWORKS 

The simplest type of engineering structure consists of a collection 
of one-dimensional members (pieces of wires, bracings, pipes, etc.) 
joined together at fixed points, on which forces (voltages, we^hts, etc.) 
are superimposed along the members and at the junctions. A system¬ 
atic study of such structures, called " nehvorks," is the purpose of 
this volume. 

Only special types of networks will be considered, namely, electro¬ 
magnetic networks. It will also be assumed that the superimposed 
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electromagnetic quantities propagate instantaneously throughout the whole 
network; that is, the networks under consideration will have lumped 
design constants, instead of distributed constants. 

Although the study of networks is undertaken in the language of 
the electrical engineer, it is emphasized that the method of attack has 
little to do with electrical engineering. It can be applied with appro¬ 
priate changes of expressions (like force for voltage, etc.) to the study 
of mechanical networks also. The method of reasoning in its broad 
outlines has been borrowed partly from a branch of geometry called 
topology ” or “ analysis situs ’* and partly from another branch called 
“ differential geometry.” The mathematical tool used in the reason¬ 
ing is “ tensor algebra ” and ” tensor analysis.” 

The study of networks will be so formulated that it should serve 
as a logical stepping stone to the study of more complex engineer¬ 
ing structures, where the component members are more than one¬ 
dimensional, their joints are not fixed, the propagation is not instan¬ 
taneous, etc. 

Vm. THE BUILDING BLOCKS OF NETWORKS 

(a) Let several lumped coils, with electromagnetic couplings 
between some of them, be interconnected in any combination to form 
a network such as Fig. 3.1. The presence of leads at the junction 
points of the coils indicates that the ” network ” is not an isolated 
structure but in the gen¬ 
eral case it forms part 
of a larger network 
from which it has been 
detached. That is, the 
leads themselves may be 
connected to other coils, 
which, however, do not 
appear as part of the net¬ 
work under considera¬ 
tion. 

The following com¬ 
ponent parts of a net¬ 
work will be distin¬ 
guished : 

1. The ” coils ” Zaa, Zw>, that are joined together to form a network. 
There are IS coils in Fig. 3.1. 

2. The two ends of a coil, where it is joined to other coils, called 
** junctions^* In connecting n coils into networks always the 2n 



Fig. 3.1.—A “Network'* Detached from a 


Larger System 
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junctions are joined together, thereby decreasing their number. When 
two or more junctions are connected with an impedanceless wire 
such as I and J, they will be considered to form only one junction. 
There are altogether 12 junctions on Fig. 3.1. (The junctions are 
also called “ vertices,” or ” nodes,” or “ branch-points.”) 

These two concepts^ coils and junctions'* are the building 
blocks of lumped networks. With the coils certain quantities (design 
constants), Zaa, etc., are associated, while the junctions are 
formed by conductors having neither resistance nor inductance. 

In this volume the limitation is put upon the physical nature of the 
lumped ” coils " of a network that their characteristics are not influenced 
by the superimposed electromagnetic quantities. Similar limitation is 
put upon the form of the mathematical expressions Zoa, F®®. They 
may be real or complex numbers R, R — jX, or functions of time 

R cos w/, or linear operators Ld/dt or / , etc., but are not functions 
of electromagnetic quantities. ^ 

The limitation is put upon the physical nature of the junctions 
between the coils that the interconnections momentarily do not vary in 
time^ the junctions are fixed, at least at the instant under consideration. 
The interconnections are assumed momentarily stationary; the 
conductors forming the coils, however, may have an instantaneous 
velocity, as in a rotating machine with stationary reference axes. 

(6) In a given network it is important to note how many inde¬ 
pendent component-networks, or ” sub-networks," can be distinguished, 
having no physical connections with one another. However, electrical 
or magnetic coupling may exist between the sub-networks. In Fig. 
3.1 the number of sub-networks is three. 

The number of coils is denoted by ai, the number of junctions by 
ao, and the number of independent sub-networks by jRq- 


IX. THE ANALYTICAL UNITS OP A NETWORK 

The two physical units of networks, namely, the coils and junctions, 
do not by themselves suffice for the analytical study of networks. 
Certain combinations of these units are necessary for their performance 
ajiaJysis. These new units are: 

1. Any closed circuit traced through the network, called a ” mesh," 
such as BEF or BEHGF, 

In finding the minimum number of meshes of a network, each coil 
must be traced out at least once. The number of meshes in Fig. 3.1 
is six. 
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2. Any hvo junctions located on the same independent sub-network, 
called a ^'junction-pair such as B-E, F-H, B-J, L-M, etc. 

In finding the minimum number of junction-pairs, each junction 
must be included at least once. The number of junction-pairs in 
Fig. 3.1 is nine. 

It will be assumed that the expressions “ mesh and “ junction- 
pair ” will also include the direction in which they are traced out. 
That is, the mesh BEF is the negative of mesh FEB ; similarly the 
junction-pair E-K is the negative of the junction-pair K-E. Hence 
with every mesh and junction-pair is associated the concept of " orienta- 
tionr 

The number of meshes of a network is denoted by m and the number 
of junction-pairs by pi. 

(a) The five concepts hitherto introduced, namely ao, ai, 

/X, and PI, are not independent of one another. The following two 
relations should be remembered:* 

1. The number of junction-pairs of a network is equal to the number 
of junctions minus the number of sub-networks. That is, 


Pi — ao— i?o 


3.1 


2. 2'he number of coils forming the network is equal to the sum of the 
number of meshes and the number of junction-pairs. That is. 


ai = /* + pi 


3.2 


In the network of Fig. 3.1 


and 


Pi = ao — Ro gives 9 = 12 — 3 
ai = p + PI gives 15 = 6 + 9. 


Before any network can be analyzed, either its number of meshes 
or its number of junction-pairs or both must be known, depending on 
what are assumed as variables. In complex networks the quickest 
procedure is to find first the number of junction-pairs (number of 
junctions minus number of sub-networks) then to find the number of 
meshes (number of coils minus number of junction-pairs). 

*For proof of these relations see Veblen: Analysis Situs, Am. Math. Soc. 1931, 
pp. 15 and 18. 
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X. ANOTHER PHYSICAL INTERPRETATION 

Often it is found advantageous to replace the concept of ** mesh 
and ''junction-pair " by another set of concepts that are analogous to 
them and give the same answer but represent a different physical picture. 
These analogous sets are: 

1. The “ branch ** representing those parts of a network in which 
the same current flows. A branch may consist of one coil, or several 
coils in series, or it may consist of a conductor connecting two junc¬ 
tions and changing them into one junction. A branch quantity may 
replace a corresponding mesh quantity in all analysis, as will be shown 
later. 

2. The ‘‘ open mesh ** representing any circuit through the coils 
that starts at one junction of a junction-pair and ends at the other 
junction. The open-mesh circuit includes also the leads at the 
junction-pair. In all analysis the open mesh may replace the correspond¬ 
ing junction-pair. In Fig. 3.1 an open mesh of the junction-pair E-F 
consists of coils Z**, Zpp, and or coils Z//, Z,,, Z^m, ^nn, and Z^g, 
or it consists of the single coil Zm etc. 

Summarized, the following network concepts have now been intro¬ 
duced: 

1. The network itself and its sub-networks. 

2. Coils and junctions. 

3. Meshes and junction-pairs. 

4. Branches and open meshes. 

XI. THE SUPERIMPOSED ELECTROMAGNETIC QUANTITIES 

(а) The question arises: Why is it necessary to introduce the 
concepts of “ mesh ” and “ junction-pair ? 

Now, as long as the network is unexcited there is no need to intro¬ 
duce these concepts. They become necessary only when electromag¬ 
netic quantities, say voltages or currents (or both), are superimposed 
upon the network. 

Two types of superimposed quantities will be assumed to exist on a 
^ network: 

1. Impressed quantities that originate outside the network. 

2. Response quantities representing the reaction of the network to 
the impressed quantitites. 

Both impressed and response quantities may be either voltages or 
currents or both. 

(б) Let it be assumed first that in a network with n coils and 
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k meshes a single voltage Ca is impressed in series with a coil (Fig. 3.2). 
As a response, in each of the n coils a diflferent current i®, • • 'flows. 

Now these n currents are not independent of one another. It is 
sufficient to determine only k of them by setting up k equations and 
solving them for the k un¬ 
knowns; that is, it is sufficient 
to determine first only as many 
of the response currents i as 
there are meshes in the network 
as shown in Fig. 3.2. The ea 
others are easily determined 
from these, without solving 
any equations. 

(c) Instead of the voltage 

let a current 7® be impressed *-nJWWWP— m 

across a coil of the same net- Fig. 3.2.— Impressed Coil-voltage Ca and 

work (Fig. 3.3). (That is. Response Mesh-currents i 

let 7® flow into one of the 

junctions and 7® flow out of its other junction.) As a response, in all 
the coils a difference of potential Ea, Eh' • 'appears. 

Again, these n differences of potentials are not independent of one 
another. It is sufficient to determine first only n — fe of them by 

setting up n — equa¬ 
tions and solving 
them for the n — k 
unknowns. That is, 
is sufficient to deter¬ 
mine only as many of 
the response differences 
of potential E as there 
are jimction-pairs in 
the network^ as shown 
in Fig. 3.3. The others 
are easily determined 
from these. 

(d) If, instead of 

Fig. 3.3. — Impressed Junction-current 7® and Response ^ single voltage Ca, n 
Voltages E different voltages e 

are impressed in series 

with the n coils, still it is sufficient to determine only k response 
currents i by setting up k equations. It makes no difference where 
these k currents flow, as long as they are independent of one another. 
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Similarly, if, instead of a single current n different currents I 
are impressed across the n coils, still it is sufficient to determine only 
n — jfe response differences of potential E by setting up » — ^ equa¬ 
tions. Again it makes no difference where these n — potentials are 
assumed, as long as they are independent of one another. 

Hence, when voltages e are impressed in series with the coils, as 
many equations are set up to find the response currents i as there are 
meshes. Similarly, when currents I are impressed in shunt with the 

coils, as many equa¬ 
tions are set up to find 
the response differences 
of potentials E as there 
are junction-pairs. 
When both voltages e 
and currents I are im¬ 
pressed (Fig. 3.4), then 
(in general) as many 
equations are set up to 
find the response quan¬ 
tities i and E as there 
are coils. 

(e) To summarize: 
for purposes of analysis 
it is assumed that: 

1. The impressed quantities e and I appear on the physical units 
of the network, namely e on the coils and I on its junctions. 

2. The response quantities i and E appear on the analytical unit 
of the network, namely i around the meshes and E across the junction- 
pairs. 

Since there are n actually impressed voltages e and only k response 
currents i, in setting up the k equations the n impressed voltages e are 
replaced by k voltages around the meshes. Similarly since there are n 
actually impressed currents I and only » — response voltages E, in 
setting up the n — k equations the n impressed currents I are replaced 
by n -- k currents across the junction-pairs. 

(J) The impressed quantities e and I may be looked upon as 
discontinuities introduced in the response quantities, namely, in the 
potentials E along an open mesh and in the current i around a closed 
mesh respectively. 

From a thermodynamical point of view it is more logical to use 
withdrawn currents " instead of " impressed currents by changing 
their sign, that is it would be more appropriate to assume that the 



Fig. 3.4. —Impressed Coil-voltages e and Junction- 
currents I 
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components of I represent currents flowing into outside loads. How¬ 
ever, impressed currents will be used in most places to follow the 
terminology of impressed voltages without a change of signs. 


{b) Changing etoE 


Fig. 3.S 


Xn. ARBITRARINESS OF THE NOMENCLATURE 

(a) In actual problems the “ impressed ” currents I may flow into 
loads outside the system (that are not shown on the network diagram); 
nevertheless, for analytical 
purposes they are consid- /n. 

ered as impressed currents. 0 ^ 3 

Similarly, the “response*’ ^ ^ 1 

differences of potentials C r / \ 

may be actual impressed e 0 \ 

voltages, but they are as- V 

sumed as response voltages. % 

That is, in manipulat- 

ingthe equations,tmprmed ^ ^ 

and response quantities will Fig. 3.5 

be made interchangeable 

by a change of sig^, but in organizing the method of attack the distinc¬ 
tion between impressed and response quantities will be maintained. 

1 (&) The determi- 

I g nation of what should 

I I be called a "junction” 

, ?. . _ ow»r-( what a “ coil ” 

I V-nnnRnnn— often is quite arbi- 

1 I trary. For instance, 

I \ one coil may be di- 

(a) Changing a Junction into a Branch vided into two coils in 

^ series by introducing 

^ junction. 

I i i s whether an 

ti^X^il = li if 1 impressed voltage is 

\ \ \ J ^ be considered a coil 

I I or ajunction-pair volt- 

, age is quite arbitrary, 

if) Changing the Number of Branches by ‘ Stretching” ^ junction-pair volt- 

F iG. 3.6 age may be considered 

as a coil voltage by 

assuming that an impedance of zero value is in series with it (Fig. 
3.5a). Similarly, a coil voltage may be assumed as a junction-pair 


(a) Changing a Junction into a Branch 


= I 
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voltage by assuming the two terminals of the voltage as two junctions 
forming a junction-pair, Fig. 3,5b. 

(c) It is also possible to change any junction into a branch with 
zero impedance, and vice versa, by simply stretching the point out 
into a line, and vice versa, as shown in Fig. 3.6a. That is, the number 
of branches in which currents flow can be varied arbitrarily by adding 
or subtracting impedanceless branches. 

Two networks transformable into one another by stretching are 
shown in Fig. 3.66. In the left-hand network there are seven branches; 
in the right-hand network, five branches. 

xm. THE TWO TYPES OF VARIABLES 

In setting up the equation of performance of any physical system 
the question of what quantities are known and what are unknown in a 
given problem is temporarily unimportant. The important point is 
to decide what quantities may be assumed to be variable and what are 
fixed. Only when the equations have been once established, does the 
role of unknown quantities begin. 

In setting up the equations of performance of networks^ either of two 
different quantities may be assumed as variables (that, however, are not 
necessarily unknown), namely either of the two response quantities: 

1 . The currents i (i") flowing around the meshes. 

2. The “ differences of potential" E (£«) appearing across the 
junction-pairs. 

Maxwell in his ** Electricity and Magnetism gave both methods 
of attack, but only the first method is used generally by engineers. The 
second method is used only incidentally, and there appears to be but 
one modem textbook, by Herzog-Feldmann, which uses the second 
method consistently. 

The reasons for neglecting the second method appears to be 
numerous: 

1 . Maxwell sets up the equations in terms of the “ absolute poten¬ 
tials ** appearing at each junction and thereby introduces one more 
variable and one more equation than are actually needed. 

2 . Maxwell then assumes the potential at one of the junctions as a 
reference potential “ the ground potential ** and calculates the dif¬ 
ferences of potential appearing between this particular junction and 
the other junctions. (In communication networks this reference 
junction is also called the datum " point.) 

3. The method of reasoning followed in setting up the equations 
differs radically from that followed when mesh currents are assumed 
as variables. 
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The resultant equations are quite cumbersome; they lack the sim¬ 
plicity and flexibility of the mesh method of attack and can be used 
in practical problems only with difficulty. 

In this volume all the above limitations are avoided by the introduction 
of the concept of junction-pairs ** With its aid it is possible to assume 
the “ differences of potential ” appearing between any two points of the 
network as the (known or unknown) variables^ thereby allowing great 
flexibility in the analysis and in its application, and introducing com¬ 
plete parallelism with the mesh method of analysis. It will be found 
that often the concept of ^'junction-pair"' is of greater utility to the 
engineer than the concept of “ mesh^" since the voltages and currents 
across a junction-pair are actual^ physical quantities^ whereas the 
voltages and currents in the meshes are hypothetical quantities. 

XIV. THE THREE TYPES OF NETWORK PERFORMANCE 

(a) There are three ways of looking at any network: 

1 . A network may be considered as a collection of meshes. In this 
case the variables are the currents i flowing in the meshes. 

2. A network may be considered as a collection of junction-pairs. 
In this case the variables are the differences of potential E appearing 
across the junction pairs. 



(a) Typical Mesh Network (6) Typical Junction Network 

Fig. 3.7.—Networks with 15 Coils 


Whether the mesh currents or the differences of potential should be 
considered as variables depends usually on whether the network has more 
meshes or more junction-pairs. A typical mesh network of IS coils is 
shown in Fig. 3.7a containing 5 meshes and 10 junction-pairs 
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(15 »= 5 + 10). A typical junction-network of 15 coils is shown in 
Fig. 3.75 containing 5 junction-pairs and 10 meshes (15 = 5 -f- 10). 

3. When a network operates under the most general operating condi¬ 
tions, instead of considering it as a collection of meshes or as a collec¬ 
tion of junction-pairs to obtain the simplest analysis, it has to be con¬ 
sidered as a collection of both meshes and junction-pairs. In this case 
the variables are the currents i flowing in the meshes and the differences 
of potential E appearing across the junction pairs. The maximum 
number of variables that may be assumed is the same as the sum of the 
number of meshes and junction-pairs, that is, as the number of coils. 

Owing to the orthogonal properties assumed by the meshes and 
the junction-pairs of such a network, the latter will be called an 
" orthogonal network." 

One and the same network may be looked upon as a mesh, or a junction, 
or an orthogonal network, depending on the assumed nature of the 
impressed voltages or currents, as shown in Fig. 3.8. 



(a) Mesh Network (6) Junction Network («) Orthogonal Network 
Fig. 3.8.—Types of Impressed Quantities 


(5) In index notation the following variable indices will be used to 
differentiate between these three types of networks: 

1. The meshes will be denoted by ot, k,«• • •. 

2. The junction-pairs will be denoted by », », w • • •. 

3. Both meshes and junction-pairs will be denoted by a, /3, y • 

The three types of network will have analogous methods of attack. 

ZV. SUMMARY OF THE "EQUATIONS OF PERFORMANCE” 

(o) Each type of network has a different “ equation of perform¬ 
ance. ” In particular: 

1 . In analyzing a network as a collection of meshes, the equation 
to be set up first is the equation of voltage 

e “ z • i I ft, = Zmni^ 3.3 
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where the variable is i. The number of ordinary equations is the same 
as the number of meshes. 

2. In analyzing a network as a collection of junction-pairs the 
equation to be set up first is the equation of current 

I = Y-E 1 3.4 

where the variable is E. The number of ordinary equations is the 
same as the number of junction-pairs. 

3. In analyzing a network as a collection of both meshes and junC'^ 
tion-pairSt the equation to be set up first is either the ecpiation of 
voltage 

E + e = z- (i + I) I £„ + «„ = + I») 3.5 

or the equation of current 

i + I = Y* (E + e) I *•“ + /»= + e^) 3.6 

where the variables are both i and E. The number of ordinary equa¬ 
tions in the two cases are not necessarily the same. In the most 
general case their number is the same, namely, the sum of the number 
of meshes and junction-pairs. 

{b) It is emphasized that the points of view of considering a given 
network as a collection of meshes only^ or as a collection of junction-pairs 
only, are special cases and are due to the special assumptions as to the 
nature of the impressed quantities that are known or of the response quan¬ 
tities that are to be found. Every network actually is a collection of both 
meshes and junction-pairs having as many degrees of freedom as there 
are coils, and the leads at the junctions (shown in Fig. 3.1) originally 
belong to the network. 

It is also emphasized that the equation of performance of a network is 
not simply a generalized Ohm's law, e = z*i, containing three concepts, 
but the more general equation of voltage E + e = z-(i + I) containing 
five concepts that reduces to Ohm's law as a special case. The general 
equation of voltage cannot be replaced by such a simplified form e = z • i| 
either mathematically or physically, except in special causes. In a general 
network four distinct electrical concepts appear, e, I, E, i, and their num¬ 
ber cannot be reduced. 

(c) Of course, in most problems the number of variables and the 
number of unknowns are not necessarily the same. Also the number of 
equations available is usually not the same as the number of variables. 
This difference in the number of equations, the number of variables, 
and the number of unknowns is responsible for the large variety of 
manipulations possible with a set of equations. 
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(d) The systematic study of networks will be undertaken in Oie above 
order. That is, first mesh networks will be studied representing one 
extreme case of performance, then junction networks representing the 
other extreme case, and finally orthogonal networks in which both 
mesh and junction voltages and currents exist. 

Also it will be assumed first that in all three cases the number of 
unknowns is the same as the number of equations that are established, 
leading to the simplest type of manipulations. Afterward any number 
of unknowns will be assumed, leading to more complicated 
manipulations. 

ZVL TYPES OF NETWORKS 

There are networks which by the nature of their engineering applica¬ 
tion are to be considered either as mesh or as junction networks. In 
particular: 

1. Multiwinding transformers, transmission lines, and rotating elec¬ 
trical machines are primarily “ mesh ” networks. Their design con¬ 
stants, that are calculated from their structure, are the self- and mutual 
impedances z, and their equation of performance is set up as e z • L 

2. Multielectrode vacuum tubes are primarily “junction ” networks. 
Their design constants are the self- and mutual admittances Y, and 
their equation of performance is I » Y • £. 

3. Communication, distribution, and general static networks may be 
considered either as “mesh" or as “junction" networks or as 
" orthogonal" networks since most of their elements consist of a lumped 
impedance Z, whose admittance is F = 1/Z. 

It will be found that the consideration of a communication, distri¬ 
bution, or any general network as a " junction " network offers far 
more variety of manipulations than the mesh point of view. Also the 
concepts offered by the junction point of view correspond more closely 
to the problems that arise in engineering practice. 

Also it may be stated that in general: 

1. Purely magnetic networks, or electrical networks interlinked with 

rngnetlc networks, are primarily mesh networks. 

1. YnieXy dectrostatic networks, or electrvcaX networks vntet- 

connected with tViem, are piimarlly junction networks. 

3. Electrical networks interlinked with both magnetic and electro¬ 
static networks are primarily orthogonal networks. 

It will be also found that in problems of synthesis (where the per¬ 
formance is given and the network is to be constructed) aU networks 
have to be considered as “ orffiogonal" networks in order to pass easily 
from one network to another. 
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XVn. THE CONCEPT OF “PRIMITIVE SYSTEM” 

The Second Generalization Postulate states that, if the components 
of the geometric objects, say Cat Zadt etc., of one particular system 
are known, then for any other system of the same type (infinite in 
number) the new components of the geometric objects can be estab¬ 
lished in a routine manner with the aid of a transformation tensor C. 
The equations of performance of all systems of the same type are the 
same in terms of geometric objects. 

It should be noted that it is entirely immaterial what that par¬ 
ticular system is whose geometric objects and invariant equations are 
assumed to be known. On the other hand, before the postulate can be 
applied it is absolutely necessary that the equation of performance of at 
least one particular system should be known already in terms of geometric 
objects and also the components of the geometric objects for this particular 
system. Then this system can be used as a starting point for the calcula¬ 
tion of all the other systems. 

Now, when the performance of a large number of systems is to be 
analyzed, it seems the logical procedure to select out of the large 
variety of systems one particular system^ for which: 

1. It is comparatively easy to set up the components of the various 
geometric objects Za/j, Tafiyt etc., that are needed for certain per¬ 
formance calculations. 

2 . It is comparatively easy to set up the various transformation 
tensors representing the difference between this system and any 
of the other systems. 

3. It is comparatively easy to calculate the new components of the 

various geometric objects etc., of all the other systems 

that also are to be analyzed. 

This particular system^ selected out of the large variety of systems^ 
to he used as a starting point will be called in this treatise the ** primitive 
system 

Stationary static networks, vacuum tubes, rotating machines, 
transmission lines, etc., each will have its own primitive system. In 
general there will be as many different types of primitive systems as there 
are different types of invariant equations. Or in other words there are 
as many types of primitive systems as there are different types of: 

1. Fundamental systems to be analyzed. 

2 . Points of view to be employed. 

Also, as more and more details of the systems are to be considered, 
the primitive system itself may assume incread^gly more complex forms 
parallel with the actual system. 
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It should be most emphatically understood that one is at liberty to 
select any one of the large variety of systems as the starting pointy that 
is as the primitive system^ and derive from its performance the per¬ 
formance of all the other systems. The selection of some particular 
system as the primitive system is a question of personal judgment 
whether that system satisfies one or more of the above-mentioned 
considerations or some other particular conditions. 

Later on, many occasions will arise to derive the performance of 
a new system from that of some other system instead of the primitive 
system because of the greater simplicity of calculations afforded by 
such a selection or because of other considerations. Hence the use of 
the primitive system as a starting point in the analysis is only a con- 
venience^ not an absolute necessity. 

But whatever system is used as the starting point to find the per¬ 
formance of one or more new systems, in all cases the calculations are 
of a routine nature and require the same steps for each new system ^ 
namely: 

1 . A transformation tensor C is established. 

2. The new components of the various geometric objects are cal¬ 
culated with the aid of transformation formulas.** 

3. The equation of performance already established for the gen¬ 
eralized system remains unchanged. 

4. The invariant equation is manipulated for various reasons. 

5. The equation is solved for the unknowns, if there are any. 

This last step, of course, sometimes may encounter insurmountable 

difficulties depending on the type of ecjuations that have been estab¬ 
lished. Quite often it happens that a set of equations that appears to 
be insoluble yields an easy solution as soon as a new, more appropriate 
reference frame is introduced. 

XVni. THE PRIMITIVE ‘‘MESH” NETWORK 

(a) It is shown in Section X that, in setting up the equations of 
performance of lumped networks with stationary interconnections^ three 
different points of view may be employed for each network: 

1 . The mesh currents i are assumed as variables. 

2 . The differences of potential E appearing across junction-pairs are 
assumed as variables. 

3. Both mesh currents i and differences of potential E are assumed 
as variables. 

The first point of view assumes the network of n coils as a collection 
of k meshes, the second point of view as a collection of n — k junction- 
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pairsf and the general point of view as a collection of both k meshes and 
n — k junction-pairs. The first two points of view are special cases 
of the last point of view. 

It will be shown that orthogonal networks with n coils may be 
analyzed either as mesh networks with n (or less) meshes or as junction 
networks with n (or less) junction-pairs; hence it will be sufficient to 
set up two types of primitive networks, namely a primitive “ mesh ” 
network and a primitive ''junction'* network, representing the two 
extreme cases of coil arrangements into networks. 

(i) The question now arises: What is the simplest network that 
consists of a collection of n coils and k meshes? 

The answer is quite obvious in this case. A set of n individual 
coils each short-circuited upon itself (shown in Fig. 3.9) is the simplest 



Fig. 3.9.—^The **Primilive** Mesh Network 

possible collection of n coils in n meshes. Hence a set of n individual 
coils without any interconnection between them will be assumed as the 
"primitive mesh network," Some or all of the coils may have asym¬ 
metrical mutual impedances between them. 

It should be noted that, in establishing the primitive network with 
n coils and n meshes as a starting point for the analysis of a network 
with n coils and k meshes, it is tacitly assumed that the number of 
meshes k (and the number of junction-pairs n — ife) of a network is 
not a determining factor for its analysis. The only determining factor 
is the number of coils n, which is kept unchanged for both actual and 
primitive networks. That is, when a physical network is given it is 
possible to change arbitrarily its number of meshes and its number of 
junction-pairs together by assuming junctions to exist between a gen¬ 
erator and a coil, etc. (The number of coils n may also be changed 
though by assuming coils with zero impedance, or dividing one coil 
into two coils in series, etc.) 

{c) Once the primitive mesh network has been established, the 
next step is to set up the various geometric objects that play a part in 
its physical analysis, then to set up its equation of performance in 
terms of these geometric objects. 

In accomplishing these steps the First Generalization Postulate is 
used as a guiding principle by analyzing first the simplest unit of the 
primitive network as follows: 




88 


THE SECOND GENERALIZATION POSTULATE 


1 . The simplest unit of the primitive mesh network is assumed to 
be one mesh. 

2 . The concepts necessary for its performance analysis are i, 
and z. The limitations of Section VI{a) are made about the form of e^ i, 
and z. They may be transient or steady-state, time functions, or 
they may be linear operators, etc. 

3. Its equation of voltage is e = zi. 

Now repeating the same steps for the primitive network: 

4. The primitive network is established as a collection of n simple 
units. 

5. The three geometric objects of the primitive mesh network with 
n meshes are (see also Section IV, Chapter I) 



i = 



a b c ... n 
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^aa 

Zab 

Zae 


Zan 
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Zba 

Zbb 

Zbe 
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3.8 

3.9 


The impedance tensor z in general is not symmetrical and the 
two mutual impedances between two elements Zab and Zha may be 
different in the two directions. For instance, in a rotating machine 
Zae is zero while Zea is not zero, so that the form of the impedance ten¬ 
sor z of its primitive network with four coils is: 


abed 
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Zfc. 
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Again it is emphasized that the components of the various geometric 
objects may assume a large variety of forms. They may be constants^ or 
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time functions, or linear operators, etc. Even in case of coils with self- 
and mutual inductances only, the components Zaa, Zcn, do not neces¬ 
sarily have to be the standard self- and mutual reactances measured 
in ohms. They may be any hypothetical design constants, as will be 
shown in the study of multiwin^ng transformers. 

6 . The equation of voltage of the primitive mesh network in terms 
of geometric objects is: 

e = Z‘i I = w■“ 3.11 

The single invariant equation is equivalent to the set of n ordinary 
equations of voltage 

Ca = Zaai*^ + Zaff? + Zaci^ + * * •Zani^ 

Cb = Zbai"^ + Zbbil* + Zboi^ + • • -Zkni" 2 J2 

Cc = Zeoi* + Zchi^ + Zcci^ + • • •Zcni'^ 

Cn = Znaia + Z^bH + Zne^e H- •Znnin^ 

(d) In most problems the single invariant equation e = z • i is sub¬ 
divided into several invariant equations in various manners. Such 
subdivisions will be studied in later chapters. 

When the equation is treated as one unit without subdivision, its 
manipulation and solution follow closely those of the analogous ordi¬ 
nary equation as shown in Section XI, Chapter 11. That is, the cur¬ 
rents flowing in the coils of the primitive mesh are found by i = Z“^ • e. 

A more general form of the primitive mesh network and its equation 
of performance will be given in Chapter XVI. 

(e) In the present case the establishment and the analysis of the 
primitive system are quite simple and almost obvious. However, as 
the system to be analyzed or the point of view employed increases in 
complexity, both the establishment and the method of analysis of the 
primitive system become less obvious and more involved. But, no 
matter how complex the primitive systems are, the above six steps or their 
equivalent have to be followed in all cases for their analysis. 

XIX. THE PRIMITIVE “JUNCTION” NETWORK 

(a) When a network with n coils is to be analyzed by assuming 
the differences of potential appearing across n — k junction-pairs as 
the variables, again the first step is to establish a primitive “ junction '* 
network and to set up its equation of performance in terms of geometric 
objects. The mesh network of Fig. 3.9 cannot be used as the prim¬ 
itive network for the new point of view since no junction-pairs exist, 
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Fig. 3.10. — ^The ''Primitive'' Junction Network 


the number of meshes being the same as the number of coils. Hence 
a new primitive network has to be established for the new point of view- 

(fe) The question now is: What is the simplest network that 
consists of a collection of n coils inn — k junction-pairs? 

The primitive junction'network consists of n open-circuited coils as 
shown in Fig. 3.10. It contains n independent sub-networks having 

2n junctions, hence hav¬ 
ing 2» — »= w junction- 
pairs. The two ends of 
each coil form a junction- 
pair through which the 
current enters and de¬ 
parts. Two junctions on 
two coils cannot form a junction-pair since the latter would lie on 
two independent sub-networks. 

(c) To find the equation of performance of the primitive junction- 
network the First Generalization Postulate is used as in the previous 
section. That is: 

1 . The simplest unit of the primitive network is one open-circuited 
coil shown in Fig. 3.10. 

2 . The concepts necessary for its performance calculation are 
£, /, and F, where / is the current impressed on the coil, E is the 
difference of potential appearing across the two junctions due to I 
flowing through the coil, and Y is the admittance of the coil. 

3. The equation of performance of the simple unit is now not an 
equation of voltage, but an equation of current: 


YE 


where I and Y are assumed to have fixed values, and JS, the difference 
of potential appearing on the junction-pair, is assumed as variable. 
If E is unknown then it is found as £ = 

Repeating the same steps for the primitive network: 

4. The primitive junction-network for n coils is established as in 
Fig. 3.10, where n may be any number. 

5. The three geometric objects necessary for its performance 
analysis are: 
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The components of E are the differences of potential appearing 
across the junction-pairs. The components of I are the currents 
flowing into and out of the junction-pairs. The components of Y 
represent the self- and mutual admittances of the individual coils. The 
matrix may be asymmetrical, and some of its components may be zero. 

6 . The equation of current of the primitive junction network is 


I = Y-E 



JU ^ yuv^ 


where the components of E may be positive or negative depending 
whether it is an impressed junction voltage or not. 

The single invariant equation represents the following set of n 
ordinary equations 

la ^ Y^^Ea + 

P = Y^^Ea + Y^Et + Y^Ec + •' • Y^-En 

/. ^ ^ Y^Ei + F«£c + • • • 

j« = + y^Eb + + • •' F"»£, 


(d) Before this invariant equation is manipulated, in most prob¬ 
lems it is divided into several component equations in various manners. 
Such subdivisions are treated in later chapters. 

When the equation is not subdivided but is to be solved as one unit, 
the unknown junction potentials E are found by 


E = Y“i-I 



= (yurj-iju 


3.18 


The replacement of the single invariant equation by several equa¬ 
tions and the variety of manipulations appear when, say, not all of the 
junction-pairs have voltages or currents impressed on them. 

Later on, a more general form of the primitive junction network 
and its equation of performance will be given. 







CHAPTER IV 


THE TRANSFORMATION TENSOR 

1. STEPS IN THE ANALYSIS 

(а) The analysis of a whole group of physical systems in terms of 
geometric objects may be assumed to consist of three steps: 

1. The equation of performance (an equation of voltage or an 
equation of current, etc.) valid for each member of the group is first 
established. 

2. The equation is manipulated in various manners for various 
reasons. For purposes of manipulation the single invariant equation 
of performance is usually subdivided into several invariant equations. 

Z. The unknown quantities, if there are any, are solved for. 

In the first few chapters the equations of performance of the three 
types of stationary networks (mesh, junction, and orthogonal net¬ 
works) will be set up, manipulated, and solved for the variables. 
However, the invariant equation will not be subdivided, but will be 
manipulated first as one unit. 

(б) For most practical problems the single invariant equation of 
performance has to be subdivided into several invariant equations. 
Needs for the subdivision may arise in a variety of manners: 

1. Some of the unknowns may not be needed, hence they may 
be eliminated. 

2. Some of the variables or impedances, etc., may be known; 
some may be unknown. 

3. The physiced system itself divides functionally into several 
parts. For instance, at some terminals the currents may remcun 
constant under all loads, or the differences of potentials may remain 
constant or may obey some predetermined law. At some parts the 
impedances may vary, while the currents in another part are varied 
in some desired manner, etc., etc. 

4. The impedances or the impressed voltages or currrents in 
certain parts or in the whole system may be replaced by new quanti¬ 
ties, while the performance of the system still satisfies certain require¬ 
ments or criteria, etc. 
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The study of the subdivision of the invariant equation of per¬ 
formance will be undertaken in later chapters. 

(c) In this chapter will be investigated the setting up of the equations of 
voltage e' = z' • i' of a mesh network having n coils and n meshes, if 
that of the primitive mesh network, e = z • i, is known. Afterward 
any mesh network with n coils and less than n meshes will be studied. 


n. ALL-MESH NETWORKS 

(a) In analyzing any network as a collection of meshes, it will 
be first assumed that the network to be analyzed has as many meshes as 
it has coils \ this will be called an “ all-mesh network. The analysis 
of mesh networks with n coils but with less than n meshes (of far greater 
practical importance) is a special case of the analysis of those with n 
meshes; hence the study of the latter will be taken up first. 

There are a large number of ways in which n coils may be arranged 
to form n meshes. For instance, seven different ways of arranging 
five coils into five meshes are shown in Fig. 4.1, including their common 
primitive network. All 
the apparently differ¬ 
ent networks of Fig. 

4.1 have the following 
common property: 

With a given voltage 
e impressed in series 
with each coil, the cur- 
rents i flowing in each 
coil are the same no 
matter how the n coils 
are interconnected into 
n meshes. 

The currents in each 
coil remain the same 
since in each network 
each coil is short-cir¬ 
cuited upon itself. The PIQ, 4,1, —^Seven Different Interconnections of Five 
various interconnec- Coils into Five Meshes 

tions consist of taking 

the primitive network with five independent meshes and intercon¬ 
necting its junctions in various manner by conductors having no 
impedances. None of the networks contains any junction-pairs. 
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(6) Although the currents in the coils remain unchanged, the 
currents flowing in the various junction wires are different in each 
type of connection. The components of each geometric object in the 
eqtialions of voltage e = z • i of each network are the same if they are 
expressed in terms of the currents flowing through the coils, but the 
components assume a different value for each network if they are expressed 
in terms of currents flowing also in the impedanceless junction wires. 
In fact, it is found that even for the same network several sets of n 
equations can be set up, each set being different from the others and 
from those of other networks. 

(c) One of the purposes of tensor analysis is to systematize the 
setting up of this large variety of sets of equations. The systematiza¬ 
tion is performed by considering the analysis of all the possible net¬ 
works at the same time and, (1) pointing out those characteristics 
that are identical for all the networks and denoting them by 
separate symbols, (2) pointing out those characteristics in which all 
networks differ from each other and denoting them also by separate 
symbols. 

In order that the complexity of the network should not hinder the 
understanding of the new concepts and method of reasoning to be 
introduced, the simplest possible nctw'ork will be analyzed first, namely, 
one containing only two coils. 


in. INTERCONNECTION OF COILS 


(o) I^t two coils Zoo and Z» without any interconnection between 
them be given as shown in Fig. 4.2. Let any voltages be impressed in 
series with them, and let currents flow in them. (One specific value 
of the impedances, currents, and voltages is also shown in Table 4.1.) 
The network is equivalent to a primitive mesh network with two 
meshes, and its equation of voltage is easily set up as 


Co = Zoo*® + Zo6t‘ 


C6 = Zbai” + Zj6t* 


4.1 


In terms of the three geometric objects e, i, and z, the above set of 
ordinary equations can be written as: 
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The currents are found by i = . e = y • e = 




(where D = ZaaZhb — ZabZba) representing the currents i* and 
flowing in each isolated coil. 

(b) Let it be assumed now that the two coils are interconnected as 
shown in Fig. 4.3, forming again two meshes, without changing the 
voltages impressed in series with the individual coils or the self- and 
mutual impedances of the coils. Since after interconnection each coil 
is still short-circuited upon itself as it was before interconnection, the 
current through each coil also remains unchanged. 

However, now the added conductors introduce new current-paths^ 
and the equation of voltage can be expressed in terms of other currents 
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beside those flowing in the coils. The new currents are selected either 
arbitrarily or by some requirement of the problem at hand. The 
number of new currents to be selected is the same as the number of 
meshes, that is, as the number of the old currents. Hence the per¬ 
formance of the system of Fig. 4.3 can be expressed now, for instance, 
in terms of: 

1. The current flowing through the added impedanceless branch. 

2. The current flowing through coil Zaa- 

(If the performance of the new system is expressed in terms of the 
two currents flowing through the two coils, the previous equation of 
voltage remains unchanged.) 

The two branches in which the two new currents flow will be 
denoted by primed letters as a' and b', and the currents flowing 
through them will be denoted as t*' and if''. 

(c) The purpose of the analysis is to set up the voltage equation of 
the new interconnected system, having exactly the same form in terms 
of geometric objects as it had before the interconnection. That is, 
the purpose of the analysis is to And the new components of the three 
geometric objects e', i', and z' existing in the voltage equation of the 
new system e' = z' • i'. 

In any general problem the components of z' and e' are usually 
known, and the value of i' is unknown. Irrespective of what quanti¬ 
ties are assumed to be known or unknown, in setting up the equations 
of a mesh network the currents i' are always assumed as variables. 

(d) As a general procedure all variable indices belonging to the 
new system will have a prime attached to them as shown in Table 4.2 
In direct notation the geometric objects themselves will have a prime 
attached, since their variable indices are absent. 


TABLE 4.2 



Before 

Interconnection 

After 

Interconnection 

Fixed indices. 

0, c* • • 

a', c '-• • 

Variable indices. 

k, 

k\ m\ W 

Geometric objects (index notation) 

^ntt ♦***» *mn 


Geometric objects (direct notation) 

e, i,z 

e', i', zf 


In index notation the base letter, say z, remains unchanged in any 
system; only the indices attached to it vary as the system is changed 
to another system from Zmn to Zmv> 
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Also the current vector will have an upper index as instead of a 
lower index. The reason for this notation will be shown presently. 
The components of will be called “ old currents *’ and the components 
of i”*' “ new currents*' while the base letter i will be called the “ current 
vector." 

IV. RELATION BETWEEN OLD AND NEW CURRENTS 

(а) The first step in analyzing the new network of Fig. 4,3 is to con¬ 
sider what currents should be the new variables. Because of the existence 
of two closed circuits (meshes), two currents have to be assumed as 
variables. The currents assumed must be independent of one another, 
that is, none of them may be expressible in terms of 
the others. 

Let the two currents be i®' and flowing in coil 
Zaa and in the impedanceless branch as shown in 
Fig. 4.4. That is, let the performance of the new 
system be expressed in terms of i*' and while that 
of the old system is expressed in terms of and i*. p,Q 4 . 4 . — The 

(б) Once the new currents (variables) have been New Currents in 

selected, the next step is to express the currents flowing the Coils 

in each coil in terms of the new variables i®' and i^\ For 

this step Kirchhoff's First Law is used, stating that: 2'he sum of the 

currents entering a junction is zero." 

Hence the current in coil Zw of Fig. 4.3 is found by summing up 
the currents entering a junction. That is 

i®' - = 0 

from which 

i* = 4.7 

This value of the current flowing through coil Z66 is shown in 
Fig. 4.4. 

(c) The next step is to set up relations between the old currents i®, i* 
and the new currents 4®', (that is, between the old components i of 
the current vector and the new components i')- 

In the new system both sets of currents can be identified: 

1. The old set of currents i® and are the currents flowing in the 
individual coils. 

2. The new set of currents 4 ®' and 4 *' have been arbitrarily assumed 
flowing anywhere in the network. 

As a consequence, the relation between the old and the new set of cur¬ 
rents can be set up by a simple inspection of the new network by con¬ 
sidering the old and the new currents flowing through each ant as follows: 
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1. Considering the currents flowing through coil Zaa 
Old current = i® 

New current = i®' 


2 . Considering the currents flowing through coil Zw 
Old current = 


New current = — i®'. 


Since through each coil identical currents flow before and after the 
interconnection, the following relations can be set up between the old 
currents i®, and the new currents 


^ ia' = _ ^ 


4.8 


These equations are valid no matter what the value of the currents is 
as long as the circuit is not changed. Hence the above equations are 
also identities, 

(d) It is emphasized that in general problems it is not possible to 
set up a relation between the old and the new variables by a simple 
inspection of the new system only. Both old and new systems must be 
inspected, in general. However, in some cases of stationary networks 
it is possible to select the old system in such a simple form that it is 
imagined to be incorporated in the new system. In the present exam¬ 
ple the individual coils of the new system form the old system. That, 
however, is not always the case. 


V. THE TRANSFORMATION TENSOR 

(a) The step of setting up a relation between the currents {or velocities) 
of the old and the new system is the central feature of finding the per¬ 
formance of the new system. Once this relation is established, then the 
remaining work of setting up the equations of performance of the new 
system from that of the known old system (or of finding any other property 
of the new system) is purely automatic. 

The set of linear equations 4.8 can be expressed in terms of geo¬ 
metric objects analogously to the set of linear equations e z • i| as 
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where 


i = C F 


a b 

i = 

1“ 

0 


a b 

i' = 

3 


jfft jflU* 


V” j. 

\ a h 

= j 


a 


fl' 6' 

,-m' = 




4.9 

4.10 

4.11 


The coefficients of the new variables form a matrix called the transforma- 
tion matrix'' (or rather the “ components of the transformation tensor 
along the two given reference frames ”) 




4.12 


This two-dimensional matrix forms the backbone of tensor analysis. 
It shows the relation between the old variables and the new variables (cur¬ 
rents). The reason for the use of upper and lower indices will be 
shown presently. 

(6) The process of setting up the transformation matrix CJJ' 
for a new system consists then of three steps: 

1. Decide what should be called the new currents i*”' of the new 
system. 

2. Set up a linear relation between the old currents i*” and the new 
currents i^' flowing in each coil. 

That is, put on the left-hand side of the equations the old currents 
and on the right-hand side some linear combination of the new currents, 

3. From the coefficients of the new currents form a matrix, which 
is the required transformation matrix ’’ CZ*. 

(c) It should be noted that the positions of the indices of the trans¬ 
formation tensor CZ^ differ from those of the impedance tensor Smni 
inasmuch as in Zmn both indices m and n refer to the same set of old 
fixed indices a, 6, c, whereas in CZ* the upper index m refers to the old 
indices a, 6, c and the lower index m' refers to the new indices a', 6', c'. 
That is, in Zmn or in Zm*n> the indices written in front of the matrix and 
those written above it are identical, while in the matrix CZ» the Hvo sets of 
indices are different. 

{d) The determinant of the transformation tensor of an all-mesh 
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network C is never zero, that is, the inverse of matrix 4.12 can always be 
calculated. If the determinant of C is zero, it is a sign that the new 
variables are incorrectly assumed and are not independent of each 
other (that is, one of them can be expressed in terms of the others). 

The inverse transformation tensor is found by calculating the inverse 
of matrix 4.12. It is denoted by interchanging its upper and lower 
indices. That is, 
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X m 
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b 

a' 
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0 
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VI. THE ‘‘INVARIANCE” OP “FORMS” 

(a) The immediate problem under investigation is the following: 
There is given a network, the “ primitive network of Fig. 4.2. 
With that network the following concepts are associated: 

1. Geometric objects—such as 

jP I 6m, 2mni P 


and the variable i = i^ (which also is a geometric object). 

2. Invariant equations such as 

e = ZM em = Zmni'* 4.14 

P = e • i P = 4.15 


All these geometric objects and equations are known. 

There is given now another network of Fig. 4.3. With that net¬ 
work are also associated exactly the same concepts as with the given 
network, namely: 

1. Geometric objects, such as 

e', z', P' I Cm', *!»'»', P' 

and the variable i' = 


2. Invariant equations, such as 
e' = z' • i' 
i>' = e' • i' 


em' = Zm’n'i"' 4.16 
P' = 4.17 


However, none of the new components of these geometric objects 
has as yet been determined (hence none of the new equations can be 
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established), with the exception of the single relation set up between 
the old and the new variables 

i = C • i' 4.18 

4.19 

defining the components of the transformation tensor which, however, 
is insufficient to determine the new components of the geometric 
objects, and thereby the new equations. It is still necessary to deter¬ 
mine the “ formula of transformation ” of one other geometric object. 

(6) In order to establish the formula of transformation of a geo¬ 
metric object it is necessary to find at least one physical quantity which 
is the same for both systems, that is, which does not change as the reference 
frame changes. The mathematical representation of the “ invariance 
of this physical quantity serves as the second relation needed for finding 
the transformation formulas. 

This second relation is established by the recognition that, when the 
coils of the primitive network are interconnected, the total instantaneous 
power input into the whole system remains “ invariant,^' unchanged. 
That is 



or, in tensor parlance, the power input P is an invariant under the trans^ 
formation since the current in each coil is unchanged. 

It is emphasized that this second relation is not an assumption 
(as the first relation i = C • i' is) but it is found from physical con¬ 
siderations as a corollary of the existence of the first relation. 

(c) Hence in addition to the relation 

i = c • r I = CZ'^’ 4.21 

which determines the components of the transformation tensor, the 
following relation can also be set up between the old and the new com¬ 
ponents of geometric objects, representing the invariance of the power 
input _ 

e*i - e'*i' 

which will determine the transformation formula of one other geometric 
object, the voltage vector e. 

It should be noted that the power input e • i is a " linear form " 
(Section X, Chapter II). 

(d) To summarize: before the equations of a new system can be 
determined from those of a known system, two steps have to be taken: 
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1. A relation has to be set up between the old and the new variables 
i^ and i^\ This step determines the transformation matrix 
Each time a new system is given this step must be performed. 

2. A form ” has to be assumed “ invariant " under the transforma¬ 
tion, This assumption has to be taken for only one new system and 
need not be taken for any other new system. 


vn. THE “TRANSFORMATION FORMULA” OF THE VOLTAGE 

VECTOR 

(a) From the previous considerations two relations, equations 4.21 
and 4.22 are now available to determine the values of the new geo¬ 
metric objects e' and z'. Both these relations are valid for any value 
of the variables i and i' or of the impressed voltages e and e', or of the 
interconnections C; hence they are '‘identities” rather than equa¬ 
tions. That is, the available identities are: 

i = C • i' 4.23 

e • i s e' * i' emi*^ = em'i"^' 4.24 

(b) Now substituting i from the first identity into the second one 

e • C • i's e' • i' 1 = em-i™' 4.25 

Since these identities are valid for any value of the variables the 
vector i' can be cancelled on both sides of the identities, leaving 

e • C = e' I = Cm- 4.26 


Hence the new components e' of the voltage vector are found from the 
old components e by the ” transformation formula ” 



that is, by premultiplying e by the transpose of the transformation 
tensor. 

(c) Calculating e' by multiplying the transpose of matrix 4.12 
with the vector 4.3, its components are 



4.28 
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That is, in setting up the equation of voltage e' = z' • i' for the 
new system, the new voltage components are the sum of the voltages 
impressed around the two meshes, namely, ea — et when the left-hand 
mesh is considered, and eb when the right-hand mesh is considered. 

(d) The inverse relation follows from equation 4.27 by multiplying 
both sides of the equation on the left-hand side by Ct”^ (or by CJ*') 


Cr 

1 • e' = Cr^ • C, • e | 

CTe,.' 


4.29 

Cr 

P 

II 

CTCZ' 

cffl 

= 0* 

4.30 


where I = is the “ unit tensor.** Since multiplying any geometric 
object by I leaves it unchanged, I can be left out, giving the inverse 
transformation formula (changing the free index k to m) 



e = 




Comparing this formula with that of i 
i = C • i' I »”• 



it can be seen that e has a different transformation formula from i. 


Vffl. THE TRANSFORMATION FORMULA OF 2,nn 

(а) When the transformation formula of one geometric object 
belonging to an equation of the new system has been determined (by 
recognizing an invariant ** form **) the transformation formulas of 
all the other geometric objects occurring In the equation can be deter¬ 
mined automatically from the fundamental assumption of tensor analy¬ 
sis, namely, from the Second Generalization Postulate, that in terms 
of geometric objects the form of all equations describing the old system or 
the new system is the same. 

That is, if the equation of voltage of the old system is 

e = z • i I Cm = Zmni" 4.33 

then the equation of voltage of the new system has exactly the same 
form, namely 

e' = z' • i' I = Zm'n't"' 4.34 

(б) From the requirement that the form of the voltage equation 
should not change, the transformation formula of z can be derived as 
follows: 
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Substitute the transformation formulas of e and i (equations 4.31 
and 4.32) into the old equation of volt£^ 4.33. 

e = z • i Cm = w" 4.35 

C,-» • e' = z • C • i' O*. = 4.36 


Multiplying both sides of the equation on the left-hand side by 
C, - CZ’ 

C, • Cr* • e' = C, • z • C • i' I 

Since Ci • Ci“^ is the unit tensor I = it can be dropped, leawng 
e’ = Cl • z • C • r I ««.' =* ZmnCZ'C^'i’'' 4.37 

Since the new equation must have the form 

c' = z' • r I 4.38 

from the comparison of the last two equations follows that 


z' - CfZ«C 





In other words, the components of z' for the new system are found 
from its components in the old system z by multiplying the latter with 
the transformation tensor twice in succession, 

(c) Performing the multiplication in two steps as indicated, the 
first step is 


a 


1 

0 

-1 

1 



Za 

z,b 

Zu 




a' b' 


Zaa ““ Zth 

Za 

1 

.3 

Zbb 


The second step is C| • (z • C) =» 


■> 


1 

-1 

0 

1 


Zaa — 2Zab “f* ^66 

ZfA — Zhb 

Zgb ■” Ztd 

Zbb 


Zaa — Zn^ 

Zdb 

Zo5 — Zbb 

Zbb 


Hence the new components of the impedance tensor for the new 
network are 


a' 


b' 


Zaa •“ + Zbb 

Zrt -2t6 

Za — Zbb 

Ztk 
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IX. THE NEW EQUATION OF VOLTAGE 


(a) The impressed voltage vector of the new system has been 
given in equation 4.28 as 


a' b' 



4.42 


Hence the equation of voltage of the new system e' = z' • i' is equivalent 
in terms of ordinary quantities to 


^6 = {Zaa ““ 2 Za 5 + Zvb)i*^' + {Zah *“ Zhh)if^' 

Cb = (Zab “ Zhb)i*^* + Zbbi^' 

It may be written in a more recognizable form as 
ea-eb^ Zaai^' - Zbb(t^' - - Zabi^' + Zabiif^' - i"') 

^6 = Zbb(t^' - i-0 + Zabi^' 


4.43 


4.44 


giving the voltage equations of the two meshes. 

(6) In the voltage equation i' is still unknown. Its value is found 
by the formula 

i' = 2 '->. e' = y' • e' | i»' = 4.45 


by finding the inverse of z' and multiplying it by e'. 
The inverse of z' is y' 


a' 


b' 


Zbb 

Zbb — Z„b 

Zbb — Zab 

Zaa — 2Zab Zbb 


4.46 


where Det. — D = {Zaa — 2Zat + Z»)Z» — (Zat — Z|*)*. Hence 


■> 


ZtbID 

(Zbb — Zab)/D 

(Zn, - Za,)/D 

(Zaa — 2Zah “h Zi^JD 



ta-eb 



eb 

▼ 



tl 


(Zbb Zcb} j 2Zab “h Zm>) ^ 

2 ^ -r 2 ) ^ 



giving the new currents «*' and flowing in the system in terms of 
the impressed coil voltages «•, e» and the individual coil-impedances. 
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(c) If the numerical values given in Table 4.1 are substituted into 
the new «-matrices the resultant numerical values are given in Table 
4.3. 

It should be noted that the trans¬ 
formation formulas of e and z give only 
the new voltage equation e' = z' • i'. The 
equation has to be further manipulated 
in order to find the unknown currents. 


X. CURRENTS AND VOLTAGES IN 
INDIVIDUAL COILS 

(a) When the new currents i' have 
been determined, often it is necessary 
to know the currents flowing in and the 
difference of potentials appearing across 
each individual coil. 

Since the old system (the primitive 
network) has been so selected that each 
of its axes consists of individual coils, therefore the components 
of i and e represent the currents and voltages appearing in the 
individual coils. Hence a relation has to be set up between i and e 
and the known new currents i'. Since e is now across a coil, instead 
of in series with it, it will be denoted by e®. Both e and e® have the 
same numerical value in an all-mesh network. 

(ft) The relation between i and i' is given by the equation of 
transformation i = C • i'. Hence the currents flowing in the indi¬ 
vidual coils are found by i = C • i'. This relation already has been 
set up in establishing the transformation matrix. 

The relation between Cc and V can be set up by replacing i in 
e = z • i by C • i' and e by e*, giving Cc == z • C • i', where z • C already 
has been calculated in finding z' fty C| • z • C. 


Hence the currents i in the individual coils are found from the known 
i'by _ 


i = C-i' 



i" - O'"' 

4.48 

and the voltage drops Cc 
or by 

across the individual coils are found by Be = z • i 

Cc = z-C*i' 

] 

i 


] 4.49 


It is emphasized that, if the old currents i and voltages e represent 
not those of the primitive network but some other reference network 


TABLE 4.3 



a' 

b' 

a' 

— 

5 

-3 


b' 

-3 

3 



a' 

b' 

e' = 

LiJ 

2 



a' 

b' 

i' = 

1/2 1 

7/6 


P' = e' 

• i' =» 11/6 
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(a situation which occurs quite often, as will be shown later), then 
the above formulas do not give the currents and voltages in the indi¬ 
vidual coils but in some other collection of coils. Hence the last 
two formulas should be used only if the old network is the primitive 
network. 

(c) For the network under consideration the currents in the indi¬ 
vidual coils, i* and i*, are found by equation 4.8, that is by = i*' and 

The differences of potential appearing across the individual coils 
are by (z • C) • i', where z • C is given in equation 4.40. 



each component giving the voltages induced in the respective coil in 
terms of the new currents found. 


XL SIGN CONVENTIONS 

(a) Two coils with mutual inductance between them may be 
connected in series in two different manners: 

1. The flux coming from the second coil links the first in the same 
direction as its own flux, Fig. 4.5a. The connection is called series 
aiding." 

2. The flux coming from the second coil links the first in a direction 



^ * 2 1 series aiding 

(6) Series opposing connection Zaa ~ series opposing 

Fig. 4.5 Fig. 4.6 


opposite to its own flux, Fig. 4.56. The connection is called “ series 
opposing." 

In going around a closed circuit in any direction^ two coils are con¬ 
sidered series aiding if connected in the order 1-2, 1-2 or 2-1, 2-1. 
(Such, in Fig. 4.6, are coils Zaa and Zad or coils Zu and Zee, etc.) Two 
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coils are considered series opposing if they are connected in the order 
1-2, 2-1 or 2-1, 1-2. Such are coils Zaa and Zbb or coils Zee and Zgg in 
Fig. 4.6. 

(ft) In the “ primitive mesh network *’ Fig. 4.7 it will be assumed 
that the positive currents flow in each coil from 1 to 2 and that the 
positive voltages are impressed in each closed circuit also from 1 to 2. 



Fig. 4.7.—Sign 
Conventions in the 
Primitive Network 



2cc «c 


Fig. 4.8.—^Voltages 
Around a Mesh 


In the new network in each individual coil the new currents may 
flow in any directions; also in each closed circuit the positive voltages 
may be impressed in any direction. 

(c) Considering any closed mesh (Fig. 4.8) of the new system, 
along each individual coil may exist an impressed voltage (battery, 
generator, etc.) This individual impressed voltage in the new sys¬ 
tem is considered as one old component of the voltage vector having 
the same subscript as the coil alongside it. The new components of the 
voltage vector e' are the total voltages existing around each closed mesh. 
Hence each component of e’ may contain several impressed voltages. 

(d) Of course any other sign convention may be introduced. 


Xn. SUMMARY OF STEPS IN SETTING UP THE EQUATIONS 

(c) In order to set up the equation of voltage of any mesh network 
the following steps are made: 

A. The first step is to set up the “ primitive mesh network ” and 
the components of the three geometric objects i, z, and e belonging to it. 

1. The primitive network may be separately drawn if desired; 
it consists of all the coils of the given network short-circuited upon 
themselves, each short circuit including any impressed voltage that 
may exist alongside the coil. 

If the given network contains a branch in which no impedance but 
only an impressed voltage exists, then in simpler problems a coil with 
zero impedance may be assumed to exist in that branch and this coil is 
also included in the primitive network. If neither an impedance nor 
a volt£^ exists in a branch (being a short circuit), then this branch is 
not included in the primitive network. 
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(In general, a branch with an impressed voltage and without impe¬ 
dance should be considered as a junction-pair instead of a mesh. Such 
a method of analysis is given in Chapter XVI.) 

2. The impedance tensor z of the primitive network is set up, 
having as many rows and columns as there are coils. The main 
diagonal components contain all the self-impedances, the others all 
the mutual impedances, of the various coils. Its matrix is symmetrical 
in many stationary network analyses. 

3. The impressed voltage vector e of the primitive network has as 
many components as there are coils and it contains the voltages 
impressed in the given network, each impressed voltage being assumed 
to belong to some coil. Usually most of the comix)nents of e are zero. 

4. The currents i flowing in the individual meshes are assumed as 
the variables. 

Later on it will be shown that the “ primitive network may be 
replaced by any other convenient network as a starting point. 

B. The next step is to set up the transformation matrix C changing 
the primitive network to the actual network. 

1. Assume as many new but independent currents i' anywhere in 
the new system as there are closed circuits (meshes) in it. Their order 
is immaterial. 

2. Write along each individual coil the currents flowing through it, 
expressed in terms of the assumed new currents, using Kirchhoff’s 
First Law. 

3. Equate the old currents and the new currents flowing in each 
individual coil; that is, set up the relations 


i = C-i' 



*”* = CS'*"' 


There are as many equations as there are coils. The left-hand side 
contains the old currents, the right-hand side the new currents. 

4. The coefficients of the new currents i' form the transformation 
matrix C. 

C. The next step consists of finding the new components of 
z' and e' and the equation of performance e' = z' • i' of the new net¬ 
work. 

1. The new components of the impedance tensor are found in two 
steps by the transformation formula 


2' = C<-z*C 




4.S2 


by first finding z • C, then • (z • C), or first finding C| • z, then 

(Cl • z) • C. 
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2. The mesh voltages are found by the transformation formula 


e' “ Ci»e 



etn' 


4.53 


3. The equation of voltage of the new network is 


II 

• 





D. Once the equation of voltage of a system has been established, 
it may be subjected to numerous types of manipulations. Usually it is 
subdivided into several invariant equations for purposes of manipulations. 
Such subdivisions are treated in later chapters. 

When the equation of voltage is treated as one unit without sub¬ 
division, the unknown currents are found in two steps: 

1. The inverse of the impedance tensor z' is calculated, giving the 
admittance tensor 






2. The unknown currents are found by 


II 





4.55 

4.56 


giving the values of the arbitrarily selected new currents in terms of 
the applied coil voltages and the coil impedances. 

Once the unknown currents i' have been calculated, then: 

3. The currents flowing in the individual coils are found by the 
relation: 


i = C-i' 





which already has been established in step B3. 

4. The voltages induced in the individual coils are found by 
e* = z • i or by 


ec = z*C'i' 




4.58 


where z • C has already been calculated as a first step in finding 
Ci • z • C in step Cl. 

(6) Of course, in a simple network without mutual impedances it is 
easier to set up the equations of voltage for the various meshes by 
simply inspecting the diagram of the network and applying Kirchhoff’s 
laws than to follow through the above steps. However, as the network 
becomes more complex or a series of circuits is to be analyzed or new 
reference frames are to be introduced, then the above steps reduce the 
amount of mental and physical labor in proportion to the complexity 
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of the network. The rigorous application of these steps is needed 
if the equations are to be subdivided for further systematic manipula¬ 
tions. Their use also suggests new methods of attacks, labor-saving 
devices, etc. 

One of the advantages of this method of attack is that no attention i 
has to be paid to the existence of mutual inductances between the various ' 
windings, nor to their direction of linkage, and so on. The magnitudes 
and signs of the mutual voltages are automatically taken care of by the 
use of the transformation tensor C. 

XIII. SUMMARY OF STEPS IN THE REASONING 

(а) Let n coils be interconnected into »-mesh networks in a large 
variety of manners. In setting up the n equations of voltage of 
each network by Kirchhoff*s laws, it is found that: 

1. The set of n equations are different for each network. 

2. For each network it is possible to set up a large variety of sets 
of n equations, all sets being different from one another and different 
from those of the other networks. 

The purpose of organization of the method of analysis is to set up 
the equations of voltage for each mesh network for all selection of the 
variables in the identical form e = z • i. 

(б) In order to do that, first a reference network is picked out of the 
numerous networks whose analysis is comparatively simple. This 
particular reference network is called the “ primitive network.'* The 
equation of voltage of this primitive network is easily established as 
e = z • i. (Any other network can be used as a reference network.) 

The next step is to consider in what respect all the other networks 
differ from the primitive network and in what respect they are identical 
with it: 

1. Since the networks differ from the primitive network only in 
the mahner in which their coils are interconnected, it is possible to set 
up a “ transformation matrix C ” for each network, whose components 
completely represent all the essential charatteristics (manner of inter¬ 
connection, manner of selection of variables, etc.) in which each par¬ 
ticular network differs from the primitive network (or from any other 
“ reference ” network selected as a starting point). 

2. No matter what the n coils are, or how the n coils are intercon¬ 
nected into n meshes, and no matter what currents are selected as 
variables, the total instantaneous power input into each network e • i 
(a linear form) is the same, an “ invariant,'^ 

These two considerations determine the “ transformation tensor C " 
and the ** transformation formula ” of one geometric object e. 
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Once the components of C and the transformation formula of one 
geometric object e' = C| • e have been established, the transformation 
formulas of all the other geometric objects follow automatically from 
the postulate that all networks ought to have identical.equations of 
performance. 

{c) It should be noted that it is not inherent in the various net¬ 
works that their matric equations of performance should be the same. 
They possess that characteristic only as a consequence of possessing 
intrinsically a group of transformation matrices C and an “ invariant ** 
power input under all conditions of interconnections. 


XIV. A SECOND EXAMPLE 

As a more complicated example let the mesh network of Fig. 4.1,6, 
be analyzed, which is reproduced again in Fig. 4.9a. The coils Zaa 
and Zee have asymmetrical mutual inductances, similarly Zdd and Z//. 
The direction of linkages is represented by the numerals 1-2. The 
coils are named in any arbitrary order. 

(a) Following the steps given in Section XII, first the primitive 
network and its geometric objects are established as follows: 




(&) Its primitive network 
Fig. 4.9 


Al. The primitive network is shown in Fig. 4.96 consisting of five 
coils short-circuited upon themselves. 

A2. The impedance tensor z of the primitive network is 



a 

b 

c 

d 

t 

a 

Zaa 


Xac 



b 


Zbb 




z ■■ c 



Zee 



d 




Zdd 

Xif 

f 




Xfi 

Zff 


■> 


4.59 


The zero components are not shown. 
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A3. The impressed voltage vector of the primitive network is 



a 

b 

c 

d 

f 

e = 

ea 



ea 

3 

A4. The current vector is 

a 

b 

C 

d 

f 

i = 




*■* 

□ 


4.60 


4.61 





(fi) The next step is to find the transformation tensor of Fig. 4.9a, 
showing how its connection differs from that of the primitive network 
of Fig. 4.96. 

Bl. hetfive arbitrary independent currents be assumed as shown 
in Fig. 4.10a. They may be assumed to flow in any of the coils or 
impedanceless branches 
in any direction. 

The five currents 
under Bl are not entirely ^ 

arbitrary. They must ft'''*' 

be independent of one 
another, that is, they 
must be sufficient to de¬ 
termine all the currents 

flowing in the remaining Assumed new (&) Currents in 

branches. For instance, currents. each coil 

if, in Fig. 4.106, V had Fig. 4.10 

been assumed to flow 

not in coil but in the vertical impedanccless branch between Za. 
and Zee, then the currents in coils Zee and Zm could have not been 
expressed in terms of the assumed new currents. 

B2. The new currents flowing in each coil are established by 
Kirchhoff’s first law as shown in Fig. 4.106. 

B3. Equate the old current and the new current flowing in each 
coil by inspection of Fig. 4.106. 



ss — 4“' — i«' — i^' i* = 


In coil Za. 

*• " Z66->*‘ =-»*' 

Zff “ — i*' 


*• - 

i* = 

V - 


— 

-io' 

-H’’ +i'‘'+if' 4.62 

-if' 

-i*' 


It II 
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B4. The coefficients of the new currents form the components 
of the transformation tensor: 



a' 

b' 

c' 

d' 

r 

a 

-1 


-1 

-1 


b 



-1 



C «= c 


1~ 


1 

1 

d 






f 




-1 



C, 


a b c d f 


-1 







-1 



-1 

-1 




-1 


1 


-1 



1 

-1 



•» 


4.63 


(c) The next step is the calculation of the new components of the 
various geometric objects. 

Cl. The new components of the impedance tensor are found in 
two steps. The first step is 



a' 

h' 

c' 

d' 

V 

a 

— Zaa 

— ^ae 

— Zeut 

^oa "1“ -X^oc 

Xfie 

b 



— ^56 



Z'C « c 

-x„ 

-z„ 

-x^ 

” Z.ca "f* ^cc 

Zee 

d 




-Xi, 

— Zdd 

f 




- Z// 

-X,i 


4.64 


The second step is C» • (z • C) = 



a' 

b' 

c' 

d' 

V 

a' 

Zaa 

Xae 

Zaa 

Zaa Xae 

-Xae 

b' 

Xea 

Zee 

Xea 

Xea Zee 

“ Zee 

z' = c' 

Zaa 

Xae 

Zaa 4“ Zib 

Zaa Xae 

-Xae 

d' 

Z„-Xea 

Xae “ Zee 

Zaa — Xea 

Zaa Xae — Xea 
4" Zee 4- Z// 

— Xae "1" Zee 
+ X,i 

r 

-Xea 

-Zee 

-Xea 

— JTca 4" Zee 4“ Xdf 

Zee 4- Zdd 


If the mutual inductances are the same in both directions, that is, 
if Xae = Xta, ctc., this impedance matrix is symmetrical. The sym¬ 
metrical form of the final matrix z' serves as a check on the correctness of 
the calculations. 
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C2. The impressed voltages of the new system are found by: 


a' 

— €a 


b' 

- ec 


e' = Q-e = c' 

1 

1 


d' 

— «a -f — «/ 


r 




Each component of e' gives the voltages around a closed mesh. 
For instance, Cd' is the impressed voltage around the mesh through 
impedances —Zaa, Zeej and —Z//. 

C3. The equation of voltage is e' = z' • i', representing five 
equations with five unknowns. 

(d) The final steps are the solution for the unknown currents and 
coil voltages, if the equation of voltage is not subjected to other manip¬ 
ulations. 

Dl. To find the unknown i', the inverse of z' is calculated by the 
method shown in Section XIII, Chapter I, or by the labor-saving 
method to be shown in Chapter X. Its inverse, the admittance ten¬ 
sor, has the form: 



a' 

b' 

c' 

d' 

r 

a' 

yaa 

yab 

yac 

yad 

yaf 

b' 

yha 

ybb 

ybc 

ybd 

ybf 

y' = c' 

yea 

ycb 

yee 

ycd 

yd/ 

d' 

yda 

ydb 

ydc 

ydd 

ydf 

r 

yja 

yfh 

ybd 

y/d 

yff 




4.67 


Its components are either numerals or combinations of Z — s, etc. 


D2. The unknown currents are 


i' 


a' 

b' 


d' 

f 


- Y^eg - Y-hc - y^^(eo+g6)-f Y^jeg-eg-ef) -f 

- Y^eg- Y^^ec - + Y^(ec-ea-ef) 4- Y^^ec-e d) 

- - y^^(ga+g6) + Y^Hec-eg-ef) + Y^^{ec-ed) 

- - Y^ec - y^(ga+g6) 4- -gg ~^/) + -gd) 

- Yf^ea - + + 


4.68 


Each component of i' represents one of the unknown currents. 
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D3. When the unknown currents »*', t*', etc., have been calculated, 
then the currents flowing in the individual coils, »*, etc., are found, 
if needed, from the set of equations 4.62. 

D4. The voltages induced in the individual coils are found by 
multiplying z * C of equation 4.64 by i', giving 
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SINGULAR TRANSFORMATIONS 


L THE EQUATIONS OF CONSTRAINT 

(a) In the transformations i = C • i' hitherto considered, the new 
network had as many meshes as the primitive network and the trans¬ 
formation tensor C had as many rows as columns. 

However, in engineering practice most networks have fewer meshes than, 
coils. One way to consider such networks is to assume that originally 
they have as many meshes as coils and afterward some or all of their 
impedanceless branches are 
open-circuited so that no 
current can flow through 
them. 

For instance, consider 
the network of Fig. 5.16, 
consisting of five coils and 
three meshes. It may be 
looked upon as being de¬ 
rived from the all-mesh («) Rolling ball (&) Mesh network 

network of Fig. 4.10 by Fig. 5.1.—Introduction of Constraints 

opening two of the im¬ 
pedanceless branches of the latter as shown by dotted lines on Fig. 
S.l. Open-circuiting the branches is equivalent to making the cur¬ 
rents in them equal to zero. That is, the opening of the two impedance¬ 
less branches is equivalent to introducing the following two relations: 



ic' + - tV « 0 

» 0 


S.l 


that must exist between the five new variables of Fig. 4.10. 

(6) Equations that express certain relations that exist between the 
variables are called in dynamics equatibns of constraint.'" Hence the 
opening of branches is equivalent to introducing constraints by preventing 
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the current vector from having components along the opened 
branches. Hence as many constraints are introduced as there are 
opened meshes. 

(c) In dynamics, a falling body being compelled to roll down on an 
inclined plane is an example of constraint. Introducing an inclined 
plane in the path of a freely falling body prevents the velocity vector Vm 
from having a component perpendicular to the plane. That is, 
t;** = 0 is the equation of constraint (Fig. S.la); or if v”* is expressed in 
terms of its horizontal and vertical components and w®, then the 
equation of constraint is, from Fig. S.la, 

V® cos a — sin a = 0 

representing a relation between and that exists at all instants. 

Of course, the opening of meshes is only one of a large variety of 
ways in which constraints may be introduced in network studies. 
Later on several other examples will be shown, like neglecting magnet¬ 
izing currents, etc. 

(d) The existence of equations of constraints indicates that the num¬ 
ber of original variables may be reduced by as many as there are equations 
of constraints, 

(It will be shown in Section II, Chapter XVI, that actually in place 
of the discarded variables another set of variables has to be introduced. 
At the present time this more general point of view is not considered.) 


n. SINGULAR TRANSFORMATION MATRICES 

(a) With the aid of each equation of constraint it is possible to elim¬ 
inate one variable by expressing it in terms of the others. In the present 
case two variables, say i^' and i®', may be expressed in terms of the 
others as 


leaving only three new variables i®', i^\ and i/' in place of five (corre¬ 
sponding to the number of new meshes existing) that are independent 
of one another. 

(i) As a consequence, the relation i = C • i' existing between the 
old and the new currents (equation 4.62) becomes, by substituting 
the last relations 5.2 introduced by the constraints, 
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- i®' + id' - id' 

ib = id' 

ic = id' + i// 

id = ~ if' 

if id^ 


i'^'+if' C 

~ r 



a' 

d' 

f' 

a 

-1 



b 


1 


c 


1 

1 

d 



-1 

f 


-1 



so that the transformation matrix now has three columns instead of five, 
corresponding to the three new meshes. That is, the transformation 
matrix C is now rectangular, instead of square. 

(c) Transformation matrices C that are rectangular (hence have no 
inverse, C“') are called “ singular ” transformation matrices, and the 
corresponding transformations (of the variables) are called ** singular ” 
transformations. Square transformation matrices, whose inverse can 
be calculated, are called non-singular " transformation matrices, and 
the corresponding transformation of the variables ** non-singular 
transformations. 

It will be shown in Chapter X VI that all formulas hitherto developed, 
or to be developed later on, are equally valid for singular or non-singular 
transformation matrices C, with the precaution that formulas in which 
C”^ occurs should not be used with singular transformation matrices C. 
Consequently, once the singular transformation matrix C has been 
set up, the steps for setting up z' and e', and steps of finding i', etc., 
are exactly the same as in case of non-singular transformation matrices 
since is not needed. 

It will also be shown later on that all singular {rectangular) trans¬ 
formation matrices are special cases of non-singular {square) transforma¬ 
tion matrices whose columns have been removed because of the absence 
of the current variables along the open-circuited branches. 


III. REPLACEMENT OF CONSTRAINTS BY SINGULAR C 

(a) The steps of setting up the singular transformation matrix 
were made above in a roundabout way: 

1. First, it was assumed that five new variables exist (as many as 
there are coils). 

2. Then two of them were eliminated by means of two equations 
of constraint, leaving only three new variables. 

However, in case of the interconnection of electrical networks this 
roundabout way of setting up a singular C may be eliminated by assuming 
in the new network right at the start only as many new currents as there 
are closed meshes. 
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For instance, assuming as above i*', and as the three new 
variables, in Fig. 5.16, the new currents flowing in each individual coil 
may be expressed now in terms of three new currents as shown. 
Equating the old and the new currents flowing in each coil, the last set 
of equations 5.3 are again found immediately, without the roundabout 
reasoning. 

Of course, in place of i®', and any other three branch currents 
can be assumed as the new variables, giving a transformation matrix 
different from equation 5.3. 

(6) Hence when n coils are interconnected into a network with less 
than n meshes^ the whole method of analysis is the same as in case of a 
new network with n meshes, given in Chapter IV, Section XIII, except 
that the number of new variables assumed is the same as the number of 
new meshes. That is, any mesh network with n coils may be looked 
upon as a network having n meshes, the current in some of the meshes, 
however, having been reduced to zero by opening some of the branches. 

It is emphasized that it is not always possible to ignore the setting 
up of the equations of constraints by immediately setting up a singular 
C instead. In many cases, especially when hypothetical currents are 
introduced*, it is necessary to set up first the equations of constraints 
and then only is it possible to establish a singular C. 

(c) Whenever a singular transformation matrix is established it 
must be remembered that constraints have also been introduced into 
the system at the same time. There are as many constraints as there 
are missing columns in C. 


IV. CALCULATIONS WITH SINGULAR C 


(а) The primitive network of the three-meshed network of Fig. 5.16 
and its geometric objects Z| e, and i are the same as those of the original 
five-mesh network of Fig. 4.9 as given in Section XIV, Chapter IV. 

The transformation matrix C of the three-meshed network is given 
in equation 5.3. 

(б) Hence the new components of the impedance tensor z' are by 


Ci • z • C 



a' 

d' 

r 

a 

-Zoa 

Xqc 


b 


Zbb 


z-C « c 

-x^ 

Zee 

Zee 

d 


-Xdf 

“"Zi/i 

f 


-~Zff 

-X,i 



a 

b 

c 

d 

f 

a' 

-1 





C, - d' 


1 

1 


-1 

f' 



1 

-1 
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a' 

d' 

V 

a' 

^aa 

-Xac 

-Xac 

C,.(Z-C) = 2' = d' 

-X,a 

Zhb Ztc ^ Zff 

Zee Xfd 

f' 

-Xra 

Zee + Xas 

Zee “h Zdd 


It should be noted that the impedance tensor z' of the new network 
has as many rows and columns as the network has meshes. If the 
mutual inductances are the same in the two directions, the matrix of 
the tensor is symmetrical. 

The new impressed voltage vector is 

a' 


r 








representing the impressed voltages around three closed meshes. For 
instance, d' is the impressed voltage around the mesh through impe¬ 
dances Zct and Zdrf, is the voltage around the mesh through Zfrb, Zcei 
and Z//, while e®' is the voltage around the mesh containing Zaa- 

It also should be noted that the diagonal components of z' represent 
the sum of the self-impedances of each of the three meshes, around which 
the voltages are summed up. Also the remaining components of z' 
represent the mutual impedances of the three meshes with each other. 
The latter includes self-impedance terms of coils belonging to two 
meshes. 

(c) To find the currents i', first the inverse of z' has to be calcu¬ 
lated by the method of Section XIII, Chapter I, giving 


a' d' f' 
a' 

/ = d' 

r 

Hence the current vector is 
a' 

i' = y'-e' = d' 
f 


- y®®ga H- + ec - ej) -h Y-f{ec - td) 

Zy^eg + -f - g/) -f- - Cd) 

- Y^^eg -h F/^(eb -h - ^/) + Y^^^Cc - e^) 


yaa 

yad 

yaf 

yda 

ydd 

ydf 

y/a 

yfd 

Yff 


5.7 


5.8 


the components representing i®', and respectively. 
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The currents in the individual coils are found by the set of equations 
5.3, representing i = C • i'. 

The voltages induced in the hve individual coils are found by 
z • C • i', where z • C has already been calculated in equation 5.4, giving 



It should be noted that, although the various vectors and tensors 




(c) The primitive network 


Fig. 5.2.—Distribution Network 


have different numbers of rows 
or columns, still the arrow rule 
of multiplication works smoothly, 
since the order of the geometric 
objects in the various formulas 
automatically takes care of this 
inequality. 

V. DISTRIBUTION CIRCXHT 

(a) To show an example in 
which several coils form one branch, 
let a three-phase, four-wire dis¬ 
tribution circuit be considered 
that is supplied from the star- 
connected secondary of a trans¬ 
former. The load is unbalanced, 
as shown in Fig. 5.2a. (A quicker 
and more systematic method of 
solving three-phase unbalanced 
networks is shown in Chapter 
XIX.) 

(fr) The impedance tensor of 
the primitive network shown in 
Fig. 5.2c is z = 
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ft b c n ft' b' c' n' ft" b" c" n" 



The zeros may be left out of the matrix. S.IO 

The impressed voltage vector is 



Since there are three closed circuits, the three line currents i*', 
and i*"' are assumed as the new currents. The neutral current is 
i*' + + i*”". 

(c) Setting up a relation between the old currents and the new 
currents flowing in each coil 

h' k' m' 


5.12 


The coefficients of the 
new currents give C. 














124 


SINGULAR TRANSFORMATIONS 


{d) The new components of the impedance tensor z' are found by 
C| • z • C as z' = 


h' k' m' 



Zaa “h Znn 

Xah 4“ Znn 

Xae 4” Znn 



4“ Xa*b* — Xn*b* 

4" Xa*c* — Xn'c* 


'¥Zn»n» 

Xa^n* 4" Zn*n* 

— Xa'n* 4- Zn'n* 



4“ Xa**b*» 4* Zn'»n*^ 

-f- Xa'*e'* 4" Zn**n** 


4" Znn 

Zbb 4" Znn 

Xhc Znn 

k' 

’\‘Xb*a* — Xn‘a* 

■\-Zb»b» — 2Xb>n* 

+ Xb>c* — Xn'c* 


Xb*n* H" Zn*n' 

-{‘Zn'n* 

Xb'n* Zn'n* 


+ Zn**n*> 

'^Zb>>V' 4“ Zn»>n'* 

4- Xb'tc*^ 4“ Zn'*n" 


Xcc+Znn 

Xcb “h Znn 

Zee 4" Znn 

tn^ 

-{■Xc^a* H“ Xn'a' 

-{-Xc'b^ — Xn'b* 

4-^f'c' — 2Xc'n* 

UI 

~~ Xc*n* 4" Zn*n* 

Xc*n* 4“ Zn*n* 

4-^n'n' 


4- Xc>»a>» 4- Zn»>n*> 

+ Xc>*b'» 4" Zn»*n** 

4-Zr'V' 4" Zn^'n" 


The impressed voltage vector is by C< • e = 


k' m' 


e' = 


eb 


5.14 


The currents are found by i' = z'""^ • e'. 

(e) The currents flowing in the individual coils are found by 
i = C • i' and the differences of potential appearing across the indi¬ 
vidual coils are found by z • C • i'. 


VI. BRIDGE CIRCUIT 

(a) As a more complex example consider the network of Fig. 5.3a 
containing eight coils. 

When the coils cross each other it is not always obvious at a glance 
just how many meshes there are. In such cases the best procedure is 
to find first the number of junction-pairs (number of junctions minus 
number of sub-networks) in the present case 5 — 1=4, then to find 
the number of meshes (number of coils minus number of junction- 
pairs), in the present case 8 — 4 = 4. Hence the number of meshes 
is four. 

(ft) The first step is to establish the primitive network and its 
geometric objects. 

1. The primitive network is given in Fig. 5.3ft, showing that there 
is no mutual inductance between some of the coils. The impedance 
Zdd which exists alongside the impressed voltage ed is zero. However, 
its existence has to be assumed in the primitive network, since an 




BRIDGE CIRCUIT 


125 


impedance and a voltage are always associated together in each of 
its meshes. (In the more general theory, to be developed in Chapter 
XVI, the introduction of the extra axis d along Zdd is not needed). 



msiiiKXiixi®®® 

ifi) Its primitive network 


Fig. 5.3. —Bridge Network 


2. Its impedance tensor is 


a 
b 
c 
d 

z = 

f 
g 
h 
k 

3. Its impressed voltage vector is 


abcdfghk 


e * 


0 


ed 

0 

0 

0 


4. Its current vector, representing the old variables, is 


a 

b 

C 

d 

f 

g 

h 

k 

i « 

jj 

** 



JL 

** 




abcdfghk 


Zoa 

0 

Zac 

0 

z.f 

0 

Zah 

0 

0 

Zhh 

0 

0 

Zhf 

0 

0 

Zhk 

Zac 

0 

Zee 

0 

z.f 

0 

Z,k 

0 

0 

0 

0 

0 

0 

0 

0 

0 

Zat 

Zbf 

Zef 

0 

Zff 

0 

Zfk 

Zjk 

0 

0 

0 

0 

0 

Zu 

0 

0 

Zah 

0 

ZeS 

0 

Zfh 

0 

Zhh 

0 

0 

Zhk 

0 

0 

Zfk 

0 

0 

Zkk 


5.15 


5.16 


(c) The next step is to set up the transformation matrix C. 
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1. The new system has four meshes, hence four new currents are 
assumed arbitrarily as shown in Fig. 5.4a. 


a' b’ e d' 



2. The currents flowing in each coil are expressed in terms of 
»•', »•', and »•*' as shown in h'ig. 5.45. 

iaVic'-tj*' 



(a) The assumed new currents (6) The new currents in each coil 


Fig. 5.4. 

3. Equating the old and the new currents flowing in each individual 
coil, the following eight equations can be set up: 



The coefficients of the new currents form the transformation matrix, 
(d) Once the transformation matrix C has been established the 
new components of the geometric objects follow automatically. In 
particular: 
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1. The new components of the impedance tensor are found by 
C| • z • C as 


a' b' c' d' 


Zaa‘}'^af'“^dh 

-\-Zbb-\rZhf-^Zaf 

4-Zhf+Zff-‘J^h 

—Zah—Zfh+Zhh 

—Zaf — Zif 
-Zff+Zfh 

Zbb-\-Zhf—Zac 

+Zo/-fZ6/-fZ// 

—Z^fc—Zofc—Z^fc 

+^hh—Zef+Zeh 

— Zbb““Zb/~hZac 
-hZbk-hZ/k 
~i~Zef — Zeh 

Zaf — Zbf Zff 
~\rZfh 

Ztt 

—Z6/+Zc/ —Z// 

-\-Zfh 

Zbf — Zef 
-Zfk 

— Zac~\‘Zaf“'’Zc^ 

+Ztb+Zbf+Zhf 

'\-Zeh’-Z/h+^hh 

—Zbf+Ze/ 

-Zff+Z/h 

Zhb-\"Zhf-{-Zce 
— Zef^Zeh+Zhf 
—Zcf+Zff —Zfh 
-hZgg 4-Z eh — Z/h -hZhh 

Zbb Zbf Zee 

-^Zef — Zch 
-fZftJkH-Z/* 



—ZwH-Zbfc-Zcc 
—Z6/-fZc/4-Z/ifc 
— Zeh 

Zbb~“Zbk'\~Zee 

—Zbk-^-Zkk 


5.18 

This final impedance tensor may be written shortly as 


a' b' c' d' 


Za*a* 

Za*h* 

Za^e' 

Za*d» 

Za’b* 

Zb>b' 

Zb»e^ 

Zb*d» 

Za*c' 

Zb'e' 

Zc'c' 

Ze>d’ 

Za'd* 

Zb'd' 

Ze»d* 

Zd^d» 


5.19 


2. The impressed voltage vector e', representing the mesh voltages, 
is by C( • e = 



a' 

b' 

c' 

d' 

e' = 

[3 

ed 

ee 

1 

1 


If it is assumed that in series with each coil an impressed voltage 
exists, that is, if none of the components of e given in equation 5.16 are 
zero, then 



a' 

b' 

c' 

d' 

e' « 1 

— «a — — «/ + 

ed + 

-Cb + ee - ef + eg+ th 

eb — ee — tk 


showing the four meshes of Fig. 5.5, whose equations of voltage are 
given by e' = z' • i'. The signs of the voltages in e' also show the 
direction of travel around each closed circuit. The equation of voltage 
may be subjected to various types of subdivisions and manipulations. 
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(e) The currents i' are found by finding first the inverse of z', 
then multiplying it by e' as • e'. 



Fig. 5.5. —Voltages Around the Meshes 

The currents in the individual coils (if desired) are found by cal¬ 
culating i = C • i' as given in equations 5.17. The voltages in the 
individual coils are found by z • C • i'. 

yjL POTENTIALS ACROSS OPEN-CIRCUITED COILS 

(a) If the potential difference appearing across open-circuited coils 
is desired, then ihe primitive network should include also the coils that 
are left open-circuited after the interconnection. The procedure is exactly 
the same as where all coils have currents flowing through them. 



(a) Primitive 
network 



(6) Given network 
Fig. 5.6. —Open-circuited Coils 


(b) For instance let the circuit of Fig. 5.66 be analyzed. The 
impedance tensor and impressed voltage of the primitive network 
(Fig. 5.6a) are 
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a 

b 

C 

d 

f 

g 

b 

a 

Zaa 

X„b 

Xae 





b 

Xah 

Zbh 

Xbr 





c 

Xar 

X,. 

Zer 





z = d 




Zdd 

Xdj 

Xh, 


f 




X,,I 

^// 

xZ 


g 




X.,, 

x„ 

z 


h 







Zhh 


a b c d f g b 


1 ea 


1 ed 

ef j 

** 
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5.23 


In the interconnected system there are only two closed meshes, 
hence two new currents are assumed, say and i*''. The transforma¬ 
tion tensor is 


g' b' 


= 

0 

a 

0 

0 

= 

0 

b 

0 

0 

i^ = 

in' - I*' 

c 

1 

-1 

t" = 

0 

C - d 

0 

0 

if = 

i^' 

f 

1 

0 

i" = 

i^' 

g 

1 

0 

,•* = 


b 

0 

1 


5.24 


It should be noted that in the rows of C, corresponding to the open- 
circuited coils a, b, and d, all components are zero. 


The impedance tensor z' is by Ct • z • C = 


g' b' 


Zee + z„ + Z„ + IXft 

- Zee 

-Z.e 

Zee + Zhh 


(c) The currents are found by i' = z' ^ • e', where Ci • e = 



e' * 


5.26 
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The currents i flowing in the individual coils are calculated by 
i = C • i'. The voltages appearing across all individual coils^ open or 
closed, are 


a 

Xacii*' - *•*') 

b 

XUi^' - **') 

c 

ZcS*' - **') 

Cfl « z*C*i' » d 

{Xit + Xd,)**' 

f 

{Z„ + Xu)i*‘ 

g 

(Z„ + 

h 



Vm. THE ADMITTANCE TENSOR OF INDIVIDUAL COILS 

(a) In the method of reasoning hitherto followed three steps are 
required to find the current i flowing in ecLch coil due to a voltage e 
impressed in another coil. These three steps, starting with the known 
coil voltage Ci are: 

1. Find the mesh voltage e' by Ci • e. 

2. Find the mesh current i' by z'“^ • e'. 

3. Find the coil current i by C • F. 

That is, to find a coil current in terms of known coil voltage, first 
the two mesh quantities have to be evaluated as intermediary steps. 

(&) Many mesh problems may be formulated as follows: “ Given 
a voltage Cq, in series with coil a. What is the current i^ in another 
coil bl Formulated in another way the problem is: What are the self- 
and mutual admittances of the individual coils when they are intercon¬ 
nected? This tensor should have as many rows and columns as there 
are coils. 

Of course before the coils are interconnected their self- and mutual 
admittances are found by solving the equation e = z • i, giving y = Z”^, 
However, this admittance tensor is not valid when the n coils are inter¬ 
connected into a network with less than n meshes, even though it has 
as many rows and columns as there are coils. 

It should be noted that if the n coils are interconnected into a mesh 
network with n meshes, then the two admittance tensors (expressed 
along the individual coils) are the same. With less than n meshes 
constraints exist in the system, hence the two y’s (calculated with and 
without constraints) have to be different. 

The self- and mutual admittances of the individual coils yc may be 
found by one formula by combining the above three steps into one 
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Step. By combining them it mU not be necessary to evalmte the mesh 
voltages e' and currents i' as intermediary steps. Hence: 

Let the equation of the primitive network be 

* = * * i I = W" 

Replacing e by C,-> • e' and i by C • i' 

• e' = z • c • i' I 

Multiplying both sides by C« the mesh equation is 

e' = C, • 2 . C • i' I e„. = z„,CZ'Cl.i-' 

Solving for i' 

i' = (C< • z • C)-i • e' I *•»' = 5.28 

This equation has already been established. 

(c) Now replacing i' by C“^ • i and e' = C* • e in order to express 
the equation along the axes of the individual coils 

C-i • i = (Ce • z • C) • Ct • e 1 O*’' = 

Multiplying both sides by C 

i =C-(C,-z-C)-i*C,-e I *" = y"'"'OC^en, 

Since the equation has the form 

i = y. • e 1 *“ =* y*”em 

therefore the individual admittance tensor is 


Je ” C*(C«»z*C)"**C« 


y« = C*y'-C« 


ynm „ yn'm'cjj,CJ, 


5.29 

5.30 


That is, the individual coil admittance tensor is found from the mesh 
admittance tensor y' (calculated in the routine manner) by simply 
transforming it again with the aid of C. That is, the steps are: 

1. Transform z of the primitive network to z' by C as Ci • z • C. 

2. Find the inverse of z' as y'. 

3. Transform / back by C as C • y' • Cf. 

It should be noted that in transforming from z to z' first Ct then C 
occurs; however, in transforming from y' to y. first C occurs and 
then C|. 

(d) If the transformation tensor C is square (that is, if the new 
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network still has n meshes) then C“^ can be calculated and the equation 
may be written as 

Yc = C • (Ct • z • • C* = C • C”i • • Cr^ • Cl = z“i 

That is, the admittance tensor of the new network is the same as 
that of the primitive network, as mentioned above. 


IX. EXAMPLE OF jc FOR INDIVIDUAL COILS 

(a) Let for instance the admittance tensor y' of the network of 
Fig. S.7 (containing six coils and three meshes) be 

a' b' c' a' b' c' 



a' 

b' 

C' 

a' 

ya*a* 

ya*b* 

ya*c* 

= b' 

yb'a' 

yb'b' 

yb'e' 

c' 

ye'a* 

yc*b* 

ye*e* 


Zcc^ 


-1 



1 

1 

1 


1 

1 

-1 


-1 



-1 


1 



^99 

^dd 


1 ^% 7 ^^ equation i' =: y' • e' gives 

I ifiree of the coil-currents if the mesh 

^ ^ voltages e' are known. However, 

it is intended to find another tensor 
Jc that gives any one of the six coil currents if any one of the individual 
voltages in series with the coils are known. It should be noted that a 
single impressed coil voltage may belong to several meshes. 

(6) The desired y^ is found from the above y' by C • y' • Ci = yc = 



_ ya'a' 

- -f 

- -h 


^yb'a' yVa'^yVV ^yh'c^ yb'^^yb'e' _ yt'a'__ c' 
_ yc'a* _|_ yc'a'^ yc'V ^ yc* c* ^ yc*b* ^ ye^e* _ yc*a* ye*c* 


ya*a* __ yaV_ ya*b* __ ya*e* __ 
^ ye*a* _ yc*a* _ yc*b* _ yc*c* _ 



yb*b* 

+ K"'*' 


ya*c* ^ ya*b* 
^ yc*e* ^ yc*b* 



— y6'a' 


yb*a*^ yb*b* ^ yb*e* 


Yb*b*^ yb*c* 


yb*a* _ yb*c* 


__ yb*c* 
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For instance, the current V in coil f due to an impressed voltage ed 
in coil d is == 

X. INTERCONNECTION OF SEVERAL NETWORKS 

(a) Instead of interconnecting individual coils into a network, it is 
possible to take several individual networks and interconnect them into one 
larger system with the aid of a transformation tensor C = This 

procedure will be found to be a very powerful engineering tool, inas¬ 
much as the individual apparatus to be interconnected are not limited 
to those of the same type. The individual apparatus to be intercon¬ 
nected may be stationary or rotating, also electrical, mechanical, 
acoustical, optical, etc., apparatus. The resultant (System may be 
some instrument, device, or machine utilizing several types of energies. 

{b) The interconnection of mesh networks consists of opening up 
one (or more) branches of each network and interconnecting the two 
points of entry of each network (A-A' and B-B*) in pairs as shown 
in Fig. 5.86. The effect of the interconnection is to change the two 




(a) Before interconnection (6) After interconnection 

Fig. 5.8.—The Interconnection of Mesh Networks 


coil currents and i* into one current, leaving all the other currents 
of each network unchanged. 

The interconnection oi junction networks is shown in Chapter XIV. 
The types of interconnection of physical apparatus are, however, of 
far greater variety than shown here. 

[c) Often a system can be analyzed by building it up as usual by 
interconnecting individual coils. However, owing to some symmetry 
in parts of the system, the impedance tensors of these parts could be 
built up much more quickly if the disturbing asymmetrical parts were 
absent. In such cases the system can be divided arbitrarily into any 
number of symmetrical and asymmetrical parts in any manner by opening 
up branches, then each part is analyzed separately, and finally recombined 
again by a C. For instance, in fault studies of three-phase systems the 
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various places where faults occur changing the symmetry of the 
circuits may be removed, and the impedance tensors of the system 
and the faults (any number of them) may be set up separately, then 
recombined into the actual system. 

It also happens that a system is built up from several parts where 
the components of the geometric objects z, etc., of some or all of the 
individual parts have already been calculated on previous occasions. 
In such cases the system again can be divided into familiar and 
unfamiliar parts, or into individual familiar parts, then recombined 
again with the aid of a C. That is, many of the results arrived at 
previously in the analysis of the individual systems can be utilized again 
in the analysis of the resultant system. 

In interconnecting networks into a larger system the transformation 
tensor again represents a mathematical photograph of the manner in 
which the networks are interconnected. The performance of the 
combined system again can be found automatically by a routine 
transformation. 

(d) In interconnecting entire networks the same steps are followed 
as in interconnecting individual coils, namely: 

1. Find the geometric objects «m, Zmn, etc., of the primitive system 
(consisting of the individual networks without interconnection). 

2. Find the transformation tensor showing the interconnection 
of the individual networks by which the primitive system has been 
changed into the actual system. 

3. Find the new components of the geometric objects em', 
then i^\ etc., of the new system. 


XI. THE PRIMITIVE SYSTEM 


(a) The aggregate of the individual networks without any intercon¬ 
nection between them is called the “ primitive system.'^ The fixed indices 
of the various networks are different from one another so that the 
number of axes of the primitive system is the sum of the axes of the indi¬ 
vidual systems. 

(ft) Let, for instance, two independent stationary networks be 
given with the impedance tensors 
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If the two networks are to be interconnected, they are considered 
as parts of a “ primitive system ” with the impedance tensor 
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5.36 


having 3 + 2 = 5 axes. 

It should be noted that by adding the two impedance tensors Zi 
and Z 2 i as shown in equation 5.36, no change whatever has been made 
in the physical system. The addition of Z\ and Z 2 is equivalent to the 
recognition that the two networks are independent parts of a more general 
system^ the so-called '' primitive system'* That is, the addition of 
Zi and Z 2 is equivalent to writing the original Zi and Z 2 each with five 
rows and columns instead of three or two respectively, by filling out 
the components of the missing rows and columns by zero, as 
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(c) Similarly if the impressed voltages of the individual networks 


a 

b 

c 


d 

f 

L+ 

L^J 

LiJ 

5.39 e,» 

U£] 



5.40 


the impressed voltage vector of the primitive system is 



a 

b 

c 

d 

t 

Cl + ei « e — 

lLi 

Cb 

M 

ed 

^f 1 


5.41 


assuming that the impressed voltages of the component networks 
actually are 
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Xn. THE RESULTANT SYSTEM 


(a) Once the geometric objects of the primitive system have been 
set up by simple addition, the remaining work is identical with the 
analysis of any other system. 

If the manner of interconnection of the component networks with 
one another is represented by C, the impedance tensor of the resultant 
system is 

z' = C< • (zi + Z 2 ) • C 5.44 


or with several component networks 


z' = Ci*(zi -f z* -i- zi -f • • O'C 


5.45 


The impressed voltage vector of the resultant system is 


e' = Ci*(ei -h •+" Cs “h • • •) 


5.46 


and its equation of voltage 


e' = z'*r 


5.47 


( 6 ) If the equation is not subdivided into several component equa¬ 
tions, it may be solved for the unknowns as i' = z'""^ • e', that is, by 
finding y', the inverse of z'. 

(c) It is emphasized that this method of reasoning should be used 
not only when actually two component networks are given and then 
they are to be interconnected. The method of reasoning given can be 
used also when a complex system already built is to be analyzed and 
it is difficult to consider the resultant system as a whole. Complex 
systems can usually be divided into several component systems that 
individually are easy to analyze and their geometric objects Zi, Z2, etc., 
are easily established. Once each component system has been treated 
as one unit then their interconnection into one unit is a far easier 
procedure than the analysis of the original system. 

One example of such a complex system is a vacuum-tube circuit 
where several multielectrode tubes are interconnected with static net¬ 
works. Their analysis is treated in Chapter XV. Another example 
is a three-phase transmission system, where numerous three-phase 
apparatus (generators, transformers, loads, etc.) are interconnected 
in various manner. They are treated in detail in Chapter XIX. 

(d) If the 2-matrix of the geometric object Zi + Z 2 + Z 3 has a 




EXAMPLE OF INTERCONNECTION OF TWO MESH NETWORKS 137 

cumbersome number of rows and columns, the resultant z, equation 
5.45, can be calculated in steps since it may be written as 

z' = Ce • Zi • C + Ct • 2*2 • C + Ct • Z3 • C + • • • 5.48 

showing that the final impedance tensor may be represented as the 
sum of several tensors, each tensor being the contribution of one of the 
component systems. 

Xm. EXAMPLE OF INTERCONNECTION OF TWO MESH NETWORKS 

(a) Let two mesh networks be given as shown in Fig. 5.9a. It is 
assumed that their geometric objects have already been established 



(a) The primitive system 



(b) Resultant system 

Fig. 5.9.—The Interconnection of Several Networks 


by selecting the shown four and six currents respectively as variables. 
In particular their impedance tensors are 
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and their impressed voltage vectors are 
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(b) If the two networks of Fig. S.9a are to be interconnected into 
one system in any manner they may be considered as forming already 
one system, the primitive system whose impedance tensor is the sum of 
the impedance tensors Zi and 22 of the individual systems shown in 
equations 5.49 and 5.50. That is, Zi + Z 2 = 
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The impressed voltage vector of the primitive system is ei + 62 = 
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(c) From Fig. 5,9b the interconnection of the two systems consists 
of connecting i* in series with i^, also i* in series with i®, and finally i”^ 
in series with i®, leaving all the other four currents i®, i**, and i^ 
unchanged. The currents flowing in the series connections may be 
denoted by three new letters i^\ and while the four unchanged 
currents may be primed. 

Hence the relation between the old and the new currents i = C • i' 
and the transformation tensor C are 
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{d) The impedance tensor of the resultant system is by 
Ci • (zi + Z 2 ) • C == 
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The impressed voltage vector is by Ct • (ei + 02 ) = 


p' 

q' 

r' 

n' 

d' 

r 

g' 

•k + eh 

ek 4" ea 

1 ““ Ce 


ed 


Ijj 


5.57 


The currents are found by i' = z'”^ • e'. In finding the inverse 
of z' the labor-saving procedure of Chapter X may be used. 


ZIV. SELECTION OF THE VARIABLES 

The interconnection of systems shows clearly the desirability of 
selecting particular branch currents as the variables in particular 
problems. In interconnecting networks those branch currents of the 
componerU networks that are connected in ser ies should appear among the 
variables. 
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When a needed current is not one of the variables, then first the variables 
of the component network should be changed to another set of variables by 
i = C • i', so that among the new variables all needed currents may 
appear. In changing the variables of course both e and z of the 
system have also to lx; changed. (Such a change of variables where 
the physical system is not changed will be shown in Section IV, 
Chapter VI.) 

In other words, when the available Z\ or Z 2 (or both) do not contain 
as variables the currents that are interconnected, then Zi or Z 2 (or 
both) are changed first to another z'l or z'2 by Ci or C2 and then only 
are they considered to be interconnected into one system by C. In 
such cases the impedance tensor z', of the resultant system is found by 

z' = C, • [z'l + z '2 + 5.58 

z' = 


C« • [(Cii • Zi • Cl) + (C21 • Z2 • C2) + • • •] • C 5.59 



CHAPTER VI 


EXAMPLES OF INVARIANT TRANSFORMATIONS 

1. TYPES OF TRANSFORMATIONS 

(a) The addition of interconnections between coils is only one of a 
large variety of other changes that may be represented mathematically 
by a transformation tensor C. The idea of transformation involves only 
the replacement of a set of variables {here the currents) by another set of 
variables irrespective of whether this replacement corresponds to a 
physical change in the system or not. Various examples will be 
shown now where the transformation of the currents involves changes 
of various types either in the physical set-up of the system or in the 
selection of the variables. 

The following types of transformations will be shown in this 
chapter: 

1 . Instead of the primitive mesh network, any other w-mesh net¬ 
work of n coils is used as a reference network, to be transformed to a 
given n-mesh, w-coil network. 

2 . A set of currets flowing in the branches of a network is replaced 
by another set of currents flowing in different branches of the same 
network. 

3. A set of currents flowing in the branches of a network is replaced 
by hypothetical currents assumed to flow in the meshes of the nt twork. 

4. A set of mesh currents is replaced by a set of branch currents. 

5. The number of turns of several coils is changed. 

6 . The “ magnetizing currents " are neglected. 

7. The actual currents are replaced by a set of hypothetical “ load ” 
currents and magnetizing ” currents. 

8 . The opening of meshes is considered as a transformation. 

9 . The order of the variables is changed by a transformation. 

10 . The role of the commutator of a d-c. machine is considered as a 
transformation changing the magnetic order of the conductor^ to their 
electrical order. 

Quite a large number of assumptions or labor-saving demces which the 
engineer introduces to organize and solve his problern may be considered 
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as a transformation representable by a transformation tensor C”*. 
Hence a great variety of transformation is possible and those given in 
this chapter are only examples of the simplest type. Many more of 
them will be introduced subsequently. 

(6) These numerous types of transformations, however, have one 
feature in common. All these transformations leave the power input, 
^mi^% (a linear form) invariant. As a consequence, in spite of the use 
of such a variety of transformations, all the actual and hypothetical 
mesh networks have the same equation of performance, namely: 

e = z • i I = z«„j» 

and for any particular set-up the components e and 2 are found from 
those of any reference network by routine transformation formulas. 

Transformations i = C • i' that leave a ** form ** invariant will be 
called invariant transformations^ Later other types of transforma¬ 
tions will also be introduced that do not leave a “ form ” invariant. 

(t) It may be mentioned that these transformations rarely occur 
alone as presented in this chapter. Most engineering problems consist 
of the simultaneous application of several transformations, and often it 
is quite difficult to unscramble the resultant complicated trans¬ 
formation into the successive application of a series of simpler 
transformations. 

The study of the successiive application of several transformations 
will be undertaken in Chapter XL 


n. THE TRANSFORMATION OF AN N-MESH NETWORK 
INTO ANOTHER N-MESH NETWORK 

(a) In order to set up the equation of performance of a network 
quickly and with the least amount of reasoning, the “ primitive network ” 
is used as a reference network. However, for the analysis of an n-coil 
network any other n-coil network may be used as a reference network. 
Quite often the use of some n-coil network with a special structure as 
the starting point leads to a quicker answer than the use of the prim¬ 
itive network. 

It will be shown in Chapter XVI, Section XVII, that both the 
given network and the reference network may have different number 
of meshes and junction-pairs as long as they have the same number of 
coils. However, both networks have to be considered as orthogonal 
networks in order to be able to pass from one to the other and back by 
a transformation tensor C and its inverse C”L 
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(6) Since an w-coil, «-mesh network is also an orthogonal network 
(having zero junction-pairs), let an example be worked out in which the 
given network and the reference network both have n coils and n meshes^ 
but different numbers of sub-networks and different numbers of 
branches with zero impedance. For instance, let the equation of 
voltage e' = z' • i' of the network of Fig. 6.1a be set up if the ecjuatioii 
of voltage e = z • i of the reference network of Fig. 6.2 is already 


(6) Its primitive network 



(fl) Given network 


Fig. 6.1 





Fig. 6.2.—Reference 
Network 


known. The latter has already been calculated in Chapter III, 
Section XIV. 

Since the given network of Fig. 6.1a has five meshes, five arbitrary 
branch currents, i*', i*', and i"' are assumed as variables. 



Fig. 6.3.—Given Network 



Fig. 6.4.—Reference 
Network 


(c) In order to set up the transformation tensor C the first step 
is to write in both networks along each individual coil the currents 
flowing through them as shown in Figs. 6.3 and 6.4. 

The next step is to equate the old and the new currents flowing in 
each coil as follows: 
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This set of equations always can be solved for the old currents as linear 
functions of the new currents as 
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The coefficients of the new currents represent the transformation tensor 
C, changing the network of Fig. 6.3 to the network of Fig. 6.4. It 
should be noted that one of the components in C is 2, an integer also. 

(d) The new components of the impedance tensor z' for the given 
network are found from that of the reference network, given in equa¬ 
tion 4.65, by Ce • z • C as 
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The impressed voltage vector e' is by Ci • e, where e is given in 
equation 4.66, as 


g' 

h' 

k' 


m' 

n' 

1_^ 

eb + ej 

Ca 

1 

1 

1 

- ta-Ce 


6.4 




A CHECK ON THE TRANSFORMATION 145 

m. A CHECK ON THE TRANSFORMATION 

(a) The correctness of the tensors z' and e' of Fig. 6.3 may be 
checked by calculating the components of the same tensors from the 
primitive network given in Fig. 6.16 instead of Fig. 6.2. 

The z and e tensors of the primitive mesh network are 
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The impressed-voltage vector e' is by C'* • e = 
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This vector checks equation 6.4. 

IV. TRANSFORMATION OF BRANCH CURRENTS 

(a) Let it be assumed that, for Fig. 5.4, e', i', and z' have already 
been calculated by considering the four currents f*', i®', and i^' as 

the variables. Fig. 5.4 is reproduced again in Fig. 6.5. 



Let it also be assumed that for some reason the performance of the 
system needs to be expressed in terms of four other currents, say i^\ i*', i*', 
and i*' as variables, shown in Fig. 6.6. Two procedures are available: 

1 . The calculation may be started all over again by removing all 
interconnections, in order to set up again the original primitive net¬ 
work and a new transformation tensor C. 

2 . The already calculated e', z', and i' are replaced by another set 
e", z", i" with the aid of a new transformation matrix C' that sets 
up a relation between i' and i", where 
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(6) Following the second procedure the role of the individual coils 
is replaced by that of the branches in which the old currents flow. The 
steps are as follows: 

1 . The currents in those branches in which the old currents 
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»*', and flow are expressed in terms of the new currents as 
shown in Fig. 6.7. 

i"' 



Fig. 6.7.—^The New Currents in the Individual Coils 


2. Equate the old and the new currents flowing in the four old 
branches as 
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6.10 


The coeflidents of the new currents give the new transformation 
tensor: 

(c) With the knowledge of C' the new components z" of the impe¬ 
dance tensor are found by C'» • z' • C, where z' is given in equation 5.19, 
so that 
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The values of Za'as etc., in terms of Zaa, Xab, etc., may be substituted 
from equation 5.18 to express z" in terms of the individual impedances 
Zoa» * * * • 

The impressed voltage vector is by C'« • e' = 
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In terms of the actual impressed voltages, using equation 5.20 
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The voltage equation e" = z" • i" expresses the performance of 
the network of Fig. 6.6 in terms of and i*' as it was desired. 

It should be noted that in general there are a large (though not 
infinite) number of ways to select the new variables i". 

{d) In assuming new mesh-currents i" by i' = C'-i" it is possible 
to have the voltages e' expressed around the old set of meshes. In that 
case the voltage equation becomes 
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representing the impedance tensor of a network in which the voltages 
are expressed around a different set of meshes than the currents. 
Multiplying matrix 5.19 by 6.10 


f g' h' k' 


Za'V 

Za’a* — Za»ff 

Za*a* " 1 " Za^b' 

1 

1 

1 

Zb>b' 

Za'b* ~~ Zh'c* 

Za»V + 2,h*b> 

—Zb'b* ~ Zb*c' “ Zb*d* 

Zb»c' 

Zq»c* Zc*c* 

Za'c* -I" Zi,»c* 

"^Zb^e* — Zc»c* •“ Zr/d' 

Zb'd' 

Za'd* — Zc'd’ 

Za*d' + Zb>d' 

—Zb^d* Zc>d^ Zd>d* 


It should be noted that z'" has two sets of reference frames, the 
meshes of the currents being different from the meshes of the voltages. 
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V. THE HYPOTHETICAL “ MESH ” CURRENTS 
(a) In all problems so far considered the new currents i' always 
were currents actually flowing in some branch of the network. How¬ 
ever, the idea of “ transformation ’* involves a replacement of a set of 
currents by another set, irrespective of whether either set of currents is 
physically existing or is only some hypothetical set. That is, either the 
old or the new or both stits of currents may be hypothetical currents. 

There are, of course, a large number of ways in which hypothetical 
currents may be introduced in electrical engineering. In fact, most 
of the analysis of engineering problems involves hypothetical currents, 
such as the method of .symmetrical components, the cross-field and 
revolving field theories, traveling waves, and in fact any resolution of 
resultant currents into harmonics (sf)ace or time harmonics). 




Fig. 6.8. —The Six Mesh-currenls as Fig. 6.10. —The Mesh-currents in the 

Variables Individual Coils 



Zaa Zbb Zee Zdcj Zrc Z95, Zhh Zj, Zhu 



Fig. 6.9.—The Primitive Network 


(6) In stationary-network analysis it is customary to assume 
hypothetical “ mesh " currents (or “ Maxwell ” currents) in each closed 
mesh, so that the sum of these hypothetical currents in each branch 
is the actual current flowing in that branch. For instance, in Fig. 6.8 
the actual current flowing through coil Zdd from 1 to 2 is i^' — i®'. 
In Fig. 6.8 out of the six mesh currents three are also actually existing 
branch currents, namely i®', i*', and i^\ but the three other mesh 
currents i^\ and i^' are hypothetical currents, having no actual 
physical existence. 
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The method of attack is of course the same as with actually 
existing currents. The primitive network is shown in Fig. 6.9. Its 
impedance tensor is 



(c) In setting up the transformation tensor the first step is to 
express the actual currents flowing through each coil in terms of the 
new mesh currents as shown in Fig. 6.10. The second step is to 
equate the old and the new currents flowing through each coil, the 
old currents being those flowing in the primitive network. 



6.16 


The coefficients of the new currents form the transformation tensor. 










REPLACING MESH CURRENTS BY BRANCH CURRENTS 151 


(d) The new components of the impedance tensor are by 
C« • z • C = z' = 




Zdd +z„ -X,k\Xaf-XHi+XHkXd,+X,.,-X 
-X,„+Zu +X,^-Zu -Z„+Z,„ 


Xdf—Xhj +A ,ibZ//-fZAfc —Xkk X/g — Zhh ~\-Xh 
4-Xf^k—Zkk —Xhk+Zkk +Xhj—Xjk 


Xdg + AAj -Zjj X/g—Zhh + A/»; Zgg-{-Zhh — Xh 

“^Xhk^Xjk -\-Xhh—X]k —Xhj-\-Zjj 


The impressed voltage vector is by C< • e = 

_ f 

o' *= I ed —tb —eg — ed — ek + ek eg — eh 


The mesh currents are found by i' = z'“i • e'. 


VL REPLACING MESH CURRENTS BY BRANCH CURRENTS 
Just as actual branch currents i may be replaced by hypothetical 


mesh currents i', the inverse step 
may also be made, that is, hypo¬ 
thetical mesh currents may be 
replaced by actual branch cur¬ 
rents. 

Using the mesh currents i' 
of the previous section as start¬ 
ing points, let them be trans¬ 
formed to the branch currents 
i" shown in Fig. 6.11. 

Instead of setting up the re¬ 
lation i' = C' • i", it will be found 
easier to set up first the inverse 
relation i" = • i'. Then 

either the equations are solved 
for the actual currents, or the 
inverse of C'”"^ is found. (If the 



1 z m- 

Fig. 6.11.—Changing Mesh Currents 
to Branch Currents 


matrix of C involves many zeros it 
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is easier to find its inverse by solving a set of linear equations than 
by following the standard procedure.) 

That is, the relation between the new (actual) currents i" and the 
old (mesh) currents are: 

a' b' c' d' f g' 


i*" = - 

= iff _ if 
i^' = if — if 


C /-1 


h'- 

j" 

k' 

r 

n'^ 


-1 







-1 







-1 




~1 



1 




-1 



1 




-1 



1 


6.19 


Solving the equations for the old currents 

= - if* 


= - if* 
if = - if* 


— 


- if 


6.20 


if 


if* J^if = if* - if* 


+ i'" 


if* = i^** -f if == im- _ ij>'^ 
if s if* + if = if* — if*=i 

Hence the transformation tensor is 

h" y* k 

b' 
c' 
d' 
f* 
g' 


- p* 


-f“ i”^ 


- if 


+ if 


1" m 




C' = 


-1 







-1 







-1 




-1 



1 




-1 



1 




-1 



1 
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The new impedance tensor is found by z" = C'^ • z' • C' and the 
new impressed voltage vector by e" = C't • e'. 


VII. EQUIVALENCE OF BRANCH AND MESH CURRENTS 

(a) Consider again the netwwk of Fig. 6.7 as reproduced in 
Fig. 6.12, in which the variables are the four actual branch currents 
i^, i', i*, and f*. The actual currents in the other branches are expressed 
in terms of these four currents in some arbitrary order. 

(b) If each of the four currents, i^, i*, and i* is traced out in the 
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various branches, it is found that each of them forms a closed circuit. 
For instance, i* can be traced through the coils Zj,, Zj, and Zn so 
that it may be assumed that flows through this mesh. 

That is, a branch current may be assumed as a mesh current that has 
an actual existence in that particular branch. However, a mesh current 
may not necessarily exist as an independent branch current, as in 
Fig. 6.11 shows. 

Comparing Figs. 6.12 and 6.13 it is found that the closed meshes 
in which the voltages are added up by Ct • e are identical with the 


I" 



Fig. 6.12.—Currents Flowing in Branches Closed Meshes 


closed meshes in which the branch currents have been assumed to 
flow in setting up Fig. 6.12. 

Hence from a mathematical point of view the components of i' and e' 
{found after the coils are interconnected) may be looked upon also as 
representing currents and voltages existing in closed meshes, hence the 
fixed indices f, g,h,k may be considered as representing the closed meshes. 
In particular, e^ represents the sum of the impressed voltages in mesh f 
and i^ represents the hypothetical current flowing in mesh f. The 
closed meshes themselves may be either actual (to be traceable on the 
network diagram along the coils) or fictitious (not traceable through 
actual conductors). 

(c) Just as the hypothetical mesh current i' may be replaced by 
an actually existing branch current, similarly the hypothetical mesh 
voltage e' (rep)resenting the sum of the actually impressed voltages 
around a mesh) may be replaced by a single voltage actually existing 
in a branch, in particular in that branch in which the mesh current 
has an actual existence as shown in Fig. 6.14. Hence a mesh current 
and voltage may also be physically represented as a branch current and 
voltage. Mathematically both physical repressentations have the same 
form and the fixed indices /, g, h, k may be considered to represent 
either closed meshes or branches. 
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In most practical problems the branch currents have to be selected 

according to the need of that par¬ 
ticular problem, while the closed 
meshes are assumed purely acci¬ 
dentally in expressing the currents 
flowing through the various coils in 
terms of the needed branch cur¬ 
rents, as in Fig. 6.13. Hence it is 
possible to select either the n branches 
or the n closed meshes arbitrarily \ 
then the selection of the others 



Fig. 6.14.—Branch Currents and 
Branch Voltages 


becomes restricted, although some freedom is still available in their 
choice because of the step from branches to coils. 


Vm. CHANGING THE NUMBER OF TURNS 

(a) Another example of an invariant transformation is the step of 
changing the number of turns of coils. 

In network and rotating machine problems the reactances of the 
individual coils or windings are usually calculated by assuming each 
coil to have the same number of turns. In the actual interconnected 
network the available copper space is utilized by winding the coils 
with different numbers of turns, thereby changing the calculated self- 
and mutual inductances of the individual coils. 

The change of the reactances due to the change in the number of 
turns can be taken care of in two different manners: 

1. The primitive network itself is assumed to contain coils with 
different numbers of turns, and its components Xaa, Xah, etc., are cal¬ 
culated with the coils having different numbers of turns. 

2. The coils of the primitive network are assumed to contain 
identical numbers of turns (usually one), and the components of z 
are thus calculated. Then a transformation tensor is set up showing 
how the number of turns of the individual coils had changed. 

(b) That is, let the impedance tensor of the primitive mesh net- 

Q Q 3 cZ^] 

(a) The primitive network 

i*' 1^' ^ 

czzi Q 3 3 

(6) The actual network 

I ' ■ ' i ■ I Fig. 6.15.—Changing the Number of Turns 

where each coil has the same number of turns. 


work 01 rig. 6.15 be 

ft b c 


Zaa 

Xab 

Xa. 

Xad 

Xa 

Zbb 

Xu 

Xu 

Xac 

Xu 

Zee 

Xu 

x^ 

Xu 

Xu 

Zdd 


6.22 
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Let now the number of turns of the coils be changed. In particular 
if the number of turns of coils a and c is unity, then that of coil b is 
and that of coil d is wj. The changing of the number of turns in a 
particular cross-section of copper from one to n is equivalent to replacing 
the original current flowing through the whole cross-section by 1 nth of 
its value, by i^' = i^/n flowing throughihe smaller cross-section, Fig. 6.16. 
That is, the old currents are the currents flowing through the larger 
cross-section and the new ones are those flowing through the smaller 
cross-section. 

Just as the introduction of short conductors to interconnect coils 
does not contribute any additional resistance or inductance to the 
system, leaving thereby the power input e • i invariant, similarly the 
introduction of thin insulation to separate strands of copper does not 
introduce any additional reluctance to the system 
and hence it is a transformation that leaves the 
power input e • i invariant. 

(c) The relation between the currents flowing 
through the larger cross-sections and those 
through the smaller cross-section can be set up by 
expressing the currents flowing in each coil in 
terms of the new currents (Fig. 6.16) and equating 
the old and the new currents (through the same cross-section) in each 
coil as 



{a) 1 turn Qti) Uh turn 

Fig. 6.16.--The 
Introduction of 
Insulation 






= = 


nhi^' 


r = 


= 






C 



a' 

b' 

c' 

d' 

a 

1 




b 





c 



1 


d 
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The coefficients of the new variables give the transformation matrix C. 

The transformation matrix contains only diagonal components, 
each representing the number of turns of a particular coil (or the num¬ 
ber of turns of the coils in terms of those of some particular coil). 
It should be expressly noted that the components of C may now be fractions^ 
not only integers. 

(d) The impedance 
tensor of the net¬ 
work containing coils 
with various turns is 
Ci • z • C — 



a' 


c' 

d' 

a' 

Zaa 

UbXfjt 

Xae 


h' 

tlbXab 

nh^Ztb 

ntXbe 

niitdXhd 

"c' 

Xac 

ribXhc 

Zee 

ttdXcd 

d' 


tibndXbd 

ndXed 

Hd^Xdd 


6.24 
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The impressed voltage vector is by C< • e = 



a' 

b' 

c' 

d' 

e' = 

bJ 

fibet 

ec 

ndCd 


This present transformation of changing the number of turns 
rarely occurs alone; usually the coils are also interconnected at the 
same time. 

IX. NEGLECTING THE “MAGNETIZING CURRENTS” AS CONSTRAINTS 

(a) In a multiwinding transformer several coils are wound around 
the same iron core as shown in Fig. 6.17. The larger number of flux 

lines, the so-called ''core fluxes'' go around 
the core linking all the coils, while the re¬ 
maining flux lines, the so-called " leakage 
fluxes'' also travel in the air gap between 
the coils. 

The magnetomotive force M, producing 
the core flux, is due to all the currents that 
are linked by the core flux; that is, in a 
multi-winding transformer with four coils 
the m.m.f. producing the core flux is 

M = nii^ + 

The leakage fluxes are produced by m.m.f.’s due to single and several 
currents. The value of these m.m.f.’s is of no further interest now. 

It is customary to assume that the “ core flux " linking all the 
coils is caused by a so-called hypothetical “ magnetizing current " 
flowing in one of coils, while the remaining “ leakage fluxes " are pro¬ 
duced by the remaining currents, the “ load currents," That is, the 
artificial division of flux lines into " core flux ” (path in iron) and 
‘‘ leakage flux (path in air) leads also to the artificial division of the 
currents into “ magnetizing current ’’ and ** load current **. 

{h) Since in a transformer the reluctance of the core-flux path is 
small, the m.m.f, producing the core flux may be assumed to be zero, or, 
in engineering parlance, the '' magnetizing current " may be neglected. 
This assumption is equivalent to the equation: 

mP + n2.P + n^P + ^ ^*26 

that is, the sum of m.m.f's around the magnetic circuit is zero. 

This last equation sets up a relation between the currents of a 
multiwinding transformer, hence it is an “ equation of constraint" 



Fig. 6.17.—Fluxes in Multi¬ 
winding Transformers 
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(Section XV, Chapter IV). In the previous case, constraints on the 
currents were set up by controlling the electric circuit (by opening it); 
here, constraints on the currents are set up by controlling the magnetic 
circuit. 

When a network contains several closed magnetic circuits in which 
the m.m.f.’s producing the core fluxes may be neglected, for each 
magnetic circuit a separate equation of constraint ” may be set up, 
making the sum of the m.m.f.’s acting around each magneti<' circuit 
equal to zero. 


X. CONSTRAINTS AS TRANSFORMATIONS 

(а) In the previous occasion (Section XV, Chapter IV) equations 
of constraint were introduced by opening up some of the circuits. 
They were taken care of in two different ways: 

1. The equations were substituted into the eilready established 
relation i = C • i' in order to reduce the number of new variables and 
thereby the old C was changed to a new C' having less columns than 
rows. The number of variables eliminated was the same as the 
number of the equations of constraint. 

2. The already established old C was discarded, and another, singu¬ 
lar C was established all over again by assuming smaller number of 
new variables. This is the general method used in all networks. 

(б) In the present case a third method of taking care of the equa¬ 
tion of constraint will be used, since the second method is quite 
cumbersome with the present type of constraint. A separate trans^ 
formation tensor C will be set up so that the relation i = C • i' will be 
equivalent to the equations of constraint themselves. That is, the introduc¬ 
tion of constraint will be considered as a separate transformation. 

In any general problem before the introduction of co^^straint 
there are n variables. The effect of the introduction of k equations 
of constraint is to introduce by the use of a transformation tensor C 
n ^ k new variables in place of the n old variables. 

(c) The steps in setting up a transformation tensor when the set of 
k equations of constraint is given are the following: 

1. Express any k of the variables in the equations of constraint as 
functions of the remaining w — & variables. 

2. Leave the remaining n — fe variables unchanged. 

The above set of n equations represents the relation between the 
“ old ” and the ** new ” variables {the “ new " variables are simply the 
old" variables reduced in number), hence the transformation tensor is 
found by taking the coefficients of the new currents as usual. 
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{d) As an example let the last equation of constraint be given in 
the form 

nii^ + n2i^ + wsi® + = 0 6.27 

stating that in the four-winding transformer the resultant m.m.f. is 
zero. Expressing, say, in terms of the other three (in order to elimi¬ 
nate 

tl = _ ^ V 2 _ ^ *-3 _ ^ 2 a 


and leaving the remaining three unchanged 


the resulting four equations change the original/owr currents 
and into three currents P, and i?. To avoid any possible confu¬ 
sion the three currents on the right-hand side may be primed, so that 
the set of equations i = C • i' (representing the equations of constraint) 
are 

r y y 



Hence the role of the equation of constraint (6.27) has been 
replaced by the transformation tensor (6.30). 


XL MULTIWINDING TRANSFORMERS 
Let the impedance tensor of the four-winding transformer be 

12 3 4 

1 Zn Xi2 Xu Xu 

2 Xu Zu Xu X24 

* " 3 Xu 

4 Xu Xu Xu Zu 

each impedance being calculated with its actual number of turns. 


12 3 4 


Zi\ 

Xu 

Xu 

Xu 

Xu 

Zu 

Xu 

Xu 

Xu 

Xu 

Zu 

Xu 

Xu 

Xu 

Xu 

Zu 
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Its magnetizing current is neglected by transforming z with the 
aid of C (equation 6.30), giving Ci • z • C = 


r 3 ' 4 ' 



-^23 ~ — A 13 
«1 

y ^2 y 

-^24 ~ ::r Xu 
n\ 

«4 y . «2 n\ 

ni 

ni ni »i 

Zm-2^Xi3 

W4 y , W3 «4 7 

ttl m til 

Xu-^^Xu 

«1 «1 ttl 

Xu — Xu 

«4 y , ^3 «1 „ 

— 77 ^13 + - '-11 

fti n\ n\ 

Z44 - 2 Xu 


Hence the effect of neglecting the magnetizing current of a multiwind- 
ing transformer is to reduce the number of rows and columns of its impe¬ 
dance tensor by one by a singular transformation tensor C, that is 
the four windings are replaced by three other {hypothetical) windings. 

The impressed voltage vector e', after neglecting the magnetizing 
current, is C( • e = 

2 ' 3 ' 4 ' 


n 2 

es - 

Tli 

” IT 

fti 

ei-^ei 

til 


ni 

ttl 


That is, the difference of potential between two windings (reduced to one- 
to-one ratio) is taken. One of the two windings is the one whose 
current has been eliminated. 

The load currents i' in windings 2, 3, and 4 are found by z'“i • e'. 
The currents in the original coils are found in terms of i' by i = C • i' 
and the voltages induced in each coil by e = z • C • i'. 

A detailed analysis of multiwinding transformer circuits is given 
in Chapter X. 

xn. MAGNETIZING AND LOAD CURRENTS 

(a) Instead of assuming that the hypothetical magnetizing cur¬ 
rent i"* producing the core flux is zero, it may be assumed that it 
actually exists in one of the coils, say the one connected to the line. 

In that case this coil is considered as a return circuit for the other 
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“ load currents producing the flux lines in the air. That is in a 
four-winding transformer the “ equation of m.m.f.” is 

n\i^ + = nii^ = M , 6.34 


where i”* is assumed to flow in coil 1. Hence is replaced by the 
following relation 


”-%-2 


W4 

m 

m 

ni 


6.35 


while the other “ load currents remain unchanged 


ir:3 = V3 




5.36 


These four equations may be considered to transform the original 
four variables and to four other variables and 

Hence the set of equations of transformations i == C • i' are 


i'l 


sss 


= 


m 2' 3' 4' 


^ j2' _ j3' 1*. jt' ^ 

1 



_ fti 

wi «i m 


ni 


ni 

*2' 2 

0 

1 

0 

0 

C = 





*3' 3 

0 

0 

1 

0 

i*’ 4 

0 

0 

0 

1 


The coefficients of the new currents form the non-singular (square) 
transformation tensor C. 

(b) This transformation changes not only the currents flowing in 
the coils but also the physical set-up of the network by introducing 
fictitious connections between the coil of i”^ and the other coils. The 
fictitious meshes may be established by finding the new voltage 
vector e' == C< • e = 


m 

2' 

3' 

4' 

n 

«2 

n% 

flA 


«2 — ■ 

1 

1 

e\ — ei 

LU 

til 

til 

ni 


showing that each load circuit is connected in series opposing with the 
magnetizing current. 
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(c) It should be noted that the singular C used to neglect the magnet¬ 
izing current is a part of a non-singular C. It is found from the latter 
by leaving out the columns corresponding to the magnetizing currents. 

In general, whenever a singular C is set up to represent a set of 
equations of constraint, it is always possible to construct a non-singular 
{square) C by introducing additional new variables (in the present case i^) 
of which the singular C forms a part. 


XIII. TWO-WINDING TRANSFORMER 


(a) Let the {jerformance of a two-winding transformer be expressed 
in terms of its “ magnetizing ” and “ load current in place of its 
primary and “ secondary ** current. The original components of 
the impedance tensor z and the new transformation tensor C are 
respectively 

m r 


1 2 


Zn 

Xu 

Xii 

Zt2 


6.39 



6.40 


The product C« • z • C gives the new components of the impedance 
tensor 

m r 



6.41 


The admittance tensor is 
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(6) If no impressed voltage exists on the secondary, then 62 = 0 and 


1 


ei 

[- Xit/D]ei 


6.44 


giving the “ magnetizing ** and “ load ” currents. 

(c) The currents in the two windings in terms of i' are found by 
i = C • i'. 

1 2 


i = 







That is, the primary current is the sum of the magnetizing current i”* 
and the load current 

The voltages induced in the two coils are found by z • C • i' as 


1 


2 


Ziii” + (Xii 


+ (^22 — ^ ^12 

\ Wl > 



XIV. THE OPENING OF CIRCUITS AS TRANSFORMATIONS 

(a) As another example to show that a set of equations of constraint 
may be replaced by a singular transformation matrix C let some of the 
meshes of a network (whose equation e = z • i has already been 
established) be opened up, without, however, removing any of the coils. 


For instance, let the network of 



Fig. 6.18 be considered having six 
meshes with the six variables 
i®, is i**, P, and i«. Its im¬ 
pedance tensor is given in equa¬ 
tion 6.17. 

(6) Now let the branches be 
opened, in which the following 
currents flow, i* — i®, and 
V — as shown in Fig. 6.18. 
These openings are equivalent 
to the following equations of 
constraint 

=» 0 

ii 6.47 

i/ - = 0 


Fig. 6.18.—^The Opening of Branches 




THE OPENING OF CIRCUITS AS TRANSFORMATIONS 163 


The effect of these constraints is to reduce the number of variables 
by three, namely from six to three. Selecting arbitrarily as the 
remaining variables i®, i®, and as shown in Fig. 6.19, the following 

relation i = C • i' between the old 
and the new variables is equivalent 
to the equations of constraint 

i® = i®' a 

= 0 b 

i® = i®' c 

C 

d 

= 0 f 

u 

Fig. 6.19.—^The New Variables ® 

(c) Hence the impedance tensor of the reduced network of Fig. 6.19 
is found from equation 6.17 by C* • z • C = 

a' 

z' - c' 
d' 


a' c' d' 


^ao ”f" 2 A'ad 

0 

1 

1 

0 

Zee +Zjj —2Xhi 

XHi-XKk+Xik-Zii 

1 

1 

Xki-XM+Xit-Z,i 

Zdd'\~Zjj •— 




The same result could have been found, of course, for Fig. 6.19 


by starting with the primitive 
network instead of with Fig. 
6.18 and by setting up a new C 
containing the same three new 
variables. 

(d) Instead of putting an 
actually existing current flowing 
in a branch equal to zero, it is 
possible to equate a hypothetical 
mesh current to zero such as P 
in Fig. 6.18. This is equivalent 
of removing the mesh / by open¬ 
ing it at some junctions, as 
shown in Fig. 6.20. 

(a) When the equations of 
= 0. i^ = 0. = 0 (Fig. 6.21), 



Fig. 6.20.—^Thc Opening of a Mesh 

constraint have the simple form, 
then the operations Ci • z • C consist 
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of simply removing the rows and columns of b, d, f from the tensor 6.17. 
The transformation tensor C is 



Fig. 6.21.—The Opening of Branches 
and Meshes 
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The impedance tensor z' of 
the network of F'ig. 6.21 is found 
by inspection from the tensor 
6.17, representing Ct • z • C as 


a' c' g' 


Zaa "h Zdd “h 2JCad 

Xa, 

-X4, 


Zrc + z„ + 2X,, 

- Xr, - Z„ 

-Xj, 

- Xc, - Z„ 

Zgg “f" Zhh “f* Zjj 2Xhi 


6.51 


(/) The voltages in the individual coils cannot be found 6y e = z • C • i', 
since z is not the primitive network. This formula gives the voltages 
induced around a mesh (whether a mesh is open or closed), since the 
original equations that are transformed by C represent mesh equations 
of the network of Fig. 6.18. If the voltages induced in the individual 
open-circuited coils are desired, then the starting z should represent 
the impedance tensor of the primitive network. 

XV. PERMUTATIONS AS TRANSFORMATIONS 

(o) The transformations considered up to this point represent 
either a rearrangement of the physical system or the selection of dif¬ 
ferent variables. In many cases the transformation consists of simply 
changing the order in which the variables appear. Such a change in the 
order of the variables is called a ** permutation," For instance, in 
several three-phase systems sometimes it is desired to place side by 
side those axes of each system that belong to the first, second, and third 
phase respectively. Or when the coils of a d-c. winding are connected 
to a commutator the effect of the commutator is to change the order in 
which the voltages generated in the individual coils are added up into the 
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terminal voltage at any one instant. Or the order in which a switch 
turns on a series of lamps represents a permutation, and so on. Such 
examples of permutation that occur in engineering work can be con¬ 
tinued indefinitely. 

(6) As a simple example let e, i, and z of some system be calcu¬ 
lated as 
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(c) Now let the order of the axes change from g, i, a, j, k, b, h, 
c, d, f to g, j, h, f, a, b, d, i, k, c. That is, let every fourth axis be the 
neighboring axis. Such a change in order is equivalent to the 
transformation 
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That is, the currents themselves remain the same; only the order 
in which their axes appear on top of the transformation tensor changes 
as shown. It should be noted that all components of the transforma¬ 
tion tensor C of a permutation are zero except one in each row and in 
each column. 

The new components of the voltage vector are by C* • e == e' = 
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The permutation C on z may be performed more quickly by first 
interchanging the columns of z, (giving z • C), then interchanging the 
rows of z • C, giving C/ • z • C. The steps C< • z • C are shown only 
to serve as introduction to more complicated permutations. 


XVI. CLOSED WINDINGS AS PERMUTATIONS 


(a) More complicated examples of permutations are the closed 
d-c. armature windings, in which the conductors are cut by the field- 
pole flux in a different order from that in which the currents flow 
through them. 

As a simple example consider sixteen conductors placed in sixteen 
slots as shown in Fig. 6.22. 



Fig. 6.22. —Magnetic Order in a Fig. 6.23. —Electrical Order in a Closed 

Closed Winding Winding 


The numbering of the conductors shows the order in which they 
cut an outside flux as they rotate. 

(6) Now let the sixteen conductors be connected into a continuous 
closed winding by interconnecting, say, every fourth conductor in oppos¬ 
ing series in the order, 1, —4, 7, —10, 13, —16, etc., until all con¬ 
ductors are covered, as shown in Fig. 6.23. 

Because of this interconnection a current starting in conductor 1 
will flow next through conductor —4 (in opposite direction through 4) 
then through 7, and so on. That is, the effect of this type of continuous 
interconnection is to change the order of the conductors as far as the 
currents are concerned. The new numbering of the conductors is 
shown in Fig. 6.23. 

That is, the numbering of Fig. 6.22 shows the order in which 
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an outside flux cuts the conductors as they rotate and the numbering of 
Fig. 6.23 shows the order in which a current flows through the con¬ 
ductors. 

(c) This change in the order of the conductors as viewed from a 
flux or from a current may be expressed as a transformation i = C • i' 
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This transformation tensor changes the electrical order of the conduc¬ 
tors (primed numbers) to their magnetic order. It is easily established 
as follows: starting in the upper left-hand corner, the numbers 1 and — 1 
are placed in a corresponding row in the same order as the conductors are 
interconnected (1, —4, 7, —10, 13, —16, etc,), each time shifting the 
column by one to the right. 

It should be noted that in each row and in each column only one 
non-zero component exists. Also just as the winding goes three times 
around the circumference of the armature before it closes, similarly the 
numbers zt 1 cover the matrix three times in slant lines before they 
cover all columns. 















CONTINUOUS D-C. WINDINGS 


169 


XVII. CONTINUOUS D-C. WINDINGS 

(a) As a more complex example of a d-c. winding, let the sixteen 
slots contain thii cy-two conductors, two in a slot, one above the other, 
as shown in Fig. 6.24, where the end view of the conductors is shown. 


4 * 



Fig. 6.24.—Magnetic Order Fig. 6.25.-*-Electrical Order 


From the point of view of an outside there are still sixteen con¬ 
ductors, since a top and a bottom conductor of a slot are cut by the 
same flux at the same instant. 

(d) Let the thirty-two conductors be interconnected as follows: 
top of 1, bottom of —3; top of 6, bottom of —8, and so on as shown 
in Fig. 6.25. Considering two neighlx)ring interconnected conductors 
as forming a coil (say top of 1 and bottom of — v^), the conductors are 
connected into coils and the coils into a winding in the following 
manner: 

1. The two conductors of a coil cover two slots, that is, the coil 
pitch ” is 1 — 3. 

2. Kvery sixth coil is connected in series, that is, the commutator 
pitch ” is I — 6. 

Viewed from the flux a top and a bottom conductor form the 
smallest magnetic unit (altogether sixteen units), and viewed from the 
current the two conductors of a coil form the smallest electric unit 
(altogether sixteen units). 

(c) Hence the transformation tensor, changing the magnetic order 
to the electrical order, contains sixteen rows and columns, as: 
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It is easily established by starting in the upper left-hand corner; the 
numbers 1 and — 1 are placed into a corresponding row in the same order 
as the conductors are interconnected (1, —3, 6, —8, 11, —13, etc.), 
shifting, however, the columns to the right only for a +1. In each column 
a +1 and a —1 exist representing the two conductors cut by the 
same flux (the magnetic units). That is, now in each row and column 
two non-zero components exist. 

The use of this transformation tensor C in d-c. winding calcula¬ 
tions is shown in Chapter XI, Section XV. In d-c. windings C occurs 
of course with still more complex form. 

(d) The left-hand side of C represents the actual spatial order of 
the coils as they lie in the slots. C may be looked upon as transforming 
discrete points of the actual space into a hypothetical space in which 
these discrete points are arranged in a different order, corresponding to 
the order in which electric charges flow through them. 

It is possible to leave empty rows in C to represent the teeth on the 
armature along which no conductors lie, as shown in Fig. 6.26 for a lap 
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winding with 70 coils. Now the left-hand side represents still more 
accurately the spatial order and position of the conductors in the slots 
with respect to the field poles as shown on the left-hand side of Fig. 
6.26. 

(e) It is of interest to point out in passing that, if brushes are put 
on top of C covering several commutator bars, they short-circuit the 



Fig. 6.26.—Transformation Matrix C of a Lap-winding with 70 Coils, showing from 
instant to instant the coils short-circuited by the brushes and their instantaneous 

positions along the poles 


coils represented by -1-1 and — 1 lying directly under them. The 
actual space position of the short-circuited coils with respect to the 
poles is shown on the left-hand side. 

The rotation of the armature may be represented by moving the 
brushes to the left and the field poles upward simultaneously. As the 
brushes move, each time they make or break a contact with a column 
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they short-circuit or open-circuit a coil. Hence it is possible to visualize 
on the transformation tensor the coils as they are short-circuited by the 
moving brushes at each instant and their instantaneous position with 
respect to the field poles, as shown on Fig. 6.26 for one particular instant. 

The subject of commutation is not undertake!, in these pages. 


xvm. PHYSICAL INTERPRETAilON OF THE 
TRANSFORMATION TENSOR 

(а) When the transformation consists of changing physicalh one 
network into another network by interconnections, the components of the 
transformation tensor C (containing only integers) completely determine 
the physical set-up of the change. That is, the transformation tensor 
represents a mathematical photograph of the diagram of connection. 
In particular: 

1. The columns of C enumerate the old meshes, whose coils build 
up the new meshes. 

2. The rows of C enumerate the new meshes whose coils build up 
the old meshes. 

It is interesting that some meshes may be enumerated several times 
(see equation 6.2). 

(б) When the ‘‘ old ** network is the “ primitive " network and each 
old mesh is an individual coil, then and only then, 

1. The columns of C enumerate the coils that build up the new meshes. 

2. The rows of C enumerate the new meshes to which each coil 
belongs. 

These relations serve as powerful aids in determining the mesh net¬ 
work if its transformation tensor is known. In problems of network 
synthesis the transformation tensor C is known, giving a network 
having a desired performance characteristic, and the problem is to find 
such a network. 

(c) The components of C completely determine also the electro¬ 
magnetic relations between the two networks. In particular; 

1. The columns of C enumerate the old meshes whose voltages c 
add up to form the new mesh voltages e'. 

2. The rows of C enumerate the new meshes whose currents i' add 
up to form the old mesh currents i. 

(d) When the old network is the primitive network, then 

1. The columns of C enumerate the coils whose voltages e add up 
to form the mesh voltages e'. 

2. The rows of C enumerate the mesh currents i' that add up to 
form the coil currents i. 
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(e) The study of such transformation tensors C containing only 
integers is undertaken in a branch of geometry called “ topology.” 

When the transformation consists of other types of changes and the 
components of C may be fractions also, then other interpretation has 
to be assigned to the components of C. In general, each group of 
transformaiion tensors has a different physical interpretation. 



CHAPTER VII 


COVARIANT AND CONTRAVARIANT INDICES 
I. UPPER AND LOWER INDICES 

(o) In equations 4.32 and 4.33 the following transformation 
formulae were introduced for the current and voltage vectors: 

i' = C-‘-i = C't" 6.1 

e' = Cj*e = C^<«a 6.2 

It should be noted that in changing the old components of the 
voltage vector to the new components e„’, the transformation tensor 
is (in index notation C and C« are both represented by C^>). On 
the other hand, in changing the old components of the current vector 
*“ to the new components the transformation tensor is C^, that is, 
the inverse of C%. In other w'ords, in changing over to a new reference 
frame (or system) the current vector does not behave the same way as the 
voltage vector. For instance, in connecting two coils in series, the 
currents through the two coils remain identical, while the voltages are 
added, on the other hand, connecting the two coils in shunt the cur¬ 
rents are added and the voltages are identical. 

(b) To represent this difference in the behavior of the voltage and 
current vectors during a transformation, in index notation the voltage 
vector always has a lower index, as while the current vector always has 
an upper index, as i“. (In direct notation the distinction between 
the two types of vectors is not made.) 

The lower indices are called " covariant ’* indices and the upper ones 
" contravariant ” indices. Accordingly is called a " covariant vector ” 
and ♦“ a “ contravariant vector." By convention the variable represent¬ 
ing a velocity, in this case «*, always has an upper index. 

It is emphasized that the voltage vector is not an " inverse ” of the 
current vector. The voltage vector behaves in an inverse manner to the 
current vector only when a new reference frame is introduced. When 
an equation refers to only one particular reference frame, the distinc¬ 
tion between the current and the voltdge vectors disappears. 

(c) Just as vectors have lower or upper indices, similarly the indices 
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of other geometric objects also are lower or upper. In particular, 
since a geometric object is multiplied by C“/ or by its inverse C"' as many 
times as it has indices, each index that is multiplied by the transforma¬ 
tion tensor C = C“' (or by Ct) is written as a lower (covariant) index, 
while an index that is multiplied by its inverse = C“' (or by 
is written as an upper (contravariant) index in order to balance the 
indices. 

For instance, since the transformation formula of z is 

z' = C, • z • C I Za.fi, = Za»Cl-C% 7.3 

both indices of Zafi are lower (covariant) indices. With this arrange¬ 
ment one of the dummy indices is an upper, the other is a lower index. 

{d) To find the transformation formula of y = consider the 
current equation 

i = y • e I 7.4 

Replacing i and e by their value along the new reference frame 

c-r -y(Cr‘-eO I 

Multiplying both sides by C on the left 

r = • y • C, 1 • e' I i-' = 

Since along the new reference frame the current equation 6.4 has 
the same form as it has along the old reference frame, namely 

i' = y'. e' I i-' = 7.5 


it follows that the transformation formula of y is 


y' = C->*yC,-* 


y'?' = yoOCS'Cg’ 


7.6 


Hence is written with two upper (contravariant) indices showing 
that in its transformation formula the inverse of C = C“', namely 
Ca, occurs twice. 


n. GEOMETRIC OBJECTS 

(a) All equations of tensor analysis are so formulated that they 
should be valid for an infinite number of reference frames or systems. 
Consequently, there is a constant need to find the components of 
geometric objects in various reference frames with the aid of their 
transformation formulas. 

Hence luith every geometric object used in tensor analysis a permanent 
"formula of transformation" is associated, which remains unchanged 
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throughout the whole analysis. The possession of a permanent ‘‘ formula 
of transformation” differentiates the components of a ”geometric object” 
from an ”n-dimensional matrix” and endows the object with an existence 
as a separate mathematical and physical entity, 

(ft) In tensor analysis every separate symbol {or ” base ” letter) 
is a ” geometric object ” that is an ” n-dimensional matrix” plus a 
” transformation tensor ” plus a '"formula of transformation,” On the 
other hand, matrix analysis deals with n-dimensional matrices that 
have no formula of transformation permanently attached to them. 
In other words, matrix analysis deals %vith n-matrices that are valid for 
one particular reference frame or one particular system only. Any trans¬ 
formation that may be used in matrix algebra is incidental, and usually 
no “ form ” remains invariant under the transformation. On the 
other hand, tensor analysis is the study of only such equations and their 
properties that remain invariant under some group of transformation 
matrices C. Hence tensor analysis and the study of ” invariant 
transformations ** are synonymous. 

{c) When incidentally in tensor analysis matrices of various dimen¬ 
sions occur that have no formulas of transformation associated with 
them, their indices will be enclosed in parentheses as A {a) or A{an$), 
indicating that the indices have no covariant or contravariant significance, 
and that the components of the w-matrix are arranged in a row, or in 
a square, etc. 

Hence so far the following types of indices have been introduced: 

1. Fixed and variable (^a, fa). 

2. Free and dummy {Aafd^)^ 

3. Open and closed {Aa 0 , ^(ax^)). 

4. Upper and lower (i®, ea). 

{d) Summarizing the new concepts, in these pages so far three 
different types of numbers have been introduced: 

1. Sets = a set of numbers arranged in some order, in a row, or a 
square, or a cube, etc. 

2. n~Way matrices = sets plus rules of manipulations. Studied in 
matrix algebra, etc. 

3. Geometric objects = n-way matrices plus a group of transforma¬ 
tions plus formulas of transformation. Studied in tensor analysis. 

n-Matrices have nothing whatever to do with transformations ; on the 
other hand, geometric objects are created by means of formulas of trans¬ 
formations permanently attached to them. If the transformation formula 
is removed from a geometric object, its unity disappears and it disinte- 
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grates into its component parts, that is, into an infinite number of 
n-way matrices. 

Expressed in another way, the existence of a group of transforma¬ 
tion matrices C shows that an available series of n-matrices (say the 
calculated impedance matrices of a large number of networks each 
containing the same n coils) are not independent of each other, but 
represent different cross-sections of one and the same physical entity, 
** the impedance tensor Za/j.” The interrelation of the various matrices 
is shown by the fact that it is possible to derive any one from any 
other one with the aid of a by the transformation formula of Za/j. 
If the group of transformation matrices showing the manner of 
connection of the coils of the various networks is not available, then Ihe 
various impedance matrices are independent of one another and do not 
form part of one single object. 

It is again emphasized that it is not necessary to represent the 
components of a geometric object along some particular reference 
frame in the form of an «-way matrix. The components may be 
arranged in any arbitrary manner since the indices take care of their 
correct manipulation anyway. The arrangement of the components 
of a geometric object of valence n into an w-dimensional matrix was 
found to be convenient in routine calculations since many manipula¬ 
tions with the components of a geometric object and with an w-way 
matrix happxjn to be identical. 

(e) The distinction between a geometric object and an n-matrix 
is of the same nature as the distinction between a 2-matrix and a 
determinant. Now both a 2-matrix and a determinant appear the same 
as far as the eye is concerned, still they are different types of concepts. 
The determinant is of a more restricted type, since a 2-matrix has a 
determinant but a determinant does not have a matrix. The 2-matrix 
consists of entities, but the determinant is one entity. 

Similarly a geometric object of valence n and an n-matrix appear the 
same as far as the eye is concerned, but yet they are different types of 
concepts. The n-matrix is of a more restricted type since a geometric 
object has an n-matrix (a different one along each reference frame) but an 
n-matrix does not have a geometric object. The fixed indices do not 
belong to the w-matrix, but they do belong to the geometric object. 
The geometric object is one entity; the n-matrix consists of fe" entities. 

That is, a determinant, a 2-matrix, and a geometric object of 
valence two appear the same to the eye, all three consisting of a set of 
numbers arranged in a rectangle, but still intrinsically they are three 
different types of concepts, like a rough sketch of a status, the photo¬ 
graph of the statue, and the marble statue itself. The single entity, 
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the statue, has a large number of photographs, each taken from a 
different view. 

Generally speaking, the distinction between a geometric object and an 
n-matrix is of the same nature as that between an n-matrix and one of its 
components. An n-matrix is only a component of a geometric object. 
Of course, w-matrices may exist apart from geometric objects. 

if) It cannot be sufficiently emphasized that n-matrices do play an 
important part in the manipulation and solution of the equations of tensor 
analysis just as determinants do, and the greater command the engineer 
has of the theory of matrices and the theory of determinants the 
better equipped he is to profit by the concepts and methods of tensor 
analysis. 

m. INTERMEDIARY GEOMETRIC OBJECTS 

(a) A geometric object may contain indices that belong to two (or 
more) different reference frames such as They are called “ inter¬ 
mediary geometric objects.** 

An example of such a geometric object is the transformation tensor 
Another example has already occurred in the calculation of the 
differences of potential existing in the individual coils of a network by 
e = z • C • i'. The combination z • C =» may be written by 

one symbol as 

Zmn* ~ | Zl = Z • C 7.7 


representing a new form of the impedance tensor. 

(6) Just as geometric objects may belong to several reference 
frames, similarly the equations of tensor analysis may contain various 
geometric objects that individually or with their individual indices 
belong to several reference frames. That is Cm may belong to one, i"*' 
to another reference frame, but still both occur in the same equation. 
Such an example is the equation giving the voltages along the old axes 
in terms of the new currents as 


em ” *mn'*** 



7.8 


Such an equation occurs whenever the impressed voltages are ex¬ 
pressed along different meshes than the currents are, as was shown 
in equation 6.12. 

Another example is the equation of transformation 

»« = I i = C • i' 7.9 

Equations with intermediary geometric objects play an important 
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part in electrical engineering since the currents, voltages, impedances, 
etc., may be expressed in several types of reference frames, each in a 
different one, and it is rarely desired to reduce all of them to the same 
reference frame. 

(0 Instead of saying that is a geometric object of valence two, 
it is said that is a geometric object of valence one in the a reference 
frame and a geometric object of valence one in the a reference frame. 

This view is necessitated by the fact that when the a ref¬ 
erence frame is changed to a" by CZ" (leaving the a' reference frame 
unchanged) then Zafi' is multiplied by CZ'* only once as Za»>CZ>^, giving 
A similar situation arises in changing the a! reference frame. 

IV. ASSOCIATED GEOMETRIC OBJECTS 

(а) Since a geomt tric' object may have upper or lower indices, 
depending upon wlietla^r an iiul(*x has to be multiplied by CZ^ or by its 
invt*rse CZ\ there are srceral types of geometric objects of the same valence 
having the same base letter. In particular there are: 

1. Two types of vaUnice one: A a, A^. 

2. Four types of valence two: Aa$, -4®^, A '^^, AZ^. 

.b Eight types of valence three: Aa^y, A'Jf, AZ^y, AZ'f*, 

Each of these represents the same physical entity, but in a different 
manifestation. 

In order to show clearly whether an index is an upper or a lower 
index, and to indicate the correct order of the indices, it is customary to 
fill with a dot the empty space opposite an upper or a lower index as in 
Alf,y in order that should not Ixi written, for instance, above 7, 
in which case it could not be decided whether is the second or the 
third index. 

(б) Geometric objects of the same valence that have the same base 
letter but indices in different positions are called “ assoemted ’* 
geometric objects. 

Aafi is called a doubly covariant ” geometric object of valence 
two, A**^ is “ doubly contravariant,” Alf is a “ once covariant and 
once contra variant ’* geometric object, and so on. In general, one 
with upper and lower indices is called a ‘‘ mixed ” geometric object. 

Once the position of the indices has been fixed by the requirement, 
of the problem, their position and order cannot be disturbed in general. 
Later on, rules will be given for raising or lowering an index in special 
cases. 

(c) Because associated objects of the same valence, say and 
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are different types of representations of the same entity i4, 
associated objects with different indices cannot be added, even though 
they have the same valence. For instance, A aft and Aa^ cannot be 
^ added. 

V. LINEAR AND FUNCTIONAL TRANSFORMATIONS 

(a) The most important geometric object is the “ transformation 

tensor It is the key to tensor analysis. 

The transformation tensor differs in many respects from other 
geometric objects of valence two. It has one upper and one lower 
index, but it is not shown whether a is the first or the second index. 
Also, one of its indices a belongs to the old reference frame while its 
other index a' belongs to the new reference frame. That is, it is an 
“ intermediary geometric object.’* The indices of most geometric 
objects hitherto introduced all belong to the same reference frame as 

Zafi or Za'fi'* 

(b) The transformation tensor is fotmd by setting up a relation 
between the old and the new contravariant variables. Two cases will be 
distinguished: 

1 . A linear relation can be set up between the variables (as in all 
cases so far considered) i = C • i'. 

2 . A functional relation only can be set up between the variables 

i=/(i'). 

(c) When a linear relation can be set up between the old and the 
new variables, the transformation tensor is found by takmg the coef¬ 
ficients of the new variables as 

or 7.9 

Only in simpler problems (such as networks, where the variables 
are the currents or voltages) is it possible to set up a linear relation 
between the old and the new variables. In such cases the components 
of C2< are all constants. 

(d) In more complex problems (in field problems with curvilinear 
coordinate axes or in rotating electrical machines, where the variables 
*“ are not the currents, but the charges and rotor displacement) no 
linear relation can be set up between the old and the new variables. 
In such general cases the transformation tensor Ca> is found by setting up 
a relation between the “ differentials ” dx" (or currents dx^/dt) of the 
variables x" and taking the coefficients of the new differentials as 

dx“ dxo 

dt dl 


dx'* = C^fdx"' or 


7.10 
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In these cases the components of are not constants, but are functions 

of the variables. Such a transformation tensor is for instance 
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that occurs in electrical machine studies. Some of the components 
are functions of the variable (there are five variables x®, xf*, jc% x^, 
and x^). 


VI. HOLONOMIC AND NON-HOLONOMIC TRANSFORMATIONS 


(a) The relation between the old and the new differentials is 
established in two different manners: 

1 . If the relation between the old and the new variables x® = /(x®') 
is known, then the differential of both sides is taken as 


(/X® 


ax®' 


. ax® , 
dx^ == T rr dx^ 
ax® 


7.11 


so that the transformation tensor is defined as 



7.12 


Such transformations are called “ holonomic transformations y 

2. If no relation can be established between the old and the new 
variables jc® and jc®' then the relation between the old and the new 
differentials dx® and dx®' is usually determined by the problem itself 
in the form 


dx® = Cl, dx®' 


7.13 


Since cannot be written as djc®/3jc®', such transformations are called 
“ non-holonomic transformations y 

As soon as spatial motion enters into electrodynamics, as in rotating 
electrical machines^ by far the largest number of problems involve non- 
holonomic transformations. 
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(6) Although the transformation tensor is defined by a linear 
relation between the old and new contravariant variables or their dif¬ 
ferentials, it does not follow, however, that in each problem the trans¬ 
formation tensor must be established in the manner of equations 
7.10 or 7.11. In some problems it is easier to determine first the 
inverse of by the relations 

JC-' = Cr or dx^ 7.14 

or by the relations between the covariant variables 

Ea^Cl'Ea* or dEa--CZ'dEa^ 7.15 

In other problems it is easier to set up a relation, say, between the old 
and the new impressed voltages e«, instead of the response currents i®, 
and the transformation tensor may be determined from the set of 
equations 

Ca = or ea' = Ca' 7.16 

(c) The more advanced concepts of tensor analysis appear only 
when the components of the transformation tensor Ca* are functions 
of the variables x^. 


VII. THE FORMULAS OF TRANSFORMATION 


(o) Each time a new geometric object is introduced into the analysis^ 
the first step is to find its transformation formula, in order to assign to 
it upper and lower indices, etc. Once the indices have been attached 
to it (a lower index for each and an upper index for each C“'), 
any time throughout the analysis its transformation formula {or at least 
a part of it) can be found, when it is needed, automatically from the 
position of the indices since in multiplying the geometric object with 
C2' or with C®' one of the dummy indices is an upper, the other a 
lower, index. For instance, 


ea* ~ OaCgi* 

Za'fi' = ZafiCa*Cfi» 

Ay/ = 


i' = C-i -i 

e' = Cl • e 

z' = C, • z • C 7.17 

y' = C“‘ • y • Ci“‘ 

A' = cannot be represented 


It should be noted that the indices of the new reference frame are 
primed and that on both sides of the equations the free indices are 
identical and occupy the same position. Also it should be noted that 
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the direct notation needs additional symbols when three or more 
dimensional geometric objects as are used. 

The transformation formulas of geometric objects in general, how¬ 
ever, are more complicated than that shown; they contain also 
additional terms. 

{b) In case of a geometric object the number of dimensions in 
which its comi^onents are arranged is the same as its number of 
indices. Also its number of indices is the same as the number of 
transformation tensors with which it is successively multiplied. In 
order to emphasize that the number of dimensions in which its compo¬ 
nents are arranged depends solely on the number of transformation 
tensors it attracts, an “ w-dimensional geometric object ** is called 
instead a geometric object of valence «,’* suggesting an analogy to the 
chemical valence of molecules. The expression “ n-dimensional 
matrix *’ or “ n-way matrix ** is retained, however, since an n-matrix 
attracts no transformation tensors. 

(c) In index notation in a term the order of the geometric objects 
is immaterial, if their components do not contain operators. Also 
both C and Ci are represented by and both and Cr ^ by C"'. 

Whereas in direct notation it has to be constantly remembered 
whether C, C<, C"^ or is to be used and in what order, no such 
difficulty exists in index notation. On the other hand, in index 
notation the position of the indices has to be remembered. 

VUI. THE FORMULAS OF TRANSFORMATION OF INTERMEDIARY 
GEOMETRIC OBJECTS 

(a) When the indices of a geometric object, say or refer 
to two different reference frames, both frames may be replaced by new 
ones. Each old reference frame needs a transformation matrix of its 
own to change it to a new one, hence two different transformation matrices 
are used, say and (or Ci and C 2 ), so that 


z' « Cj|*z'C2 



Za"fi*** — Zafi* C 


The first Ci = changes the unprimed frame to the double- 
primed frame, and the second C2 = Cam changes the primed frame 
to a triple-primed one, so that after the transformation the geometric 
object still is expressed along two different reference frames. (Of 
course, it is possible to transform only one of the reference frames, 
thereby using only one transformation matrix.) 
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( 6 ) The transformation formula of the transformation tensor 
itself becomes 


C' = Ci-»-C*C, 




7.19 


This new transformation matrix C' can change indices from the 
double-primed to the triple-primed reference frame, while the old C 
changes indices from the unprimed to the primed axes (or vice versa). 

In index notation the transformation formula of C follows auto¬ 
matically from the indices. In direct notation its derivation is as 
follow-s: 


Given the equation 

i = C • i' 

7.20 

Let both i and i' be changed by 



i = Cl • i" 

7.21 


i' = C 2 • V" 

7.22 

Substituting ^ 

v>i 

• i" = C • C2 • i'" 

7.23 

or 

i" = Ci-‘ • C • C 2 • i'" 

7.24 

Since 

i" := C' • V" 

7.25 

therefore 

C = Ci-i-C-C 2 

7.26 


IX. INDUCED GEOMETRIC OBJECTS 

(a) When the transformation tensor is singular (not square) 
the new reference frame has a different number of axes, usually less 
than the old reference frame. Similarly the geometric objects found 
with the aid of have fewer rows or columns than the original ones. 
The geometric objects found with the aid of a singular C®/ are called 
“ induced geometric objects'" Practically all the geometric objects of 
mesh networks and junction networks (but not of orthogonal net¬ 
works) are “ induced ” geometric objects. 

Whenever a transformation tensor is singular it is usually possible 
to establish another transformation tensor which is non-singular {square 
with non-zero determinant) by assuming additional reference frames 
{actual or hypothetical) so that the singular C“' forms a part of the non¬ 
singular one. Similarly all induced geometric objects form a part of 
other objects that are found with the aid of the non-singular and 
have components also along the additional reference axes. 

It should be noted that the original geometric object cannot be 
reestablished from the induced ones. 
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(5) When the transformation tensor is singular and its com¬ 
plementary part (augmenting it to a non-singular C“0 is not available, 
then geometric objects with contravariant (upper) indices cannot he trans- 
formed from the old to the new axes, since the inverse of cannot be 
found. Similarly, if the inverse of C"', namely C“', is known and is 
singular, then geometric objects with covariant (lower) indices cannot 
be transformed from the old to the new axes. 

The situation is reversed when it is desired to transform from the 
new to the old axes. Then covariant indices like can be trans¬ 
formed as and contravariant ones cannot. 

(c) Most singular transformation tensors occurring in this 

volume can be augmented to non-singular ones, for instance, by con¬ 
sidering both meshes and junction-pairs of a network, or by assuming 
both magnetizing and load currents. In the synthesis of networks 
many singular transformation tensors occur however, that cannot be 
so augmented. 

X. INVARIANTS 

(a) One of the functions of tensor analysis is to investigate what 
happens to a set of equations when new' sets of variables are introduced. 
In particular, tensor analysis attempts to determine those characteris¬ 
tics of a set of equations that do not change when new sets of variables 
are introduced. 

In such studies there are two main centers of interest: 

1. The set of equations that is to be transformed. 

V. 2. The set of equations showing how the variables are to be 
transformed, that is, the group of transformations = /(^®') to be 
used for changing the variables. 

Now if a “ set of equations ” and a “ group of transformations *’ are 
given, all properties of the set of equations that do not change while the 
variables are changed are called ** invariants ” of the set of equations under 
the group. 

Of course the “ invariants of a set of equations are also “ invari¬ 
ants of the physical system described by the set of equations. Hence 
tensor analysis investigates those properties of a physical system that do 
not change when the system is rearranged or is viewed from a different 
point of view, 

(b) In the equations hitherto considered the following types of 
“ invariants ” have been encountered among others: 

1. Invariant equations, such as the equ*ations of voltage, current, 
etc., whose form remains invariant under the group of transformations 
used. 
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2. Invariant forms, such as the stored magnetic energy 

or power etc., whose form remains unchanged. 

3. Invariant geometric objects, whose base letter remains unchanged 
in all reference axes. 

4. Invariant rules for the addition and multiplication of geometric 
objects, etc. 

5. Invariant properties, such as the sum of the number of meshes 
and junction-pairs is equal to the number of coils, etc. 

6. Invariant transformations, that interconnect coils, etc. 

(c) Depending on the type of equations that are to be transformed, 
the “ invariants ” may be classified as 

1. Arithmetic invariants. 

2. Algebraic invariants. 

3. Differential invariants. 

4. Integral invariants. 

In other words, the invariants may contain, respectively, arith¬ 
metic, algebraic, differential, or integral expressions. 

Tensor analysis is the study of ** invariants." That is, it concerns 
those characteristics of a set of equations that remain invariant under 
a given group of transformations. 

Other methods besides tensor analysis set up “ invariants,** but in 
physical problems, where each entity can be determined only by measure¬ 
ments made along some reference frame, the ability of tensor analysis to 
give these values along any desired frame is a powerful analytical aid. 

Of course it should be understood that there is no sharp demarcation 
between the arithmetic, algebraic, differential, and integral invariants, 
and that their study overlaps. 

(d) Considering the “ group of transformations " to be used, the more 
restricted the group is, the larger is the number of invariants of the 
set of equations. For instance, if the transformation tensor is 
restricted to contain only constants (as in networks), the number of 
invariants of the set of equations is much larger than if the transforma¬ 
tion tensor contains also functions of the variables. 

(e) The setting up of invariants is chiefly a mathematical procedure. 
Once the invariants are set up, the next step is to interpret them 
geometrically or physically. The invariants always represent actually 
existing geometrical forms (lines, figures, etc.) or relations that are 
independent of the reference axes chosen. 

Similarly, when a set of equations is interpreted physically by the 
physicist or the engineer, the invariants represent only actually existing, 
measurable physical quantities or relations between them. These physical 
quantities and relations are common to an infinite variety of physical 
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systems (differing only by a transformation of variables) and are not 
attributes of just one particular system or one set of reference axes. 

To the engineer, who deals daily with the greatest variety of 
physically analogous problems, the knowledge of the invariants of the 
system must be of the utmost importance. Whenever an engineering 
problem (mechanical, thermal, electrical, etc.) is expressed in terms of 
an equation with several variables or in terms of a set of equations 
(arithmetic, algebraic, differential, or integral equations), the theory 
of invariants offers a powerful method of visualization, organization, and 
simplification. 


XL THE DEFINITION OF A “TENSOR” 


(a) It has been shown that the components of the transformation 
tensor CZ* may be: 

1. Either all constants. 

2. Or functions of the variable x". 

Also it was shown that in transforming from ont^ reference frame 
to another each geometric object is multiplied by or by its inverse 
as many times as it has indices. 

This last statement requires amplification. In the general case, 
when the transformation tensor C)/ /v a Junction of the variables jc®, the 
transformation formulas oj many geometric objects are more complicated 
than indicated in equation 7.17. Iliey contain also additional terms. 

Such a geometric object is, for instance, Za^ when the junctions of 
the coils are not lixed but move with a uniform velocity as in a rotating 
machine running at constant speed. The transformation formula of 
Zafi becomes in that case (given here without proof) 


*->a' p* 


= px-^' 


7.27 


That is, an additional term also occurs in the transformation formula 
of Zafi- This additional term disappears, however, when the transfor¬ 
mation tensor is not a function of the variables .v“ (as in the networks 
of this volume) since dC%, is zero. 

As another example, the transformation formula of the differential 
of i®, namely of df", is not df® = d/®'C®'. It can be derived as follows: 
I^t 

i = C • i' I = C-a*®' 7.28 

Taking the differential of both sides 
di = d(C • i') \ 


di" = diCln-') 


7.29 
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Since a product is differentiated by differentiating each component 
separately 

di « C • di' + dC • i' I 7.30 

Hence an extra term, dC«' i®', occurs in the transformation formula 
of di®. 

(b) Now those geometric objects whose transformation formulas con¬ 
tain only as many C or as they have indices, but no additional term, 
are called “ tensors.'* Those geometric objects whose transformation 
formulas contain additional terms besides those shown in equation 7.17 
will retain the name “ non-tensor geometric object." But the word 
" tensor " is limited to a definite class of geometric objects obeying the 
simple rules of transformation of equation 7.17. The additional terms 
occurring in the transformation formulas usually contain derivatives 
or differentials of C®'. 

Whether a geometric object is a tensor or not does not depend on 
its characteristics in one given problem. It depends on how it behaves 
when new reference frames are introduced, that is it depends on its 
characteristics in a large number of problems. 

{c) When the components of the transformation tensor C"' are con¬ 
stants (that is, when the transformation is linear but not functional), 
all geometric objects transform as tensors. In the network studies of this 
volume all geometric objects transform as tensors, since the components 
of all transformation tensors are constant. That, however, is not the 
case in rotating electrical machine studies where the components of 
the transformation tensor are functions of the variable. 

(d) A " tensor of valence one " is called a “ vector," and a " tensor 
of valence zero " is called a " scalar." Tensors of other valence have no 
specific names. 

(e) It is emphasized that in the definition of a tensor nothing is 
said about the nature of its components. The components of a tensor 
may be numbers, functions, operators, etc. The sole criterion of a 
tensor is its linear transformation formula under a group of transforma¬ 
tions. Its tensor character does not depend on the nature of its com¬ 
ponents or on the physical or geometrical interpretation given to it. 

ZIL THE IMPORTANCE OF TENSORS IN PHYSICAL PROBLEMS 

One of the purposes of tensor analysis is to formulate physical problems 
so that in their equations all geometric objects should be tensors. That 
is, in all possible reference frames that may occur in nature all geometric 
objects introduced should have the simple transformation formulas of 
equation 7.17. 
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The requirement that in all equations of a physical phenomenon 
every geometric object should be a tensor is due to the fact that only 
entities represented by tensors have actual physical existence in nature. 
Non-tensor geometric objects are introduced into the equations only 
by the peculiarities of the reference frames and can be made to dis¬ 
appear from the equations by a judicious selection of the reference 
frames as in the case of apparent forces like centrifugal force. The 
number of tensors necessary to describe natural phenomena is very limited, 
owing to the limited number of distinct entities existing in nature. 

The importance of the method of tensor analysis in physical prob¬ 
lems is due to its ability to offer a definite criterion to decide whether 
a set of mathematical expression has any counterpart in the physical 
world or is just a figment of human imagination. That criterion is the 
‘‘ law of transformation ” of the set of quantities. 

In addition to the law of transformation of a set of quantities repre¬ 
senting a physical entity it is also important to establish the group of 
transformations CZ' under which the law of transformation is valid. 
Physical entities associated with networks are defined by a different CZ* 
than those associated with fields. The physical entities of quantum 
dynamics are defined again by a different group of transformations 
than those of classical dynamics. Physical entities may have an 
existence under one group of CZ* and may be non-existent under 
another group of CZ'- 

Xm. THE NEED FOR A ** THIRD GENERALIZATION POSTULATE’’ 

The introduction of “ n-way matrices ’’ permits the setting up of the 
“ first generalization postulate ” establishing the same form of equation 
for n degrees of freedom that exists for on^ (or a minimum number oO 
degrees of freedom. 

The introduction of “ geometric objects ’’ permits the setting up of 
the “ second generalization postulate ” establishing the same form of 
equation for an infinite number of analogous systems, each system 
having n degrees of freedom. 

However, in physical problems numerous types of reference frames 
occur (each containing an infinite variety of axes) that radically differ 
from one another, and the physical phenomena are^escribed by 
different equations when viewed from different types of frames. For 
instance, electrodynamic systems have different equations and offer dif¬ 
ferent physical pictures depending whether: (1) the conducting material 
moves (2) the magnetic material moves; (3) the dielectric moves; 
(4) the electric charges move; (5) the magnetic charges move; (6) the 
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observers move; and so on. The concept of “ geometric object ” is 
insufficient to unify the equations of these apparently different types 
of systems. In their equation of performance occur derivatives and 
differentials such as di® that do not transform as tensors (as shown 
in equation 7.30) since they depend on the type of motion of the 
component parts of the system. 

In order to unify the equations of performance of electrodynamical 
systems irrespective of the relative motion of the material or electrical 
parts, all derivatives and differentials {not being tensors) have to be 
replaced by “ tensors ** so that every symbol, every geometric object, in the 
equations becomes a tensor. This replacement is accomplished by the 
“ third generalization postulate," which, however, is not studied in 
this volume. 

ZIV. THE THREE STAGES OF ORGANIZATION 

(a) In order to visualize better this growth of simple concepts 
through successive stages of organization, namely, from ordinary 
numbers through the stages of (1) «-way matrices, (2) geometric 
objects, (3) tensors, consider a single stationary coil with self-inductance 
L whose equation of performance is e — zi or 



containing four concepts e, i, L, and an operator d/dt. 

(6) The first stage of organization is introduced by considering 
instead of a single coil a set of n interconnected stationary coils with 
self- and mutual inductances The equation of performance of 

the set is 


^(o) 




di{0^ 

dt 


7.32 


containing still four concepts ^(a), i(a)» L{an^, and d/dt, all of them 
being n-dimensional matrices. The first generalization postulate covers 
this first stage of organization. 

(r) The second stage of organization is introduced by considering 
all the possible sets of n stationary coils where the sets differ in manner 
of interconnections, etc. Their equation of performance is 

di^ 

Ca^Lae— 7.33 


containing four concepts i®, La/f, and d/dt. Although the first three 
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concepts are tensorsp the combination di^ldt is not a tensor. The 
second generalization postulate covers this second stage of organization 
by introducing the concept of transformation tensor and the invari¬ 
ance of a form. 

{d) The third stage of organization is introduced by considering 
all the possible motions of all the possible sets of n coils (as occurs, say, 
in the various types of rotating electrical machines used in industry). 
Their equation of performance is 

ea — La$ , 7.34 

at 

containing four concepts ea, Lafi, and b/dt, each of these concepts 
being a tensor. {6i^ is an absolute ” differential representing certain 
combinations of di^ and other geometric objects defined by certain 
routine rules of tensor analysis.) 

The development of this third stage of organization is more 
involved than that of the first two, and its study forms the central 
part of tensor analysis. Of course the simple engineering structures 
introduced in this volume are to be augmented by more complex 
structures for the more advanced study. That is, the zero-dimensional 
structures (junctions) and one-dimensional structures (coils) are to be 
interconnected with two-dimensional structures, such as the layers of 
windings of electrical machinery, before motions of the junctions may 
be considered. 

XV. IMPORTANT GEOMETRIC OBJECTS OF PHYSICS AND GEOMETRY 

(a) The geometric objects arising in the study of networks, namely 
ea, i®, rafi, I a ft, Zaft, ctc., are special cases of certain basic geometric 
objects that play a fundamental role in the analysis of general dynami¬ 
cal systems and in geometrical studies. These more general geometric 
objects will be introduced in a subsequent volume. For a bird's-eye 
view the following geometric objects may be mentioned that occur in 
general dynamical and geometrical studies; 

(ft) In physical problems the most important scalar (tensor of 
valence zero) is ‘‘ time,^' denoted by /. In geometrical problems its 
place is taken by “ displacement,” denoted as s. 

Other important scalars are the ” kinetic energy ” T, the ” poten¬ 
tial energy ” V, the ” power input ” P, etc. In geometry their place 
is taken by an infinitesimal length ds, etc. 

(c) In any general problem the contravariant variables x, y, s • • • 
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are denoted by ac® ••• or by **,**, *'’•••, and are represented 

as the components of the vector 



The variables may be known or unknown or partly known and partly 
unknown, etc. 

In mechanical problems the contravariant variables x“ represent 
instantaneous “displacements”; in electrical problems they repre¬ 
sent the " electric charges " that have passed through the windings. 
In geometrical problems x“ represents any one point of an 
n-dimensional space. 

From the variables additional vectors may be derived by suc¬ 
cessive differentiations. The first of these is the “ differential ” of the 
variables (an additional set of n variables) 



representing an infinitesimal change of the displacement, or of the 
charges, etc. In geometry dx* represents an infinitesimal vector 
drawn at point x“. 

If the vector dx® is divided by the infinitesimal scalar dt, the 
“ velocity ” vector is 



7.37 


representing “ velocity ” or “ current.” In geometry dx^/ds repre¬ 
sents a unit tangent vector drawn to a line p<issing through the point x“. 

If the velocity vector dx^fdt is differentiated again with respect to 
time, the acceleration is represented as 
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Another important covariant vector, whose components are 
usually known, is the “ force ” vector 



abed 


E 

fb 

fc 

E 


7.39 


representing the applied forces or impressed voltages. 

{d) Among the geometric objects of valence two the most important 
is the so-called metric tensor ” or '' fundamental tensor 
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representing the various “ moments of inertia and “ products of 
inertia ” along the reference axes, or the sidf- and mutual inductances 
of the various windings. In geometrical problems it plays a part in 
defining the concept of “ magnitude ” of a vector. In most problems it 
is a function of jc®. This tensor will be studied in detail in Chapter 
XVIII. 

Another important tensor of valence two is the “ resistance tensor 
Tafi representing the frictional forces. In geometrical problems it 
plays a part in defining the concept of “ direction of a vector. 

{e) Among the geometric objects of valence three the most impor¬ 
tant is the so-called " affine connection " 1^1^. In mechanical problems 
it appears in the calculation of the centrifugal and other types of 
apparent forces, in electrical problems in the calculation of the gen¬ 
erated voltages due to rotation and also of the torejnes. In geometrical 
problems it occurs whenever curvilinear reference axes are used and 
it plays a central part in defining the concept of “ direction ” of a vector. 
It is not a tensor. In most problems it is a function of but in the 
general case it is not 

(/) Among the geometric objects of valence four the most impor¬ 
tant is the so-called ** Riemann-Christoffel curvature tensor ” 

In dynamical problems it appears in the equations when small oscilla¬ 
tions occur. It is always a function of Tl^. 

{g) Around the above-mentioned geometric objects there has been 
built up a large number of other geometric objects of various valences. 
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The most important among these is a tensor of valence two, the so- 
called “ transformation tensor ” C^*, whose study is the central feature 
of the present volume. 

XVL NON-mVARIANT TRANSFORMATIONS 

(a) In analyzing engineering problems it is quite often necessary 
to introduce transformation matrices C to accomplish certain changes. 
However, these transformation matrices do not usually form a group, 
or they do not leave a “ form ” invariant, so that the concepts of 
covariance and contravariance cannot be introduced. .Such trans¬ 
formations will be called “ non-invariant transformations." 

An n-matrix like «(„> or »(«> or S{a)(ft is transformed in a different 
manner with different types of transformation matrices, and their trans¬ 
formation formula has to be derived all over again each time a trans¬ 
formation matrix is introduced. 

Such transformations occur usually in the manipulation of a set 
of equations to bring them to more suitable forms. For instance, a 
general impedance matrix Zcaxfi is to be brought to a diagonal form 
in which all components are zero except the diagonal ones. Or an 
asymmetrical Z(aHn is to be brought to a symmetrical form in order 
to set up an equivalent circuit for it. 

Examples of non-invariant transformations might be continued 
indefinitely. 

Cb) Let a set of linear equations 

e = z • i I e(a) = Z(a)(fi)i(e) 7.41 

be considered. They may represent, say, the equations of voltage of 
some particular mesh network. Three examples of non-invariant trans¬ 
formations will be worked out. 

1. Let the voltage e and the current i be transformed by two different 
transformation matrices A and B, that is, let 

e = A • e' S(a) = A (a)(a')^(a') 7.42 

i ■= B • F t(a) =“ B(a)(a')*(«') 7.43 

The question is, what is the transformation formula of if it is 
desired to keep the new set of equations in the form e' =» z' • i' ? 

Substituting equations 7.42 and 7.43 into equation 7.41 

I .d(a)(a')«<a') =■ S(a)(A^(»(^'>f(S') 


A *6' 


z • B • F 
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Multiplying both sides by 

e' = • Z • B • i' I e(a*) = -4~^(a)(a')2(o)(/J)B(^)(^')^(/!') 

Since 

e' = z' • i' I da*) = 

the transformation formula of the impedance matrix z is 



z' « A“**Z'B 




In many problems A or B is 

the unit matrix. 


It should be expressly noted that the power input e • i Z5 not an 
invariant under this transformation since 

e • i = (A • e') • (B • i') = A • (e' • i') • B* 

hence 

e • i 5*^ e' • i' 


2. Let both e and i he transformed by the same transformation matrix 
A. That is, let B = A. Then the transformation formula of the 
impedance matrix is 


i' = 




7.45 


This transformation formula occurs quite often in matrix algebra 
when a 2-matrix is to be brought to a diagonal form. 

3. It is possible that, when e is transformed by A and i by B, 
the impedance matrix z is transformed quite independently from e and i 
by two other transformation matrices C and D as 


z' =* C*z*D 





In such cases the physical set-up of the system usually changes, 
say from three-phase to single-phase, etc. 
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GEOMETRICAL INTERPRETATIONS 
1. GEOMETRIC LANGUAGE 

(a) Most sciences deal with phenomena that can be described in 
terms of a set of equations. It has long been noticed that when seem¬ 
ingly unrelated phenomena are described in terms of basic concepts 
the equations often have identical forms. For instance, many equa¬ 
tions of hydrodynamics, elasticity, electrodynamics, and differential 
geometry have the same form, even though the various quantities 
represent different concepts in the different sciences. 

During the last century the tendency has arisen to introduce a 
universal language, in which the analogous equations of various origins 
are interpreted and visualized on a common basis. That universal 
language is geometry. That is, instead of saying that a set of equations 
describes the performance of an electrical machine, or of a gyroscope, 
or of moving electron, it is said in the language of geometry that the 
set of equations describes a certain geometric curve in an w-dimensional 
space, or the motion of a particle along that curve. The properties of 
the various types of curves^ surfaces, and spaces always correspond to 
some property of the particular physical system under investigation. For 
instance, a singularity on a surface corresponds to the presence of an 
electric charge; the curvature of space at a point is an indication of 
the dynamic stability or instability of an oscillating dynamical system. 

Hence, if the equations of the various sciences are expressed in 
geometric language, all their results can be pooled into one fund and 
applied to other sciences, without developing the same theory all over 
again in a different language. 

(&) Generally speaking, the situation in engineering is much less 
favorable for a unified point of view than in the basic sciences. Because 
of the pressure of competition and other special conditions, engineers 
had to develop an additional structure of elaborate reasonings to get a 
solution to their special problems. After the isolated growth of a 
few decades this additional engineering knowledge becomes so removed 
from its parents, the basic sciences, that the new store of knowledge 

196 



THE GEOMETRIZATION OF PHYSICAL PROBLEMS 


197 


becomes a closed book to everybody but specialists who devote a 
lifetime study to it and who thereby lose contact with the basic sciences. 
The theory of networks and of rotating electrical machinery is a 
classical example of such an isolated growth of (‘iigineering knowledge, 
with all its attendant inconveniences, like having a different theory for 
each machine. 

It is the purpose of this volume to reformulate the present knowl¬ 
edge of electrical networks in terms of basic invariant concepts used in 
modern electrodynamics and geometry, in order to simplify their 
understanding and to open up new channels of investigation for their 
analysis and synthesis, following as clostdy as possible the well-traveled 
channels of the basic sciences. 

It will always be found that the geometrical formulation of engineer¬ 
ing problems is far simpler, shorter, and more elegant than the manner 
in which electrical engineers are accustomed to express them; and that 
the geometrical formulation gives a better and clearer visualization. 
Also, it will be found that the most up-to-date mathematical tools like 
tensor analysis are simpler to understand, handier to use in complicated 
problems, and quicker to give a numerical answer than the so-called 
elementary engineering tools developed haphazardly under the stress 
of accidental need. 

(c) In this chapter some of the physical concepts and analytical 
processes introduced previously will be illustrated in a geometrical 
language. The content of this chapter is not needed to understand 
the chapters to follow. However, anyone desiring to read other text¬ 
books on tensor analysis must be familiar with the content of this 
chapter since practically all books on tensor analysis use the 
geometrical language. 

Some parts of this chapter represent statements whose proofs are 
found in textbooks on tensor analysis. No attempt is made here to 
give precise definitions. 


II. THE GEOMETRIZATION OF PHYSICAL PROBLEMS 

(a) The transition from a physical problem to a geometrical problem 
is made by the following assumption: 

“ A set of n equations with n variables (with time as parameter) 
may represent either the performance of a dynamical system with n 
degrees of freedom or the motion of a point along a curve located in an 
n-dimensional hypothetical space and expressed along some particular 
reference frame.” 
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(ft) For instance, let two coils be given, in which the equations of 
the currents Ca = are 

ei = + Lu ^ + Mi 2 ~ 

at at 


dP di^ 

€2 = R22i^ + L 22 — + Mi2 - 
at at 


Let the values of these currents in the two coils at a certain instant be 
= 1.5 amp. and = 1.765 amp. An instant later let these currents 
be =» 0.87, = 1.49. Still later = 0.763, = 1.175, and again 

= 1.105 and = 0.235, and so on. 

To represent the variation of currents as a problem in geometry, 
let it be assumed first that the hypothetical space to be introduced is 
the familiar “ linear space in which the reference axes are straight 
lines and are assumed to lie at any arbitrary angle from one another. 

If it is found that the 
characteristics of this 
space are insufficient to 
explain the steps made 
in the study of net¬ 
works, let this space be 
modified or superseded 
by another hypotheti¬ 
cal space that more cor¬ 
rectly corresponds to 
the actual steps. 

Hence as a first 
approximation let two 
intersecting lines, called 
the reference axes*' or 
“ reference frame," be 
assumed at any arbu 

Fig. 8.1. —Representation of a Contravariant Vector angle from each 

in a Rectilinear Reference Frame Other as shown in Fig. 

8.1, and along them let 

two arbitrary distances OA and OB be assumed, whose lengths will be 
denoted as “ unity,” representing 1 amp. Let the values of the cur¬ 
rent in coil 1 be plotted along line 1 in terms of OA as unity and the 
values of the current in coil 2 along line 2 in terms of OB as unity. 
Connect the two points that measure the current at each instant by 
drawing a parallelogram such as OMKN, where the projections of point 




THE REPRESENTATION OF A CONTRAVARIANT VECTOR 199 


K represent the two currents = OM = l.S and = ON = 1.765 
at a certain instant. As time goes on^ point K describes the curve 
K K\K 2 Kz • • •, called a “ trajectory.'^ The components of point K 
along the reference axes give the instantaneous value of the currents flowing 
in the two coils. The history of the currents in the two coils are incor¬ 
porated in the trajectory described by point K. 

The plane on which point K is assumed to move is called a ** linear " 
space or affine " space. 

(c) When three coils exist, then three intersecting lines may be 
assumed as a reference frame located in space instead of in a plane and 
the motion of point K in a three-dimensional affine space would 
correspond to the history of the performance of the three coils. 

When more than three coils exist then it is still customary to say 
as a figure of speech that a point K moves in an w-dimensional affine 
space and that the components of that point along n intersection lines 
represent at each instant the instantaneous values of the currents flow¬ 
ing in the n coils. However, no attempt whatever should be made to 
visualize an n-dimensional space. 

m. THE REPRESENTATION OF A CONTRAVARIANT VECTOR 

(а) It is customary to call the line connecting the moving point K 
with the origin O a “ contravariant vector " and to say that in the n coils 
only one current flows, represented by the vector OK, called the “ cur¬ 
rent vector,” and that the components of this vector along the axes repre¬ 
sent the individual currents flowing in the coils. 

(б) The question now arises, if the components of the vector OK 
represent the actually existing currents flowing in the coils, what does 
the vector OK itself correspond to in the physical system? 

The answer is that the vector OK itself does not correspond to anything 
in particular in the physical system. The vector itself is a concept 
invented in order that something should exist that has components. That 
is, the ” vector ” is a fiction; its ” components,” however, are measur¬ 
able physical quantities. 

It is at this very point where the vectors used in these pages differ from 
the usual vectors of the engineer. The vectors of the engineer, such as 
the ” velocity ” of a body, have a physical existence and their ” com¬ 
ponents ” are fictions, whereas the vectors used in these pages are 
fictions (as yet) and their components have a physical existence. 

Expressing it differently, the vectors that desiribe phenomena taking 
place in the actual three-dimensional space of our senses are different 
from those vectors that are invented to describe phenomena in which the 
actual physical space is an extraneous feature. 
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(c) Since the actual vector OK itself does not correspond to anything 
in particular in the physical system^ it makes no sense to talk about the 
“ magnitude ** or “ direction ” of the current vector OK, whose “ com¬ 
ponents ** do represent the currents in the coil, but whose “ magni¬ 
tude ” and “ direction are not yet even defined geometrically. 

In Chapter XVIII it will be shown that it is possible to assign to 
the vector OK arbitrarily a physical interpretation and thereby to 
assign to it arbitrarily certain numbers that are called ** magnitude " 
and ** direction *’ of the vector OK. However, these concepts have 
little to do with “ magnitude ” and “ direction as is ordinarily 
understood. They reduce to the usual meaning only in the special 
case when the intersecting lines of the reference frame are at right 
angles and the unit vectors are of equal length. In stationary net¬ 
works this special case occurs only in the trivial case when the coils 
(1) are equal, (2) have unit self-inductance, (3) have no mutual induc¬ 
tance between them. Only then can it be said that the point K moves 
in an ^-dimensional ordinary (Euclidean) space and that it has a 
** magnitude ’* + • • • representing the square root of 

the double stored magnetic energy ” in the system. 

Hence it is emphasized that in general a vector has neither “ magni¬ 
tude ” nor ** direction.'' It has only “ components," that is, an existence. 
It is defined as a set of quantities whose transformation formula contains 
or its inverse . 

IV. THE INSUFFICIENCY OF ORDINARY SPACES 

(a) The question may arise: Why select as a reference frame two 
intersecting lines at any angle, and why select as a unit ampere in each 
coil two distances of unequal length? It looks more logical to select 
two (or more) intersecting lines at right angles as shown in Fig. 8.2 and 
two (or more) equal vectors &s unit vectors. In that case it is easier 
to picture and interpret the motion of a point since the space is an 
ordinary Euclidean space. 

The reasons for introducing a rectilinear (and not a rectangular) 
reference frame and unequal unit vectors are two: 

1. The first reason that ordinary space is insufficient to represent 
electromagnetic phenomena is that the representation must be valid under 
all assumed reference frames. Now if the current vector OK is repre¬ 
sented only along rectangular frames with equal unit vectors, then the 
only transformations allowable are rotations (and translations) such 
that the determinant of the transformation tensor C would always be 
unity. The transformation tensors used in net^rork studies, however, 
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are far more complex than that, and the reference frames and unit 
vectors must be allowed to have more variety. 

2. The second reason is that in addition to the currents and 
voltages it is intended later on to find a geometrical representation of 
other electromagnetic quantities. For instance, when it is intended to 
interpret the magnitude of the current vector OK as being proportional 
at each instant to the instantaneous stored magnetic energy 
then it is found that the various 
axes must be at different angles 
and the unit vectors must be 
unequal, the inequality of 
angles and magnitude being a 
function of the self- and mutual 
inductances. As another ex¬ 
ample, when it is intended to 
represent geometrically the 
electric charges, existing in a 
rotating machine, then the re¬ 
ference axes cannot be assumed 
to be located in a flat space 
like a plane; they must be 
located in an n-dimensional 
curved space like a spherical Fig. 8.2.— Rectangular Reference Frame 
surface, the reference axes 

themselves being curved lines. As more and more electromagnetic 
quantities are to be represented geometrically, the spaces and geometric 
configuration lying in them are correspondingly more complicated, 

(6) Now if it is not intended to introduce a group of new reference 
frames to represent new systems or new points of view and if it is not 
intended to introduce later on the geometrical representation of other 
quantities besides the assumed variables, then in any physical problem, 
no matter how complicated it is, the rectangular representation of the 
reference frame and the selection of equal unit vectors is perfectly correct. 
Such a representation is for instance the pressure — volume — tem¬ 
perature (p — V — T) surface showing graphically the equations of 
state of thermodynamical systems. In such diagrams, however, the 
concepts of distance between two points,*’ or “ angle between two 
lines ” and so on have no equivalent in the physical system. 

The geometrical representation of any physical problem is satisfactory 
only if: 

1. It is valid for all possible reference frames that are to be introduced. 

2. It represents geomelrically as many physical quantities occurring 
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in the problem as possible^ showing correctly their interrelations at all 
instants. 

(c) The great variety of complicated reference frames and of non- 
Euclidean curved spaces have been introduced in modern physical 
studies in order to satisfy these two requirements of geometrical repre¬ 
sentation of physical phenomena. Especially electrodynamical phe¬ 
nomena which the electrical engineers deal with every day require 
quite complex types of space for their representation, and much of 
modern tensor analysis and differential geometry owe their development 
to attempts to represent electrodynamical phenomena geometrically. This 
representation is quite necessary in order to clarify the physical 
phenomenon and to suggest openings to attack still unsolved problems. 

It is emphasized that it is not necessary to have an exact quantitative 
correspondence between the physical problem and its geometrical rep¬ 
resentation. It is sufficient to have a qualitative correspondence to 
offer a rough but still workable visualization. 

(d) As the complexity of the electromagnetic phenomena and 
the generality of the reference frames to be employed increase, the 
complexity both of the geometrical configurations to be introduced 
and of the spaces in which these configurations are located increases 
proportionally. As traveling electromagnetic waves, moving conduc¬ 
tors, accelerating magnetic fields appear, the geometrical representa¬ 
tion of their performance becomes increasingly complex. 

In fact, even the representation of Fig. 8.1 is insufficient to repre¬ 
sent geometrically the performance of the system of coils under all 
conditions. For instance, when the currents in each coil are repre¬ 
sented by a complex number^ instead of a real number, then the values 
of the current cannot be measured off along axes 1 and 2 in terms of the 
unit vectors. In such cases the reference axes are to be pictured as 
being located, not in an ordinary space, but in a new type of space, 
called a '' unitary " space, which can only be represented mathemati¬ 
cally. Hence all diagrams, all geometrical expressions such as ** refer¬ 
ence axis,’* “ unit vector,** “ space,** ** plane,** and “ intersection,** 
should be used by the engineer only as an aid to visualize the mathe¬ 
matical steps, to keep their peculiarities in mind more easily. The 
geometrical language should be used only as a figure of speech and not 
as an exact reproduction of the equation of performance. 

(e) It must be emphasized that an n-matrix cannot be represented 
geometrically. In order that a geometrical entity like a line, or a plane 
or an ellipsoid should be represented mathematically by an n-matrix 
as viewed from some reference frame, it is necessary that the same 
geometrical entity should be represented by another n-matrix when 
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viewed from a different reference frame. In other words, a geometri¬ 
cal entity is to be represented by a series of n-matrices, not by a single 
n-matriXf each n-matrix representing the components of the geometrical 
entity along a particular reference frame. 

Such a series of w-matrices is what is called here a “ geometric 
object,'' namely an »-matrix with a permanent formula of transforma¬ 
tion that allows the geometric object to assume a series of values, each 
separate value being representable by an n-matrix. That is, just as 
with a geometrical entity, so with a “ geometric object," a large, usually 
and infinite, number of n-matrices are associated, one for each reference 
frame. 

Hence a geometrical entity (line, plane, etc.) is represented by a , 
“ geometric object ” and not merely by an n-matrix. 


V. REPRESENTATION OP A COVARIANT VECTOR 


It was shown in the previous sections that there are two types of 
vectors, contravariant and covariant vectors, each having a different 
transformation formula when the reference frame is changed. Because 
of this difference in the transformation formula it is found that a 
covariant vector cannot be represented geo¬ 
metrically by a point in space as a con¬ 
travariant vector can. 

Again let a reference frame be assumed 
with its two unit vectors, as shown in Fig. 

8.3, and let the instantaneous voltages im¬ 
pressed on the two coils be 0.8 and 0.25 volt. 

That is, let 


1 


0.8 


0.25 


8.2 



of a Covariant Vector Ca 


To represent these components measure along axis 1 the reciprocal 
of 0.8, namely 1.25 units to V, and along axis 2 the reciprocal of 0.25, 
namely 4 units to W. The line passing through points V and W repre¬ 
sents the covariant vector Ca- 

In general in an n-dimensional space a " covariant vector " eat having 
n rather than two components, is represented 5y an n — 1 dimensional 
plane. The " components " of the vector are the reciprocal of the 
intercepts cut off by the plane from the reference axes. As the impressed 
voltages vary from instant to instant, the intercepts vary and the 
plane moves from one part of the space to another part. 
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If is assumed as a variable then the equation of the plane (repre¬ 
senting ea) is 

Cat** = 1 8-3 

or 

0.8i« + 0.2Si» = 1 

For instance, if = 0, then i* = 1/0.8 = 1.25 = OV. 


VI. TRANSFORMATION OF THE REFERENCE FRAMES 

Let it be assumed that instead of lines 1 and 2 another set of lines 
is assumed as reference axes, 1' and 2' (Fig. 8.4). Along these new 



axes let two arbitary vectors OA^ and OB' be measured off again and 
called “unity.** {The fixed indices 1, 2 or a, b appearing along the 
n-matrices may be assumed to represent these unit vectors.) 

Along these new axes the components of the contravariant vector 
as OK are OM* » 0.635 and OK* * 3.46, both measured in terms 
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of the assigned unit vectors OA' and OB' respectively. That is, the 
components of along the old and along the new reference axes are 



In order to find the transformation tensor C = C®' a relation has to 
be set up between the old components OM, ON and the new components 
OM\ ON' 0 /* as i = C • i'. That is, both OM and ON should be 
expressed separately in terms of OM' and ON', 

Drawing parallels from points M' and N' to the old axes, both OM 
and ON can be expressed by the projections of OM' and ON' upon the 
old axes as 

OM = OMi + ONi = 0.494 + 1.266 = 1.76 

8.5 

OiV = - OM 2 + 0N2^- 0.77 + 5.55 = 4.78 

Expressing the projections in terms of OM' and ON' (where 
OM' = 0.635 and ON' = 3.46) 

OM = 0.777 OM' + 0.366 ON' 

8.6 

OiV = - 1,21 OM' + 1.6 ON' 
or in terms of currents 

ii = 0.777x1' 4 . 0.366x2' 

X2 1,21x1' + 1 5^*2' 



the transformation tensor being the coefficients of the new current 
component. 

‘Once the transformation tensor C is established, the components 
of any oiher vector or tensor along the new axes may be found by its 
transformation formula. The components of the covariant vector «« 
along the new axes are e' =* Ci*eor««^ = C"^e« 



The intercepts OV and OW cut off by the plane e® from the new 
axes as measured in Fig. 8.4 are 3.12 and 1.44. The inverse of the 
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intercepts (representing the components of eaO is 0.32 and 0.692, 
which checks the values of found by the transformation formula. 

It cannot be sufficiently emphasized that the sole criterion that a set 
of quantities (such as the various currents flowing in, or voltages 
impressed on, a set of coils) is arranged in a row and the quantities 
are called “ components of a vector ” (and are represented by a point or 
by an w — 1 dimensional plane) is that in going over to a new reference 
frame these quantities are transformed by multiplication with C or its 
inverse only once. There is no other criterion for calling a set of 
quantities the “ components of a vector.** These vectors have no other 
attributes; they have neither ** magnitude,'' nor ''direction," nor "orien¬ 
tation" 

Because of the fact that their transformation formula contains 
C or once, these components are arranged in a row, and their base 
letter has one index. If a set of numbers needs C or C“^ twice, then 
and only then are these numbers arranged in a square and their base 
letter has two indices. It is quite possible that the same set of numbers 
may be arranged in one problem in a row, and in another problem in a 
square. In fact, even in the same problem it may happen that from 
one type of reference frame a set of numbers is considered as a vector, 
arranged in a row, but from a different type of reference frame this same 
set of numbers is considered arranged in a square. The sole criterion 
of the method of arrangement of a set of quantities is their equation of 
transformation. * * 


Vn. TRANSFORMATION OF THE POINTS OF A SPACE 

(a) Instead of considering geometrically the equation of transfor¬ 
mation i* = CJi®' or jc® = f{x^') as transforming the reference frames, 
another point of view is to assume that the reference frame remains 
unchanged and in its place the point is moved to another point by the 
equation of transformation t* = 

Considering, for instance, the example of Section VI, let i® before 
the transformation be represented on Fig. 8.5 by point K with com¬ 
ponents OM = 1.76 and ON = 4.78. If after the transformation its 
components become OM' = 0.635 and ON' = 3.46, these numbers 
may be measured off along the same axes existing before the transfor¬ 
mation giving another point K'. The vector OK' may now be assumed 
to represent i®'. 

In other words, the effect of the transformation i® = C“4®' is to move 
point K to point K'. Assuming different components for i®, all the 
points of space may be shifted to new positions 



THE REPRESENTATION OF POWER 


207 


Hence, there are two points of view regarding the geometrical rep¬ 
resentation of the transformation i" = ^“4"': 

1. Either it transforms the reference frames and leaves the points 
of space unchanged. 

2. Or it transforms the point of the space and leaves the reference 
frame unchanged. 

The two points of view are equivalent. 

(b) Just how much change is made on the points of the given space 

by the transformation or x" = /(x^') depends on the form 

of Each type of geometry has its own group 
of C“/. In general, it may be stated that: 

1. In Euclidean geometry only such 
are allowed as may translate or rotate the 
points of space without changing the shape 
of figures in any manner. 

2. In differential geometry only such 
are allowed as may bend the space out of 
shape without, however, stretching or tear¬ 
ing it. 

3. In topology only such are allowed 
as may stretch and bend the space-structure 
without tearing it. 

4. However^ it appears that the transformations C“^ occurring in 
electrical engineering problems are more general than any used in these 
geometries^ since they may tear the representative space-structure apart^ 
transforming it to another type of space-structure, 

(c) Even though the spaces are moved, bent, stretched, or torn, 
certain properties associated with them remain “ invariant ’* in spite 
of the changes made. For instance, while a surface is bent, the angle 
between the intersection of two lines drawn upon the surface is an 
invariant, and while a surface is stretched the property of two lines 
intersecting each other is an invariant property. Tensor analysis is a 
tool for discovering such invariants. 



Fig. 8.5. —^The Transforma¬ 
tion of Point 


Vm. THE REPRESENTATION OF POWER 

When a contravariant vector i* and a covariant vector e« are given, 
as in equations 8.2 and 8.4, their product, a linear form, 

eai^ =» (0.8)(1.76) + (0.25)(4.78) « 2.61 8.9 


is a scalar, a tensor of valence zero, representing the instantaneous 



208 


GEOMETRICAL INTERPRETATIONS 


power input into all the coils. This scalar number is represented in 
Fig. 8.4 by the ratio of two lengths 

p = cai^ = OK/OP = 2.61 8.10 

the lengths being measured in any unit, since they both lie along the 
same direction. The line OP is the line cut off by the plane ea from the 
vector i®. 

That is the product of a covariant vector ea and a contravariant vector 
is a scalar^ represented by the ratio of: (1) the length of (2) the 
portion of cut off by the plane ea- 

Both lengths are measured in any unit. 

When a new reference frame is ii)troduced this ratio remains 
unchanged. (If the first point of view of C is assumed, this is obvious.) 
That is, the linear form eai** is an invariant under the transformation of 
the reference frames. 

IX. SPACES AND SUPERIMPOSED CONFIGURATIONS 

(a) When a set of n coils is given and furthermore currents flow in 
the coils, the performance of the system may be represented by the 
motion of a point (and other geometrical configurations) in an n-dimen- 
sional space. (The geometrical picture presented is still a first approxi¬ 
mation to the correct picture to be presented later on.) 

The geometrical representation of the physical phenomena taking place 
in the coils can be grouped under two main headings: 

1. When n individual coils interconnected in any arbitrary manner 
are given forming k meshes and n — k junction-pairs but having no 
voltages or currents impressed upon them, geometrically the situation is 
represented by stating that an n-dimensional space is given. 

With the space certain properties, called its “ structure," are asso¬ 
ciated that are defined with the aid of the design constants ra^, /a/ 9 » 
etc., of the coils. The relation between the design constants 
and the corresponding ** structure ” of the n-dimensional space is con¬ 
sidered in Chapter XVIII. 

2. When instantaneous voltages and currents exist in the coils, that 
is when the coils are excited, geometrically the situation is represented 
by assuming geometrical configurations, such as a point or an n 1 
dimensional plane, etc., superimposed upon the given space. As time 
goes on, the values of the electrical quantities in the coils vary and the 
configurations on the space move, describing certain curves called 
“ paths:^ 

ifi) The sharp distinction between an unexcited set of coils and 
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an excited set containing electrical quantities on one hand, and 
between an empty space and a space containing geometrical configura¬ 
tions on the other, must be emphasized. In the usual electrical engi¬ 
neering problems there is no difficulty in distinguishing between the 
design or test constants of the material configurations and the electrical 
quantities appearing on them. However, as the electrical phenomena 
become more elusive, as happens in electronics for example, difficulties 
arise and, culminating in the theory of relativity the distinction 
between the material quantities and the superimposed electrical quan¬ 
tities themselves entirely disappears and all electrical phenomena are 
represented not as quantities superimposed upon our space, but as the 
“ design constants'' the ‘‘ structure " of space itself. If the electrical 
quantities (charges, field intensities, flux densities, etc.) are removed, 
space itself disappears. 

X. ORTHOGONAL SUBSPACES 

A plane lying in actual space is called a two-dimensional ‘‘ sub- 
space " of the three-dimensional space. If a set of three axes is assumed 
in space (Fig. 8.6), two of them lying in the plane and the third perpen¬ 
dicular to it, then any point moving in the plane has no component 
along the third reference axis. 

1. If a network of n coils is considered as a “ mesh " network with only 
k meshes {and thereby with k variable currents), then the point is restricted 
to move only in a k-dimensional subspace of 
the n-dimensional space of the network. The 
components of the moving point along the 
k reference axes lying in the subspace re¬ 
present the k mesh currents. The com¬ 
ponents of the moving point along the 
remaining n — k reference axes are zero, 
corresponding to the currents flowing into 
the leads at the junctions of the mesh net¬ 
work, that are also zero. 

2. Similarly if the same network of n coils 
is considered as a junction network with only 
n — k junction-pairs (where the currents and 
voltages are known only at the junctions), 
then the point is restricted to move only in an n — k dimensional sub¬ 
space of the n-dimensional space, whose points are not included in the 
previous k-dimensional subspace. That is, the moving point has no pro¬ 
jections along the previous k reference axes. It may be shown that 
the two mutually exclusive subspaces are also orthogonal to each other. 



F IG. 8.6.—T wo-dimensional 
Subspace in a Three-dimen¬ 
sional Space 
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The points of the k and n — k dimensional subspaces determine 
completely all the points of the n-dimensional space of the network. 

3. Finally, if the network of n coils is considered as an orthogonal 
network having both mesh and junction currents^ then the point describes 
a trajectory in the n-dimensional spcLce of the network and it has projec¬ 
tions along all the n reference axes. 

That is, a network of n coils may be assumed to represent a hypothe¬ 
tical n-dimensional space irrespective of the number of meshes and 
junction-pairs of the network. The manner of interconnection of the 
coils inherently divides the n-dimensional space into two independent 
orthogonal subspaces whose points are mutually exclusive, so that the 
moving point may restrict its motion to one of the two subspaces, 
depending on the manner the network is excited. Hence the currents 
flowing around the meshes and the currents flowing through the junction- 
pairs are orthogonal to each other. 

XL RESTRICTIONS ON THE REPRESENTATION 

(a) In the geometrical interpretation of the electrical phenomena 
appearing in networks the representative space in which the point 
moves was not assumed to have any boundaries. Around the origin 
of this n-dimensional space it is possible to assume an infinite number of 
reference frames, some of the reference frames corresponding to: 

1. A definite n-coil network selected from all possible n-coil net¬ 
works. 

2. A definite set of n axes assumed in this n-coil network. 

3. A definite linear function of the n currents flowing in the assumed 
n axes of the given network (say the ** magnetizing ” and load ’’ 
currents corresponding to n particular currents assumed). 

(b) However, the assumption of an n-dimensional space of infinite 
extent in all directions, in which an infinite variety of reference frames 
can be assumed by simply assuming any linear transformation, does 
not exactly correspond to an n-coil network, since in an n-coil network it 
is not possible to assume any linear transformation. There is only a 
limited (though large) number of ways in which n coils can be inter¬ 
connected. There are only a limited number of ways in which the n 
axes may be selected and a limited number of ways in which arbitrary 
linear relations (hypothetical currents) may replace the actual cur¬ 
rents assumed. 

In other words, in the n-dimensional space assumed, the variation 
of the currents that may occur in any n-coil network can fully be repre¬ 
sented, but not v\ce versa. In the space assumed, the moving point may 
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follow paths that cannot be duplicated by the actual or hypothetical currents 
in any n-coil network^ and consequently the assumed space is not an 
exact reproduction of all possible networks. There is no one-to-one rela¬ 
tion between the space and the network^ which, however, is necessary 
in order that the geometrical representation should be of more use. 
For instance, there is nothing in the representative space to justify the 
existence of the dual concepts of ''mesh" and "junction-pair" that 
play such a fundamental part in the network analysis. 

{c) In order to find a geometrical representation in which the 
physical concepts of “ mesh,” and ” junction-pair,” etc., find an 
analogous geometrical equivalent, the character of the representative 
space so far considered has to be restricted by introducing boutidaries, 
removing portions^ adding projecting parts^ etc.^ until the representative 
space has the same form as the network itself. 

(d) The study of n-dimensional space of unbounded extent in all 
directions is undertaken in ” differential geometry”; while the study 
of n-dimensional spaces bounded in several directions by spcLces of smaller 
dimensions (like a cube, or an icosahedron) is undertaken in " topology ” 
or ” analysis situs" where such bounded spaces are known as ” cells ” 
of various dimensions. 

The tensorial method of approach (namely, the use of “reference 
frames,” “transformation,” “invariance,” and “group”) has been 
used in the study of differential geometry for fifty years and an 
extensive literature is available on the subject, but for the study of 
topology it has been used systematically in tensor symbolism only 
during the last year or two, and outside of scattered abstracts and dis¬ 
cussions no literature is available on it as yet. 

Xn. INTERCONNECTED SPACES 

(a) A coil may be represented geometrically by a one-dimensional 
space {a line) which is bounded by two points, the two junctions of the 
coil. Also a junction point of two coils may be represented as a zero¬ 
dimensional space. 

Hence a network of n coils and k junctions may also be represented 
geometrically as a collection of n one-dimensional and k zero-dimensional 
spaces^ the zero-dimensional spaces forming the boundaries of the one¬ 
dimensional spaces. (From a geometrical point of view an impedance¬ 
less branch is to be assumed as a coil with zero impedance. Hence it is 
represented by a one-dimensional space (1-cell) and its two ends by two 
zero-dimensional spaces (0-cells) instead of forming only one junction, 
as it is assumed in these pages for analytical purposes.) 
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When rotating machines with brushes and slip-rings, etc., are 
connected to the network, the whole system being as yet unexcited, the 
repre^ntative space contains also two- and higher dimensional spaces 
in addition to zero- and one-dimensional ones. 

(6) The classification and the study of the properties of these com¬ 
plicated geometrical figures as such are too difficult without the aid 
of an auxiliary geometrical device. This auxiliary device consists of 
drawing upon the given collection of spaces certain configurations of 
various dimensions. The manner in which these additional nets can 
be drawn upon the given cells serves as a starting point for their study 
and classification. These additional geometrical configurations drawn 
upon the given “ cells ** in order to study their properties are called 
chains:' 

For instance, a torus (an anchor-ring or a “ doughnut shown in 
Fig. 8.7) differs from a sphere in the respect that it 
is possible to draw on it two (and only two) closed 
curves^ namely: 

1. One parallel with the hole (curve A). 

2. The other perpendicular to the hole (curve 

B). 

The characteristics of these two closed curves 
is that they cannot be made to disappear by de¬ 
forming them in any manner, that is, by stretch¬ 
ing, bending, or moving them (without removing 
them, however, from the surface of the torus). 

On the other hand, no closed curves can be drawn on a sphere that 
cannot be made to disappear by contracting them into a point. 

Hence the difference between a torus and a sphere is established 
by means of configurations (chains) superimposed upon them. Because 
of the existence of the two invariant closed curves, the torus is called 
a “ surface of geni» V' while the sphere, because of their absence, is 
called a ‘‘ sur^[^’of geiius 0.’* 

(c) Now, superimposing “ chains " upon “ cells " is analogous to 
superimposing “ electromagnetic quantities " {voltages, currents, fluxes, 
m.mf.'s, etc.) upon a network." Only by means of the superimposed 
electromagnetic quantities can a network be studied profitably by the 
engineer. 

The process of classifying cells or networks by means of super- 
imposed chains or electromagnetic quantities is analogous to studying 
statical problems as dynamical problems. 

The reason that the process of superimposing chains upon cells and 
electromagnetic quantities upon networks is so fruitful as an analytical 


Fig. 8.7.—An An¬ 
chor Ring with Two 
Invariant Closed 
Curves 
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tool is that the process of superimposing chains or electromagnetic 
quantities forms a group,** as will be shown in Chapter XI. 

Xm. ANALOGOUS CONCEPTS IN TOPOLOGY 

(a) The topological equivalence of some of the network concepts 
introduced here is shown in the following table, using the nomenclature 
of Veblen: 


Network 

One-dimensional complex 

Sub-network 

Sub-complex 

Coil 

1-cell 

Junction 

O-oell 

Mesh 

1-circuit 

Junction-pair 

Bounding 0-circuit 


A network is also known as a ** linear graph.’* 

When direction is assigned to the left-hand terms, the adjective 
“ oriented ** is added to the right-hand terms, as for instance oriented 
\-circuit'' 

Other corresponding expressions are: 


All-junction network 

Tree 

Number of meshes 

Cyclomatic number 


(6) When electromagnetic quantities are superimposed upon the 
network, topologically that step is equivalent to superimposing 
“ chains ** upon the ‘‘ cells.** Some of the analogous topological equiva¬ 
lents are given in the following table, using the nomenclature of Tucker: 


Mesh current 

1-Chain 

Current flowing into a junction 

Boundary of 1-chain 

Absolute potential at a junction 

Dual 0-chain 

Coil voltage ea 

Boundary of dual 0-chain 

Power Cai^ 

Intersection index 


The topological nomenclature in tensor parlance is not yet fully 
established. 
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XIV. THE TRANSFORMATION OF SPACE-STRUCTURES 

(а) The various types of transformations i » C * i' used in this 
volume may roughly be divided physically into two types: 

1. The transformation of actual currents into actual currents. 

2. The transformation of actual currents into hypothetical currents. 

(б) The transformations using only actual physically existing 
currents may also be divided into two types: 

1. The currents are changed from one set of branches of a network 
into another set of branches of the same network. 

2. The currents are changed from one type of network into another 
type. 

The first type of transformation is analogous to a*' transformation of 
the reference frames," However^ the second type of transformation 
involves more than that, since at the same time the interconnections of the 
coils are destroyed and the network is replaced by another network, 

(c) From a geometrical point of view the concept of “ transforma¬ 
tion ” Ca' used in these pages for changing the interconnections of net¬ 
works may be formulated as follows: 

Given a set of n component spaces interconnected in various man¬ 
ner, forming thereby a large number of new spaces (or space-struc¬ 
tures). Each of these new spaces has its own sets of reference frames. 
If on each of these spaces a certain geometrical configuration (say a 
set of trajectory or “ path **) is drawn, it is possible to set up a set of 
equations (say e = z • i) for each space representing these configura¬ 
tions. 

The problem under investigation consists of finding a group of trans¬ 
formation matrices that transforms the different equations of all the 
configurations of the various spaces into each other. That is, the problem 
is to find the equations = z' • P of any of the configurations if the 
equations e = z • i are known for one particular configuration. Or, 
briefly, problem is to set up a " correspondence " between the con¬ 
figurations drawn on different space-structures, 

(d) From a physical point of view the problem may be formulated 
as follows: 

Given several different networks, each having a different number of 
sub-networks, of meshes and of junction-pairs (but the same number of 
coils). If currents and voltages are impressed on them, the perform¬ 
ance of each network may be represented by a set of equations 
(say e = z • i). The problem is to find a group of transformations C J 
such that with their aid the equations of performance of each of the networks 
may be determined if those of one are already known. 
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The set of equations i® = changes not only the reference frame 
a to a! but also the space on which the reference frames lie, since 
a and o' lie on two different types of spaces. Or the equations 
i® = C“/i®' transform a portion of one space into a portion of the other 
spaces (namely the points lying along the configuration). 

{e) Summarizing the method of reasoning, one of the problems of 
the engineer is to calculate the performance of a great variety of 
dynamical systems under various conditions. The usual method of 
attack consists of analyzing each problem separately as it comes along 
and setting up its equation of performance from fundamentals. In 
their usual method of analysis it is possible to change the axes of 
the same system but it is not possible to change the system itself into 
another system possessing an entirely different set of reference frames. 

The burden of this volume consists of suggesting another procedure^ 
which involves the simultaneous analysis of a large variety of physically 
analogous but still different systems. It is suggested here that the first 
step in the analysis of any physical system should consist of finding- a 
transformation matrix that sets up a ** correspondence " between its 
equation of performance and that of another system {the primitive system) 
whose equation of performance already is known. Once is deter* 
mined, the remaining work consists of routine calculations. If the 
" group " of is defined, the analysis of the large variety of physical 
systems becomes a routine procedure. 

if) It should be remembered that in most engineering problems 
the concept of “ transformation ” i® = C®4®' involves the “ transfor¬ 
mation of paths from one space into another ” and not merely the 
'transformation of the reference frame ” in the same space. 

The correspondence between the various types of networks (spaces) 
is established by the recognition that in each all-mesh networks there 
exists one, and only one, reference frame along which the equations of 
performance of the different networks are identical. This reference 
frame consists of the individual coils of the networks. 

That is, if in two n-coil, w-mesh networks (having different number 
of sub-networks) the n variables are assumed in the n coils, the n 
equations of performance of the two networks are identical. They 
become different, however, as soon as any other set of branches is 
assumed in each network. 

(g) It will be shown in the chapter on synthesis that it is possible 
to establish a transformation between paths drawn in space-structures in 
which each structure contains a different number and different types of 
component spaces, provided the paths are subjected to certain condi¬ 
tions (say, all networks supply constant current). 



CHAPTER IX 


COMPOUND TENSORS 

L COMPOUND N-MATRICES, GEOMETRIC OBJECTS, AND TENSORS 

(a) The most primitive type of manipulation of a set of n linear 
equations with n variables like e = z • i consists of treating all com¬ 
ponents of e and i and z as one unit and assuming that all the 
components of e and z are known and all the components of i are 
unknown. However, in most problems not all the components of a 
geometric object are of equal significance. For instance, part of the 
components of e and part of i may be known and the remaining 
components may be unknown; or some components of e or i may be 
missing, or knowledge of their value might be superfluous. 

In order to treat separately the components of a geometric object 
that have different significance, a single invariant equation, such as 
e = z • i, is replaced by several invariant equations, each invariant 
equation itself representing several ordinary equations having the same 
general signiflcazice. Of course, not only linear but any other type 
of invariant equation may be replaced by several invariant equations. 

First it will be shown how geometric objects may be subdivided 
into several parts; afterward invariant equations will be subdivided 
into several equations. 

(ft) A geometric object in which each component is itself a geometric 
object of the same valence instead of an ordinary quantity will be called a 
“ compound geometric object." 

Several special cases may be distinguished. The original n-dimen- 
sional quantity that is to be subdivided may be a tensor or a geometric 
object or an n-matrix. Also, the components of each of these into 
which they are divided may be tensors, or geometric objects, 
or »-matrices, depending on the transformation tensors available. 
For instance, each component of a tensor of valence three may be a 
3-matrix. 

In order to avoid lengthy circumlocutions it will be assumed in this 
chapter, unless otherwise stated, that all base letters represent tensors. 
However, in many cases they jiist as well can be conndered as 
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n-matrices, by ignoring the reference frames shown, though with 
n-matrices many of the results arrived* at assume simpler form than 
that shown. 

n. THE MANNER OF SUBDIVISION OF TENSORS 

{a) A vector A may be subdivided into the sum of two or more 
vectors. For instance, the vector 


abcdefghijklmn 



may be divided as A = B + C + D, where 

abode fgbijk Imn 



so that the vector A may be expressed as a compound vector 

p q r 



in which each component itself is a vector, instead of an ordinary 
number. 

(b) For compound tensors it is necessary to introduce new types of 
fixed indices, each of them representing not one axis but several axes at 
the same time. For instance, the index p stands for the individual 
axes a, b, c, d, e; the index q for g, h, iy ji k; and the index r for 
the axes 1, m, n. Indices representing several indices will be called 
“ compound indices ”; the usual types will be called ** individual indices.*^ 
Both hxed and variable indices may be individual or compound, that 
is, each fixed or variable compound index may represent several fixed 
or variable individual indices. 

Just as the individual indices of the component tensors may be trans¬ 
formed by a transformation tensor Ci, similarly the compound indices 
may be transformed by another transformation tensor C 2 . In Chapter XX 
examples will be shown where the individual indices and the compound 
indices are transformed by different transformation tensors. 

(c) A tensor of valence two (briefly, a 2-tensor) may be divided into 
the sum of several 2-tensors in several different ways depending on the 
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problem at hand. It may be divided by one or more horizontal (or 
vertical) lines as A « Ai + A 2 , where 


a b c d e f g 



Here the original tensor A is expressed as a one-rowed compound 
2-tensor ” in which each component is a 2-tensor. 

The 2-tensor A may be divided by both horizontal and vertical lines 
into four or more 2-tensors asA = A^+A 2 + A 3 + A 4 , where 



that is, the original 2-tensor is expressed as a square compound 2-tensor 
in which each component itself is a 2-tensor instead of a scalar. 

As another example the following 2-tensor is divided into sixteen 
smaller 2-tensor8 as 
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(d) Similarly a tensor of valence three (briefly, a 3-tensor) may be 
expressed as a compound 3-tensor in which each component is a 
3-tensor, by dividing it with horizontal, or vertical, or both types of 
planes as shown in Fig. 9.1. 



r S t u 





S t u 

Fig. 9.1.-—Different Types of Subdiinsion of a Tensor of Valence Three 
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{e) In general, the components have the same valence as the origiml 
tensor that is subdivided, since a 2-tensor can be divided only into 
2-tensors (with a one-rowed 2-tensor as a special case), a 3-tensor can 
be divided only into 3>tensors, etc. The manner of subdivision 
produces a compound tensor whose valence is also equal to that of the 
original tensor. 

It will be shown in Chapter XXI that the “ compound ’’ tensors 
considered now (where the original tensor, the resultant tensor, 
and the component tensors all have the same valence) are spedal 
cases of “ multiple tensors ’’ with more complex structures. 

m. DIFFERENCE BETW^N TENSORS, GEOMETRIC OBJECTS, 
AND N-MATRICES 

(o) In subdividing a tensor into several smaller tensors, care must 
often be taken to observe whether the component parts are tensors, 
geometric objects, or n-matrices. 

It should be recalled that with an n-matrix no reference axes are 
assoctdi^. However, the fixed indices always have to be attached to 
' eVerj^ geometric object or tensor. Also it should be recalled that a 
geometric object has a different transformation formula in general 
I from a tensor, while an n-matrix has no formula of transformation, 
i When each of the subdivisions is a geometric object or a tensor, 
then it is possible to change each partial group of reference axes into 
other types of reference axes without disturbing the remaining group 
of axes. Examples of such partial change of axes will be shown in 
Chapter XX. 

(6) For instance, let the components of a compound 2-tensor under 
consideration along some particular reference frame be 
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Since some of the smaller components are identical, the question is 
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whether it is allowed to represent these components by the same base 
letters or by different letters, as 



9.10 


(c) Now if each component is a tensor or a geometric object (that is, 
if it is intended to change its reference axes), then the two components 
G and F 

1 2 



9.11 


cannot both be represented by the same base letter G, since they are 
expressed along different reference axes, even though all their components 
are identical. In other words, the two tensors G and F happen in 
these particular reference frames to have the same components. How¬ 
ever, in general in any other reference frame they have different 
components. 

But if G and F are 2-matrices and the reference axes are absent 
then F may be written as G<. 

(d) On the other hand, considering B and D 



they may be represented by the same base letter B and Bt if they are 
tensors, since they have the same components and are expressed along 
the same reference frames. In any other reference frames they still 
have the same components. 

However, if B is a tensor and D a geometric object, that is, if B 
and D have different transformation formulas, then they cannot be 
represented by the same base letter, since in any other reference frame 
they may have different components. Hence: 

1. Two n-matrices are identical (and are denoted by the same base 
letter) if they have the same components. 

2. Two tensors are identical if they have the same components and 
the same reference axes. 
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3. Two geometric objects are identical if they have the same compo¬ 
nents^ the same reference axes, and the same formulas of transformation. 

In order to make the formulas of this chapter as general as possible, 
it will be assumed that each component of a compound tensor has a 
different base letter (the letters Zi, Z 2 % Zz are considered as different base 
letters). 

IV. MANIPULATION OF COMPOUND TENSORS 


(a) Compound tensors can be added, multiplied, differentiated, etc., 
just like ordinary tensors, with additional precautions to avoid confusion. 
These precautions will be taken up as they are needed. 

The sum of two compound vectors is a compound vector 



p 

q 

r 


P 

q 

r 

X » 

E 

A2 

As 

Y - 


1 ^ 

Bs 


X-f Y « Z 


Ai 4 - Bi A2 + B2 A3 -f B3 


The vectors to be added as Ai + Bi, etc., must have the same num¬ 
ber of components and the same individual indices. 

The transpose of a compound 2-tensor in which each component is 
also a 2-tensor is taken by interchanging rows and columns as usual. 
In addition the transpose of each of the components is also taken. For 
instance 


A 

B 

C 

D 

£ 

F 

G 

H 

~T 


A, 

D, 

G« 

B( 

B, 

H, 

c, 

F, 
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(6) Two compound tensors are multiplied together as if each compo¬ 
nent were a scalar. However, the order of the component tensors in a 
product cannot be disturbed. 

For instance, the product of a compound 2-tensor and a compound 
vector gives a compound vector 


p q r s 


Zi 

Zi 

Zi 

Z4 

Zt 

Z« 

Zt 

Zg 

z. 

Zio 

Zii 

Z12 

Zi 3 

Zu 

Zi( 

Z16 



P 

q 

r 

s 


Zi*ii 4- Z2*i2 4 - Z3'i3 4* Z4*i4 
Zs-ii 4" Xe*i2 4“ Zy'is 4* Zg-U 
Z^*ii 4“ Zio*i2 4“ Zii'is 4- Zi2-i4 
Zi3*ii 4- Zi4*i2 4- Zis'is 4- ZwU 


9.14 
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The multiplications and additions indicated in each component are 
still to be performed. 

The product of two compound 2-tensors is a compound 2-tensor 



p 

q 

r 

s 

A 

B 

C 

X * t 

D 

E 

F 

u 

G 

H 

j 


■> 



V 

w 

z 

P 

K 

L 

M 

Y-q 

N 

P 

Q 

r 

R 

S 

T 



V 

w 

z 

s 

A-K -f B-N -h C*R 

A-L-f B-P + C-S 

A-M -f B-Q + C-T 

X-Y= t 

D-K -h E N -h F-R 

D-L -f E-P -h F S 

D-M 4- C-Q 4- F-T 

u 

G*K H-H-N + J-R 

G.L +H-P+ J-S 

G-M 4-H-Q 4- J-T 


In the components the product, say A • K, cannot be written as K • A. 
It is important to note that: 

1. Along the arrows the original tensors X and Y must have the 
same individual fixed indices. 

2. Along the arrows the original^ tensors must be divided in a 
similar manner, that is, they must have also the same compound fixed 
indices. 

(c) If the components in the compound tensors are identical, the 
final tensor contains several identical products, thereby reducing 
greatly the necessary number of multiplications to be performed. For 
instance, 


y - 


D 

C 

E 

C 

E 

D 

E 

D 
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A 

B 

B 

B 

A 

B 

B 

B 

A 


■> 


A.D -t-B-C 4-B-E 

A«C+B«E+B-D 

A*E 4" B*D 4" B*C 

B*D 4“ A»C 4" B*E 

B*C+A'B + B'D 

B-E + A-D +B*C 

B-D 4-B*C + A-E 

B'C +B>E +A>1> 

B.E 4-B-D 4-A-C 


Only six products of the component tensors have to be further evalu¬ 
ated, namely, A • C, A • D, A • E and B • C| B • D, B • E. 

If the original tensors X and Y are not replaced by compound 
tensors in the present case, the multiplication of X and Y involves an 
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amount of work equivalent to finding twenty-seven such products 
instead of six. If the original tensors involve a large number of rows, 
the saving in the numerical calculations is considerable. 

(d) If the original tensors involve a large number of rows or columns 
or layers, etc., say twenty or more, then even in the absence of any 
symmetry it is worth while to divide them into component tensors and 
so to calculate first their products and then each product of the 
smaller tensors. 

When a compound tensor is subdivided arbitrarily in order 
to reduce the amount of numerical calculation, its components are 
n-matrices instead of tensors, since no physical or geometrical inter¬ 
pretation can be attached to the components. 

V. AN EXAMPLE OF MULTIPUCATION OF COMPOUND 2-TENSORS 

{a) For instance, let the product z' = Ci • z • C be found where the 
2-tensors z and C have many components involving certain symmetry. 
Dividing z and C into component 2-matrices, they become 
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C, = 


9.18 


where the component 2-matrices are 
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1 





1 





1 





1 

-1 






while the 2-matrices 0 contain all zero components. It should be 
noted that no compound fixed indices are associated with the 2-matrices. 
It should also be noted that, along the arrows (along which the 
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multiplication z • C is to be performed), each component matrix has 
the same number of components in their proper order, namely, 
3-S~3-S along both arrows. Along the other two directions the manner 
of division is arbitrary. 

(Jb) The product C* • z • C is found just as if each component were 
an ordinary number. The first step is 




The final product z' comes out as a compound 2-tensor. 

{c) To express z' as an ordinary 2-tensor with 7 X 7 = 49 com¬ 
ponents, the indicated four multiplications are to be performed, 
namely 
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Ji-BrI = 


Also I, • A • I = A and I* • B • J = (J, • • I),. 

Hence the final product 2-tensor z' = C* • z • C is 



VI. MULTIPLY COMPOUND TENSORS 
(a) Just as ordinary tensors may be subdivided into several compo¬ 
nents, similarly each component of a compound tensor may be subdivided 
into several components in an entirely analogous manner^ forming a 
“ doubly compound tensor'' 

For instance, the compound tensor z which contains actually, say, 
twenty-eight rows and columns becomes a doubly component tensor 
when again it is subdivided as 


u V w t 
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where Ai, A 29 etc. are compound tensors. The indices u, v, w, • • • 
are doubly compound indices, each representing several compound 
indices m, n • • 

(b) As another example a tensor of valence three may be expressed as 



Fig. 9.2. —Doubly Compound Tensor 
of Valence Three 


a doubly compound 3-tensor, shown 
in Fig. 9.2, containing eight com¬ 
pound 3-tensors as its components 
(shown on Fig. 9.2 as separated), 
each compound 3-tensor containing 
two, four, or eight unequal 3-ten¬ 
sors (shown with heavy lines). 

(c) Similarly each component of 
a “doubly compound tensor” itself 
may also be subdivided into com¬ 
ponent tensors. It may be called 
a “ triply compound tensor/' For 
instance, the above original 2-tensor 
z may be expressed as a “ triply 
compound 2-tensor ” as 


u ▼ w t 
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B, 
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9.24 


so that the original 2-tensor z containing twenty-eight rows and 
columns has been subdivided as shown in Fig. 9.3. 

This successive subdivision of a tensor may be continued indefinitely 
as the complexity of the problem increases, forming in general “ multiply 
compound tensors ” of any complexity, in which the various sub¬ 
divisions may contain unequal number of component tensors and 
also may be tensors or geometric objects or »-matrices in any 
combination. 

(d) The importance of multiply compound tensors is due to the 
fact that any reasoning, any formula, or any equation developed for 
ordinary tensors is also valid without any change for “ multiply compound 
tensors ” of any complexity, and vice versa. 
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Fig. 9.3.—^Triply Compound Tensor of Valence Two 

Vn. SUBDIVISION OF LINEAR EQUATIONS 

(а) In the previous sections it was shown how a geometric object 
may be subdivided into several geometric objects. Now it will be 
shown how a single invariant equation may be subdivided into several 
invariant equations, each component equation representing several 
ordinary equations that behave in an analogous manner during the 
analysis. The subdivision of invariant equations represents a very flex^ 
ible tool for the analysis and synthesis of systems in which the various 
reference axes have different physical significance, A more detailed 
treatment is given in Chapters XXI and XXII. 

(б) Let a set of linear equations e =» z • i be given, represented as 
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The single invariant equation can be divided into two invariant 
equations according to the requirement of the problem, by, say, a 
horizontal line, giving 

□ 


or 




9.26 


If the multiplication is performed as indicated by the arrows, the 
result is 


©1 


zi*i 

©2 


Z2*i 


9.27 


Equating each component of the two vectors separately, the single 
equation e — z • i can be written as two equations. 
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ej - zj'i 


(c) The same set of equations can be divided by a horizontal and a 
vertical line into two invariant equations as 



Z2 

Zs 

Z4 


or 


Zl 

Z2 

Zs 

Z4 


9.29 
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Performing the multiplication of compound tensors as indicated by 
the arrows yields the result 


ei 


zi*i^ + 

•i 


Z8»i^ + Z4*i* 


Equating each components of the two vectors separately, the single invariant 
equation e = z • i can be written as two invariant equations: 


ei = zi • i* + 23 • P 
*2 = Z 3 • i* + Z 4 • 


9.31 


It should be noted that cross-products as Zi * do not enter. 

(d) The same set of linear equations e = z • i may be divided by two 
horizontal and two vertical lines into three invariant equations 
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Performing the multiplication as indicated by the arrows results in 


ei 


Zyil 4. 22 ? -f Zs-i* 

©2 


Z4 i^ + zj i* -f ze-i* 

C3 


Z7*i^ + Zg'i* + z»*? 


Equating each component of the two compound vectors separately, 
the single equation e = z • i may be written as 


ei = zi • -I- Z 2 • i® + Z 3 • i® 

62 = Z 4 • -f- z® • i® -f- Ze • i® 9.34 

63 = Z 7 • -f zg • i® -H Zfl • i® 


each equation representing several scalar equations. 
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(e) Similarly e = z • i may be expressed as four equations by divid¬ 
ing e and i into four and z into sixteen components, giving 

ei = zi • fi + Z2 • + zs • i® -f Z 4 • 

®2 = Zs • i* + Ze • i* -f Z 7 • i® -f Zg • 

9.35 

®3 = Zg • 1* -f" Zio * i® + Zn • i® -|- Zi2 • 

e 4 = Zi3 • i* + Zi 4 • i® + zi 5 • i® + zie • i* 

(f) Of course, in place of e = z • i any other set of linear equations 
z A • 7 can be subdivided in a similar manner. The equation 
i » y * e is subdivided into three equations, as 

fl S yl . ei 4- • 62 -f y® * 63 

i® = y* • 61 -f y* • 62 + y® • 63 9.36 

J3 _ y7 . gj ^ yS . ^2 ^ y9 .03 

Although 6 i and i' in general may have different number of com¬ 
ponents, similarly 62 and i®, etc., in most problems 61 and also 62 and 
i®, etc., will have the same number of components. This is equivalent to 
making the diagonal component 2-tensors, say zi, Zg, Zu and zie, square 
while the other components may assume any rectangular form. This 
assumption is made to allow the calculation of the inverse zi~*, Zg'*, 
etc., of the diagonal tensors. The inverse of the non-diagonal 
2 -tensors can be found only if they are square. 

(g) The component equations such as 9.35 may be written down usually 
by inspection of the compound z, e, and i, without performing such multi- 
plications as indicated by equation 9.33 

Vm. COMPOUND TENSORS IN INDEX NOTATION* 

(a) The manipulation of ordinary tensors is simpler if direct 
notation is used, as long as the manipulation is restricted to tensors of 
valence one and two, that is to vectors and 2 -tensors, and as long as the 
manipulations are of elementary nature. As soon as tensors of valence 
three or more, or more complex manipulations, appear, the index 
notation must be resorted to. 

A similar situation exists in respect to compound tensors of valence 
one and two, whose manipulation in general is simpler if direct nota- 

* The remaining wctions (except the last) of this chapter may be left out at the 
first reading. 
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tion is used since the indices are suppressed. Where the direct nota¬ 
tion fails, the following index notation may be used. 

(b) In case of ordinary tensors all the “ fixed ” indices a,b,c, • • • j 
are represented by each of the " variable ” indices a, /S, 7 • • •, where 
aor P assume all the fixed indices in succession. 

When the meshes are divided into two groups, then the fixed indices 
are also divided into two groups, say all meshes from a to e belong to 
the first group and those from / to j to the second group. For each 
group of "fixed ” indices a separate set of " variable " indices is assigned. 
In the present case two sets of variable indices are used, say k, I, m, n 
• •' for the first group and u, v, w • •• for the second group, while 
a, P,y • • ‘ are still retained to represent aU the fixed indices, as shown 
in Table 9.1. 

TABLE 9.1 


Groups 

Fixed Indices 

Variable Indices 

First Group 

a. b,e, • • • 

hf If pif • ■ • 

Second Group 

g, h, i, • • • 

UfVf Wf • • • 

Both Groups 

a,b,c •••«,*,*••• 

a, P,y, ••• 


The compound tensors are r^resented in both notations as 


12 m V 



9.37 


That is, in direct notation one set of subscripts is used, 1, 2 • • 
whereas in index notation two jeto of subscripts are used k, m • and 

With the aid of the three sets of variable indices the equation of the 
whole system is written in both notations as 

e = 2 • i 1 «« = Zafii^ 

and the two equations of the component systems as 

ei — *1 • -t- 2a • i’ ft = ztmi" + ft.** 

♦1 - 2? • I* + 5 ft • I* ft = fti»*" + ^ 


9.3$ 
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IX. THE FLEXIBILITY OP THE INDEX NOTATION 


(a) Although the direct notation uses fewer sets of variable indices, 
the index notation has far more flexibility. For instance, when the set 
of equations e = z • i is divided in a different manner, as 



9.39 


the equations are 

ei = Z.5 • i 

02 = 2a • i 


€k — Zkai^ 


9.40 


In this case the direct notation needs a new set of indices 5, 6, but the 
index notation does not need any. 

Or let e = z • i be divided as 



9.41 


In this case the direct notation needs another set of new indices 7, 8, 
but not so the index notation. 

(6) When a 3-tensor is associated vvith a system that is divided into 



Fig. 9 . 4 . —Subdivision of a Compound 3-Tensor 


two groups, the same set of indices is used. That is, the 3-tensor 
Aa$y is expressed as a compound 3-tensor in Fig. 9.4. 
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Other types of subdivision of the same 3-tensor may be expressed 
without introducing new variable indices as shown in Fig. 9.5. 



Fig. 9.5.—Subdivision of a Compound 3-Tensor 


(c) When particular rows or columns are to be picked out for special 
study^ the index notation easily accomplishes it as shown for a 3-tensor 
in Fig. 9.6. 



^KVf 

^Klb 

^9ba 

^gin 


Fig. 9 . 6 . —Various Subdivisions of a Compound S-Tensor, 


X. SEVERAL SETS OF VARIABLE INDICES 

(a) The subdivision of a system of equations into more than two 
groups introduces as many sets of variable indices as there are 
groups. 

For three groups a range of fixed and variable indices is shown in 
Table 9.2. Of course the indices may be selected differently from 
those shown. For instance, the fixed indices may be lower-case letters 
while the variable indices may be capital letters, or vice versa. 
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TABLE 9.2 


Groups 

Fixed Indices 

Variable Indices 

First 

a, 6 , c • • • 

k, 1, w • • • 

Second 

«./.«••• 

tt, r, w • • • 

Third 

k, i, j 

X, y, z • • • 

All 

a,b ■■■ i,j 

Of, /3, 7 • • • 


The set of equations e = z • i or may be represented as 


ki 
U I 
xl 


ek 

€u 

ex 


m V y 



Skm 

2kv 

Zky 

^um 

Zuv 

Zuy 

Sxm 

Zxv 

Zxy 


-► 


Ck = Zkmi”^ + Zkvi^ + Zkyi^ 

Ztt == Zumi”" + + Zuyi^ 9.42 

Cx = Z*mi”* + Zxvi" + Zxyi^ 


(b) When a system of equations is to be divided into four or more 
groups the single letters of the alphabet might be insufficient to supply 
enough different indices. In that case each simple index may have a 
subscript as ai, a 2 , as • • • or 62 , is • • ‘i etc. For instance, a Hue- 
group system may have the set of indices shown in Table 9.3. 


TABLE 9.3 


Groups 

Fixed Indices 

Variable Indices 

First 

li, I 2 , I 3 • • • 

oi, 02» as • • • 

Second 

2i. 2,.2, ••• 

bh • • • 

Third 

3i, 32, 33 • • • 

Cl, C2, Cs • • • 

Fourth 

4i, 42, 43 , • • • 

di, cfe, ds • • • 

Fifth 

5i, 52, 53 • • • 

fit fit fz * * * 

All 


a, 7 • • • 


A 2 -tensor having twenty fixed indices and five sets of variable 
indices and its various subdivisions are shown in Fig. 9.7. 

When, say, a row belonging to two different groups is to be picked 
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out, then it is represented as the sum of two rows, each row belonging 
to its own group as Zsa + 

Similar notation is used for the subdivisions of a 3-tensor. 


P 


a 


b> dt fi 


1 2 3 4 5 4 7 5 • to 11 u la 14 15 16 17 16 19 20 



Fig. 9,7.—Subdivisions of a Compound 2-Tensor 


(c) In case of doubly compound tensors two groups of variable 
indices are used as shown in Table 9.4, where the five groups of equa¬ 
tions are divided into two larger groups. 


TABLE 9.4 


Groups 

Fixed Indices 

Variable Indices 
for Smaller Groups 

Variable Indices 
for Larger Groups 

First 

li, I 2 , I 3 • • • 

Ol, <^2f 03 • • • 

a, ^ c • • • 

Second 

2 i, 22 , 23 • • • 

&i, bs ' • • 

Third 

3i, 32, 33 • • * 

Cl, C2, Cs • • • 

Fourth 

4i, 42, 43 • • • 

Pi, p2,pz-" 


Fifth 

5i, 52, Ss • • • 

9i» 9%, 93 • ' ’ 

All 


a, /8. 7 


For a triply compound tensor three groups of variable indices are 
introduced. In general, there are as many groups of variable indices 
as there are sets of subdivisions. 
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XI. COMPOUND INDICES 


Just as in direct notation, similarly in index notation, it is possible 
to introduce compound indices, both fixed and variable, to replace 
several individual indices. Denoting compound indices by capital 
letters, the compound 2-tensor of equation 9.42 is written as 



D 

E 

F 

A 

Zl 

Z2 

Z3 

z = B 

Z4 

Z6 

Z6 

C 

Z6 

Z7 

Zg 
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Zky 

ZpQ = B 

Zum 

Zuv 

Zuy 

C 

Zzm 

Zxv 

Zzy 


9.43 


where A, B, C • • • are fixed compound indices, each representing a 
particular set of fixed individual axes; A represents, say, axes a, b, c, 
while B represents d, e, /, C represents axes g, h, i, and so on. The 
corresponding variable compound indices are P, Q, R • • •. 

The fixed compound indices A, B,C should not be confused with the 
variable individual indices />, g, • • • w, v • • • and x, y • • • of Table 9.2, 
since either p or qov r represents any one of the axes a, b, c, while A 
represents all the axes a, b, c and no other index. 

The two symbols Za^ and zpq both represent the same tensor. 
However, considers it as an ordinary tensor, whereas zpq considers it 
as a compound tensor. 

To represent multiply compound tensors in index notation, it is 
possible to introduce multiply compound indices, both fixed and 
variable. 


xn. SUBDIVISION OF QUADRATIC EQUATIONS 

(a) Let a set of quadratic equations be given in which the variable 
i® occurs twice in the same term, as for instance in the explicit form of 
the equation of motion of Lagrange 

di^ 

ea = Oafi + VafiyiH'^ 9.44 

at 

This invariant equation contains three vectors, ^«, i®, and di^/dt; 
one 2-tensor, (the so-called “ metric tensor ”); and one geometric 
object of valence three, Ta$y (the so-called “ affine connection **)• The 
invariant equation is represented in Fig. 9.8 along a particular frame. 

(b) In an electrodynamical system, say in rotating electrical 
machinery or in a group of accelerated electrons, the axes are sub- 
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divided into two groups, the first group a, h, c •• • representing the 
electrical axes (say the meshes), the second group J, g • ^ • representing 
the geometrical axes (the axes of rotation). 



Abcdaf9h 


Fig. 9.8.—The Dynamical Equation of Lagrange in Invariant Form 

Accordingly the single invariant ecjuation of motion may be sub¬ 
divided into two invariant equations by subdividing each vector into 
two parts, the 2-tensor into four parts, and the geometric object of 
valence three into eight parts as showm in Fig. 9.9. 





a b c d e f g h 
m V 


Fig. 9.9.—Subdivision of the Dynamical Equation of Lagrange along the Electrical 

and Geometrical Axes 

If the variable indices of the first group are w, n • • •, those of the 
second group m, v, w • • •, then the two invariant equations are 

e* = ^ + ajh, ^ + FibmnW + 9.4S 

at at 
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^ Tumni”^*" + TuvniH^ + Fumwi”^^ + 9.46 

The first equation is the “ equation of voltage/’ the second is the 
“ equation of torque.” 

In classical dynamical systems many of these component geometric 
objects are zero since there is no interchange between the electrical 
and material points of view. However, in relativistic dynamical sys¬ 
tems a physical entity may appear as an electrical entity from one 
type of reference axes but it appears as a material entity from another 
type of axes, hence none of these component geometric objects is zero. 

Each of these invariant equations can again be subdivided into 
several equations. 

Xm RECOMBINATION OF INVARIANT EQUATIONS 

(а) When a single invariant equation is given and the various 
types of axes defined, it is a comparatively easy task to divide the 
single equation into several invariant equations. However, if several 
invariant equations are given, each expressed along different types of 
axes, it is quite a difficult task to discover a single invariant equation that 
splits up smoothly into the given several equations. 

For instance, in rotating electrical machinery it is comparatively 
easy to set up the invariant equation of voltage and the invariant 
equation of torque separately. But it requires quite advanced mathe- 
maticah concepts to be able to combine the two equations into the 
equation of motion 9.44, One of the reasons for the difficulty is that 
the original equations do not have the form of equations 9.45 and 9.46 
because all 3-tensors are degenerated in them into 2-tensors (most 
of their components being zero) the vectors into scalars, etc. Of 
course, once the single equation is discovered, its establishment looks 
self-evident. 

(б) Or as another example, the field equations of Maxwell were 
originally set up separately for the electric and for the magnetic fields. 
The theory of relativity owes much of its success to the discovery by 
Minkowsky of a means for combining the various tensors describing 
the two types of fields into compound tensors and combining the two 
sets of tensor equations into one set. As a result of this combination 
the electric field and the magnetic field become part of one physical reality 
and their separate electric and magnetic scalars, vectors, and 2-tensors 
used in the older physics become component parts of compound vectors 
and compound 2-tensors used in modern physics. 
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In combining several tensor equations into fewer tensor equations, 
the following successive developments occur: 

1 . The number of equations decreases. 

2 . The number of axes increases. 

3. The valence of the tensors used increases. 

4. The number of tensors introduced decreases. 

The final goal of the simplification is to arrive at a single tensor 
equation that splits up into the various component equations. 

(c) The so-called “ Unified Field Theory ” of modern physics 
represents attempts by physicists and mathematicians to discover a 
single tensor equation containing compound tensors, so that this single 
tensor equation should split up into several tensor equations repre¬ 
senting respectively, say, the field equations of Maxwell and those of 
Einstein, the equations of motion of Lagrange, and the wave equation 
of Schrodinger. The discovery of such a tensor equation is important 
in unifying classical and quantum dynamics on one hand, and classical 
and relativistic dynamics on the other. 

The final goal.is to set up a single tensor equation that not only 
splits up into these various basic equations but also involves only one 
single tensor (of undetermined valence) so that the final single tensor 
equation that includes say the equations of Maocwell, Lagrange, 
Schrddinger, etc,, has the form 

I = o| 


Several forms have been suggested for this single tensor in the 
absence of quantum phenomena. 

(d) Once the manner of establishment of the compound invariant 
equation is known, in any complicated problem it is always easier to 
set up first the resultant compound equation and split it up afterward 
than to set up the component equations separately. By far the most 
important network problems require the establishment of several 
invariant equations, and in order to accomplish it, in all cases first 
the resultant compound equation e =» 2 • i (or I = Y • E, etc.) is set up 
and then only is it subdivided into its component equations that are to be 
manipulated. 
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REDUCTION FORMULAS 

I. REDUCTION OF THE NUMBER OF EQUATIONS 

(tt) In many problems the total number of meshes may be divided 
into two groups. One group of meshes may have voltages impressed 
around it; the other group has no voltages, but is permanently short- 
circuited. If the knowledge of the currents in the permanently shorted 
meshes is not required for the physical analysis, the corresponding 
equations may be permanently eliminated. 

In other problems some of the meshes may play no important part 
in the physical analysis even though voltages are impressed around 
them. In such cases both the meshes and their impressed voltages 
may be eliminated from view by permanently reducing the number of 
equations. 

The reduction of the number of equations not only may be necessi¬ 
tated by a desire to ignore the presence of some of the meshes in sim¬ 
plifying the physical analysis, but also it may be due to an attempt to 
simplify the solution of a set of equations. The usual solution of a set 
of linear equations with the aid of determinants or by eliminating the 
variables one at a time is quite lengthy. 

(b) A labor-saving device, the so-called reduction formulas," is 
developed in this chapter to speed up the labor of reducing the number 
of linear equations or of solving them and to facilitate the physical 
analysis accompanying such a reduction. 

n. THE ELIMINATION OF A SET OF VARIABLES 

(a) One of the important applications of compound n-tensors or com¬ 
pound n-matrices is to solve a set of n linear equations quickly and in 
an organized manner. The method eliminates many of the interme¬ 
diary and unnecessary steps needed in solving a set of linear equations 
either by determinants or by elimination of the variables, one at a 
time. 

Two cases will be considered: 

1. No voltages are impressed along those axes that are eliminated. 

2 . Voltages are impressed along the axes that are eliminated. 

242 
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(b) Considering the first case, let the linear invariant equation 
e = z-i along a particular reference frame with six axes be 
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Expressing each tensor as a compound tensor 



10.2 


e = z • i can be written now as two invariant equations, analogously 
to the two equations of a two-winding transformer: 


d = Zii^ + Z2i'^ 
0 = zzi^ + Z4,P 


ei = Zi • + Z2 • 

10.3 

0 ~ Z3 • + Z4 • [2 


Since such a subdivision of a set of equations occurs quite often in 
practice, their theory will be considered in greater detail. 

If in the original equations e = z • i the equations containing the 
impressed voltages are not grouped together, they can always be 
rearranged to the desired order by a permutation with the aid of a 
transformation tensor C or in any other way. 

(c) The six equations may represent, for instance, the performance 
of six coils. The existence or absence of an impressed voltage divides 
the coils automatically into two groups such that: 

1 . Zi represents the impedance tensor of those coils that have 
impressed voltages, assuming the other coils open-circuited. 

2 . Z 4 represents the impedance tensor of the other three coils 
with the first set of coils open-circuited. 

3. Z 2 and Z 3 contain the mutual inductances between the two 
groups of coils. The mutual inductances in thedwo directions are in 
general not the same, that is, Z 2 is different from Z3. 

These impedance tensors of the groups of coils may be called 
“ open-circuit impedance tensors ” since they are measured while all 
other groups of coils that may exist are open-circuited. 

{d) The elimincUion of follows closely the manipulation of ordinary 
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equations. To eliminate i? from the second equation the term contain¬ 
ing is brought to the left-hand side as 

Z 4 P = — I Z 4 • = — Z 3 • 

Multiplying both sides by Z 4 “^ 

24'24^*2 =s — 24 ^23t^ Z4 ^ • Z4 • = — Z4 ^ • Z3 • 

= — 24 = — Z4 ^ • Z3 • 10.4 

Substituting this value of into the first equation 

ei = zii^ — 2224 ^zai^ ei = Zi • — Z 2 • Z 4 ^ • Z 3 • 

Factoring out 



or 

ei = Zii^ I ei = zj • 10.6 

Hence the two invariant equations 10.3 have been reduced to onp 
invariant equation, representing three ordinary equations and con¬ 
taining only the three scalar variables The expression in paren¬ 
thesis, Zi, is a 2 -tensor having as many rows and columns as Zi. 

m. THE IBSPEDANCE REDUCTION FORMULA 

(a) For electrical circuits or machinery this last equation may be 
formulated as follows: 

If no voltages are impressed along certain meshes, these meshes may 
be eliminated by assuming that the self-impedance tensor zi of the remain¬ 
ing meshes changes to zi, called the “ short-circuit impedance tensor,"' 
by the “ reduction formula ” 



where Z 4 is the self-impedance tensor of the eliminated meshes, Z 2 
and Z 3 are the mutual impedance tensors between the eliminated and 
retained meshes. 

That is, zi represents the impedance tensor of the first group of coils 
measured while the second group of coils is short-circuited. Its definition, 
equation 10.7, is analogous to that of the “ short-circuit impedance 
of a coil 

zi = 2 l - {Zn,Y/Z 2 10.8 

measured while the other coil with self-impedance 22 is short-circuited. 
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(6) Hence the elimination of several variables at one step involves: 

1. The calculation of the inverse of Z4 having as many rows and 
columns as the number of variables to be eliminated. 

2. Two 2-tensor multiplications, 24 “^ • Z 3 and Z 2 • ( 24 “' • Z 3 ). 

3. One subtraction. 

(c) When e = z • i contains many equations, say twelve, with e 
having, say, three components, then the equations of this section may 
be repeated several times in succession. 

That is, first the twelve equations are subdivided into two groups so 
that Z 4 has three rows and Zi has nine. Eliminating Z 4 , the remaining 
nine equations again are subdivided into two groups so that Z4 has 
three rows and Zi has six. Eliminating Z4 the remaining six equations 
are again subdivided and the last three rows eliminated so that finally 
three equations are left. 

The quickest procedure appears to be to eliminate three rows and . 
columns at one step, since it is comparatively easy to calculate the 
determinant of a matrix with three rows and columns. 

(d) When Zi' has been found, the currents in the first group of coils 
are 

i^ = z\’^^e\ I U = zj"^ • ej 

Hence the calculation of the inverse of the original z containing six 
rows and columns has been reduced to the calculation of the inverse of 
two 2 -tensors (or 2 -matrices) Z 4 and z'l, each having three rows and 
columns instead of six. However, some additional multiplications 
have to be performed. 

The eliminated current in the second group of coils is found from 
by equation 10.4, namely, by 

p = — I P = — Z 4 ^ • Z 3 • 10.9 

where *23 has already been calculated as a step in finding z[. 

IV. THE USE OF DOUBLY COMPOUND TENSORS 

(a) When the elimination of a set of variables is to be repeated 
several times in succession, the work is greatly speeded up by express¬ 
ing the original impedance tensor as a compound tensor. Then this 
compound tensor is reduced just as if it were an ordinary tensor by 
eliminating one row at a time. 

The advantage of this method of elimination is that it avoids the 
multiplication of matrices with many rows and columns. Also any 
symmetry that may exist among the smaller matrices may be utilized 
to avoid the repetition of identical multiplications which cannot be 
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avoided otherwise. Even in the absence of any symmetry many dupli¬ 
cate multiplications are avoided. 

(Jb) r"or instance, let an impedance tensor z with eleven rows and 
columns be subdivided into 3^ components, expressing it as a com¬ 
pound tensor with three rows and columns as 



The equation e = z • i may represent the performance of a net¬ 
work with eleven meshes, the meshes being divided into three groups 

voltages impressed only in the meshes 
P t t I t g^otip. A special case of such a 

network is shown in Fig. 10.1, where the 
three groups of meshes are shown as indepen¬ 
dent sub-networks to keep the physical picture 
of the equations clearer. 

The equation e = z • i may represent also 
the performance of any linear dynamical 
Fig. lO.l.—A Network system, such as a group of uniformly rotat- 
with Three Groups of i«g or oscillating electrical machines, etc. 

Meshes (c) To eliminate the last row and column, 

z is subdivided into four smaller tensors, that 
is, it becomes a doubly compound tensor with two rows and columns 




z 


10.11 
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From the last tensor the second row and column is eliminated by 
equation 10.7, that is, by 

Z' = Za - 25 • • Zc 

where _ 

Zi Z2 

Zo =-Z6 = 

Z4 Z6 

Performing the indicated multiplications 




the reduced compound tensor becomes 



10.12 


having 4 + 3 = 7 rows and columns. 

F21iminating again the last row and column with equation 10.7 by 
finding the inverse of the right lower corner tensor Z 5 — Zq • Zy" ^ • Zs 
the final reduced tensor is 


Zr = (Zi-Z3.Z9 ^•Z7)-(Z2-Z3-Z9 ^ -Zs) • (z^-Ze’Zg ^-Zs) • (Zi-Ze-Zg Lzt) 10.13 

This is the formula to be used immediately to reduce the eleven-rowed 
2-tensor 10.10 to a four-rowed 2-tensor, The immediate use of this 
formula eliminates carrying along page after page the numerous sets 
of equations and writing them down on paper over and over again, as 
the variables are eliminated one at a time. In the absence of any 
symmetry the number of slide-rule operations that have to be per¬ 
formed is probably the same in any method of solution, but with the 
aid of the invariant equation 10.13 the scalar equivalent of all the steps 
used in its derivation are completely eliminated. When the components 
of the 2-tensors have some symmetry, many repetitions of slide-rule 
operations may also be eliminated. 
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(d) It should be noted that this formula for z" is quite similar to 
that of zi of equation 10.7, namely Zi — Z 2 *Z 4 ^-Z 3 , except that 
each ''open-circuit impedance tensor ** of z[ is replaced now by a "short- 
circuit impedance tensor" That is, the expressions in the parentheses 
of equation 10.13 represent the self- and mutual impedance tensors of the 
first and second group of coils of Fig. 10.1 measured with the third group 
of coils permanently short-circuited. 

The whole expression z" itself represents the impedance tensor of the 
first group of coils measured with the other two groups of coils permanently 
short-circuited. The inductance of one coil in the presence of two 
permanently short-circuited coils is, analogously to equation 10.13 

L" = (Ln - Mv,Mn!U^) - 

(Li 2 — M\^M 2 z/L z 7 k){L \2 — Af 13^23/^^33) JQ 

Z22 M 2 zM 2 zITzz 

(e) The reduced equation is ei = z'/ • where z[ has as many 
rows and columns as Zi, namely four. The equation is solved as 
U = zl'-i • ei. 

Hence the solution of the eleven equations e — z • i has been reduced 
to the calculation of the inverse of three 2-tensorSt each having the same 
number of rows as the diagonal tensors Z 9 , Z 5 , and Zi, namely four, three, 
and four respectively. There are also several multiplications and sub¬ 
tractions to be performed. 

It should be noted that, even in the absence of any symmetry, 
two products, Z 3 • z^^ and Zg • Zg occur twice in the equation. 


V. IMPRESSED VOLTAGES IN ELIMINATED AXES 


(a) In the previous sections it was assumed that no voltages are 
impressed along the eliminated axes. It will be shown that the same 
formulas are valid even in the presence of applied voltages, except that 
the presence of applied voltages in the eliminated axes changes the appar¬ 
ent value of the applied voltages in the retained axes. 

{b) Again let a set of linear equations e = z * i be given and let 
they be divided into two sets of equations as 


ei « Zi • + Z2 • 
62 * Z3 • + Z4 • 


10.15 


The subdivision of the system into two groups may be necessitated 
for various reasons. They may be subdivided just for the sake of easier 
manipulation. Or ei may represent the voltages at the points of entry 
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and 02 may represent some internal voltages. (That is, the system is 
considered active ** instead of ** passive.”) Still another reason might 
be that ei may be considered to remain constant and 02 variable. Or 
perhaps Z 4 may be considered as a variable load and the other impe¬ 
dances may remain constant, etc. 

(r) Following closely the steps in Section II, let i^ be eliminated 
from the second equation 

Z 4 • = 02 — Z 3 • 

i2 = Z4"‘ • (62 - Z3 • i‘) 10.16 


Substituting into the first equation 

ei = zi • i* + Z 2 • zi"* • (62 — Z 3 • i‘) 
Factoring out i‘ 

61 = (Zi — Z2 • • Z3) • F + Z2 • z^'^ • 62 

(Cl - = (*l - 

or _____ 

I ^ - zl-ii I 


10.17 


Comparing these equations with equations 10.5 and 10.6, it is found 
that the reduced impedance tensor z[ is found the same way as in the 
previous case, namely by the ” impedance reduction formula” 


2l « Zi - 22-24 ^-23 


10.18 


(d) However^ the apparent value of the impressed voltage on the first 
group of coils changes from ei to ei' by the ” voltage reduction formula ” 


ei - 22 -z4 '^ 


10.19 


where 02 is the impressed voltage vector of the eliminated group. 

The multiplication Z 2 • Z 4 ^ needed in the calculation of the new 
impressed voltage e' has already been performed in the calculation 
of z'. 

A physical interpretation of the new impressed voltage e' will be 
given in Section VIII with the aid of Th 6 venin*s theorem. 

(e) The current P in the eliminated group is from equation 10.16. 

P - zr\e2 - 2*-P) 


10.20 
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VI. NUMERICAL EXAMPLE 
(a) Given five equations with five unknowns, 

10 = + Sif 

9 = + Si^ - W 

8 = + 2i^ + 3i^ 

7 = + 2i^ - 41*= - 3z'' + 5i^ 

6 = - 3i‘= + + 2if 

If the five equations are written as e = z • i then 



The problem is to reduce the jive equations to two equations. Three 
of the unknowns i^^ t*', and V can be eliminated in one step, by separat¬ 
ing the axes into two groups a, b, and c, d, f so that 
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(b) If the last three rows and columns are eliminated the remaining 
tensor (having two rows and columns) is, by equation 10.18, 



(c) The new applied voltages are, by equation 10.19, 


e' « ei ^ Z2-Z4“^e2 

Since Z 2 • has already been calculated 




a 

b 

z2-zr’ 

'©2 = 1 

12 64 

2.351 



a 

b 

e' = Cl — Z2*zi'L 

02 

~2 64 

6 65 1 


((/) Hence the remaining two equations with two unknowns 
e' = z' • i' are 

-2.64 =- 6.97/« - 1.332t'' 

6.65 = - 1.87i“ + 3.081i^ 

VIL REPLACING AN ACTIVE BY A PASSIVE NETWORK 

Since the effect of any impressed voltage e ? in the eliminated meshes 
is to change the impre.ssed voltage ei of the retained group to el, 
therefore the presence of 62 may be ignored and in its place ei may be 
changed to el so that the set of equations 10.15 may also be written as 

ei — Z2 • Z4 ^ • e2 = zi • — Z2 • 

0 = Z3 • - Z4 • 


10.21 
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That is, in any active^ asymmetrical, linear system the internal forces 
02 {voltages) may he eliminated (and the system made passive) by replacing 
the terminal forces ei by a new set offerees 

©i = ©1 — Z2 • • 02 

but leaving the whole system arrangement unchanged. 

The currents flowing through the terminals are the same as in the 
presence of the internal voltages 02 . However, the internal currents 
are different in the two cases, since in the presence of the inLurnal 
voltages is found in terms of by equation 10.20 whereas in the 
absence of internal voltages is found in terms of from the second 
equation of 10.21 by equation 10.9. That is, the equivalence of the 
active and passive networks, each having different terminal voltages, is 
valid only when viewed from the terminals (that is, from the meshes of 
the first group). 

vm. A GENERALIZATION OF THEVENIN’S THEOREM 

(a) In most engineering problems the steps of eliminating certain 
variables occur while the equations still contain design or test con¬ 
stants instead of pure numbers. For instance, in synchronous 
machines the equations of the field and amortisseur windings are 
usually eliminated, in induction motors those of the rotor windings, 
etc. The variables in these cases are eliminated in order to simplify 
the physical analysis of the problem. 

Since there is hardly any engineering problem where the reduction 
formulas are not used to simplify the physical or analytical set-up of 
the problem (whether recognized as so or not), it is worth while to 
point out that these formulas may be considered as a generalization of the 
so-called Thivenin's theorem sometimes used to simplify the 
analysis of electrical engineering problems. It may be stated (among 
other ways) as follows: (Fig. 10.2) 

Let a network Z 4 containing impressed voltages be open-circuited 
at point A and let the instantaneous open-circuit voltage at that point 
be eo. If a second and passive network Zi is 
[ A « connected at point A, the instantaneous cur- 

•— rent flowing through point A is 

Fig. 10 .2.—^Thdvenin's ^ 

Theorem = zT+k 

where Zi + Z 4 is the combined impedance of the two networks look¬ 
ing in from point A. 
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It will be shown that this last equation 10.22 is a special case of 
equation 10.17. 

(b) The reduced equations are, from equation 10.17, 

P = (zi - Z2 • Z4 ^ • Z3)“^ • (ei - Z2 • Z4 ^ • 62) 10.23 

The terminals from which the network is viewed are the meshes of the 
first group. The impedance of the whole network viewed from the 
first group is Zi — Z2 • Z4 ^ • Za, the current through it is and if no 
impressed voltage ei exists on it the current is due solely to the addition 
voltage — Z2 • Z4 ^ • 62 appearing upon the first group. 

Now the additional voltage — Z2 • z^^ • 62 appearing around the 
meshes of the first group represents the open-circuit voltage appearing 
across their terminals when the meshes of the first group are open-circuited 
and when currents flow in the eliminated second group owing to their 
impressed voltage vector 62. 

(c) That is, if the second group of four coils Z4 alone is excited (the 
first group being open-circuited) the current in them is 

= Z4 ^ • 62 10.24 

The voltage induced in the first group of three coils due to this cur¬ 
rent is 

60 = Z2 • = Z2 • Z4 ^ • 62 10.25 

where Z2 represents the mutual inductance between the two groups. 

If no voltage 61 is impressed across the first group of coils, the 
current flowing through them is due entirely to the open-circuit voltage 
— 60 appearing across them. 

(d) Hence the “ reduction formulas ” represent the generalization of 
“ Th^enin's theorem "'by: 

1. Replacing scalars (impedance operators and voltages) with 
tensors of various valence. 

2. Assuming asymmetrical mutual impedances between the two 
systems to be interconnected, hence making the theorem valid for 
moving or oscillating systems also, such as rotating machines. 

3. Assuming impressed voltages on both systems. 

4. Following the theorem in a manner that makes it independent 
of electrical phenomena and applicable to any physical phenomena 
that can be described by a set of linear invariant equations. 
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IX. IMPRESSED VOLTAGES IN THREE GROUPS OF COILS 

(a) The complete set of invariant equations of the three groups of 
coils are 

ei = zi • + Z2 • + Z3 • 

62 = Z4 • + Z5 • + Zq • 10.26 

63 = Z7 • + Zs • + Z9 • 


(b) The subdivision of a system of equations into three groups 
may be necessitated for numerous reasons. They may be subdivided 
just to simplify their manipulation. Or ei may represent the accessible 
terminal voltages, 62 the internal voltages of the second group, and 63 
of the third group may be zero. As another case, in the first group the 
voltages 61 may be kept constant, in the second group the currents 
may be kept constant, and in the third group both 63 and may assume 
any values. The enumeration of the various reasons for subdividing 
a system into two, three, four, or more groups can be continued 
indefinitely. Each of the reasons requires a different manipulation 
and a different formula or criterion to be sought. Various cases are 
considered in detail in Chapter XXI. 

The use of the invariant equations of these sections eliminates the 
necessity of repeating all the steps of the analysis each time a new set 
of equations is established or a new type of answer is sought. The equa¬ 
tions derived here are independent of the method of interconnection 
of the networks or the arrangement of the linear dynamical systems 
and their reference axes. The systems may be active or passive, 
symmetrical or asymmetrical. Each symbol in the equations repre¬ 
sents a definite physical entity associated with the system that influ¬ 
ences the performance, while all disturbing details are absent, 

(c) The problem at hand is to eliminate the equations of the second 
and the third group of meshes and to express the performance of the 
whole system in terms of the first group of meshes and its impressed 
voltages. Expressed in another way, the problem at hand is to solve 
the set of equations 10,26 for i^. 

By analogy with the two-group case, the final formulas will be the 
same as before except that the self- and mutual impedance tensors 
of the coils of the first and second group are measured while the coils 
of the third group are short-circuited, 

{d) Eliminating from the third equation 


Z9 ^ • (63 — Z 7 • -- Zs • i^) 


10.27 
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Substituting into the first and second equations 

Cl = Zi • + Z2 • + Z3 • z^^ • (03 — Z7 • ~ Zs • i^) 

02 = Z4 • + Zs • + Ze • z^^ • (03 — Z7 • — Zs • P) 

Factoring out and 

(01 — Z3 • Z9 ^ • 03) = (zi — Z3 • Z9 ' • Z7) • + (Z2 — Z3 • Zg ^ • Zh) • 1-^ 

(62 - Z6 • Z9 ^ • 63) = (Z4 - Zo • Z9 ^ • Z7) • + (Zs - Zo • Zg ^ • Zs) • 

10.28 


The three sets of equations 10.26 have now been reduced to the two 
sets of equations with two variables, equation 10.28, that can be 
written shortly as 


©i = Zi • + Z2 • 

02 = Z3 • + zi • 


10.29 


These equations represent the first two groups of coils, with the 
third group eliminated. The effect of the elimination of a group is: 
(1) to change the open-circuit self- and mutual impedance tensors of 
the remaining groups to the short-circuit self- and mutual impedance 
tensors; (2) to change the impressed voltages of the remaining groups 
to a new value. 

(e) The manipulation from now on may follow two paths. Either 
the results of Section V are substituted into equation 10.29 or the 
manipulation of equation 10.28 or 10.29 is continued. Using the 
results of Section V, the reduced equation, containing only the meshes 
of the first group, is 



where 


Zi = zi — Z2 • Z4 ^ • Z3 10.31 

©1 = 01 — Z2 • • 02 10.32 


Substituting the values of the primed quantities from equation 
10.28, the reduced tensors are 

10.33 

10.34 

The form of the short-circuit impedance tensor z[ of the first group 
(already given in equation 10.13) and that of the new reduced voltage 


*1 — ^*27)--(Z2 —Z8*Z9 ^-Zg) *(25 —Za*Z9'^«Z8) ^— • Zl ) 


Z8*Zi'^'Z8)(Zg —Z6*Z9 ^-Zg) ^'( 62 —Zg-Zg ^-Cs) 
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vector 01 to be impressed on the first group are analogous to equations 
10.18 and 10.19 except that each open-circuit impedance tensor is 
replaced by a short-circuit impedance tensor^ and each actually impressed 
voltage vector e is replaced by its equivalent voltage vector e'. 

(/) The three sets of currents flowing in the three groups of meshes 
are found from equations 10.30, 10.28, and 10.27 

£1 • e 7 

i* = - Z6*Z9^*Z8)~‘ ‘[ea - - (Z4 - ze*z^^*Z7) 

iS = zg-^ • (ea - Z7 • - zg • i^) 10.35 

To calculate these currents three inverse 2-tensors have to be calcu¬ 
lated, namely 

y = Zo ^ 

/ =» (zs — Zg • y • zg)-^ 10.36 

y" « (zi - za • y • Z 7 ) - (Z 2 - zg • y • zg) • / • (Z 4 - zg • y • Z 7 ) 

In terms of these inverse 2 -tensors the three current equations are 
i‘ = y" • [ei - za • y • ea - (Z 2 - za • y • zg) • y' • (62 - zg • y • eg)] 

= y' • l «2 — Zg • y * «3 — (Z4 — Zg • y • Z 7 ) • i‘] 10.37 

i® = y • (eg — Z 7 • U — zg • i*) 

(g) Each formula in these sections is valid if each tensor is a compound 
tensor of any complexity. That is, each of the three groups of circuits 
themselves may be built up from several smaller groups of circuits. 

X. ARBITRARY SUBDIVISION OP COMPOUND TENSORS 

(a) When a set of ordinary equations is replaced by a set of n 
invariant equations in which eadi component is a 2 -tensor (or a 
1 -tensor) they are simplified by: ( 1 ) eliminating one row and column 
at a time with the equations of Section V by considering it a doubly 
compound tensor with 2 ^ 4 components; ( 2 ) eliminating hvo rows 

and columns at a time with the equations of Section IX by considering 
it a doubly compound tensor with 3^ =■ 9 components. 

That is, when the previous equations are to be used in connection 
with a compound tensor, its subdivisions, except the first one, include 
only one row and column as 
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Z2 

Z3 

Z4 

Z6 

26 

Z7 

Zs 

zg 

Zio 

Zll 

mm 

Zl3 

Zl4 

Z16 

Z16 

Zl7 

Zl8 

Zl9 

Z20 

Z21 

Z22 

Z23 

224 

226 


Zl 

Z2 

Z3 

24 

Z6 

Zfi 

Z7 

Zg 

Zg 

m 

Zll 

Zl‘> 

Zl3 

214 

HI 



ZlS 

Zl9 

ZLtI 

1 Z21 


Z23 

B 

226 


This type of subdivision was necessary, since then only the inverse 
of a diagonal 2-tensor, Zj5 or zig, had to be calculated. 

(6) However, the doubly compound tensor may he subdivided by 
including two or three rows and columns in each subdivision, such as 


Zl 


Z2 

Z3 


Z 4 


Z6 

Z6 



Z7 

Zk 


Zg 


_ 

ZlO 


Zll 

Z12 


Zl3 

- - 

Zh 

ZI6 



Zir. 

Zl7 

ZlX 


Zl9 


Z20 


221 

Z21 

Z22 


Z23 





Za 

Zb 

Zf 

Zd 

2/ 

Z/f 

Zh 

Z; 

Zk 



©6 

3 


ia 

ih 

3 



©2 


©4 1 ©6 

1 



i2 

13 

14 ! 16 

1 

h 1 17 


10.38 


10.39 

10.40 


In this case also the previously developed equations may be used to 
eliminate several sets of variables or to solve the equations e = z • i. 
However, they require the calculation of the inverse of compound 
2 -tensors with two or three rows and columns. 1'hese formulas are 
developed presently. 


XI. THE INVERSE OF A TWO-ROWED COMPOUND 2-TENSOR 

(a) One way to establish the inverse of z where z is a compound 
2 -tensor is actually to solve the several sets of invariant equations and 
establish i = z“^ • e. In Sections V and IX two and three sets of 
linear tensor equations were already solved, but the solutions were not 
completed to the presently desired form, since and i^ were expressed 
in terms of while for the inverse it is required to express i^ and P 
also in terms of the impressed voltages ei, 62, and 63. 
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(jb) Considering first two equations given in Section V, the currents 
are expressed in equations 10.17 and 10.20 as 

= (Zl — *2 • Zr* * Z 3 )~‘ • (ei — Z2 • zi"' • 62)] 

[ 10.41 

12 = Z 4 * • (62 — Z 3 • i‘) j 


The currents and have to be expressed as linear functions of 
ei and 62, hence substituting the value of into 

= (zi - Z2 • Z4“‘ • Z3)-l • ei - (Zi - Z2 • Z4 ’ • Z3) • Z2Z4~‘ • 62 

12 = Z4-1. jea - Z3 • [(Zi - Z2 • Z4-1 • Z3)- ‘ • ei 

— (Zi — Z2 • Z 4 "‘ • Z 3 )~’ • Z2 • Z 4 ~‘ • 62]} 
12 = - Zi"' • Z3 • (Zi - Z2 • Z4 * * Z3)-‘ • ei 

+ [24*+ Z 4 "‘ • Z 3 (Zi - Z2 • Z4"^ • Z 3 )-l * Z2 • Z4‘] • 62. 

If (zi — Z2 * Z4 * • Z3)~' = y' and Z4 * = y, then the inverse set of 
equations i =» y • e is 

i‘ = y' • ei - y' • Z2 • y • 62 

12 = - y • Z3 • y' • 61 + (y + y • Z3 • y' • Z2 • y) • 62 

(c) That is, the inverse of a two-rowed compound tensor z is 

z-‘ = 


Zi 

Z2 

Z 3 

Z4 


y' 

- y''Z2-y 

- yz3*y' 

y -fy-zs-y'-zz-y 


10.42 


10.43 


where the two inverse 2-tensors to be calculated are 

10.44 


y = *4 ‘ 


y' = (zi - Z2-yz3)-* 


10.45 


The steps in the calculation of z~* are: 


1 . Z4"‘ = y 

2. yz3 

3. [zi - Z2 • (yz3)]-i = y' 


4. (y • Z3) • y' 

5. y' • Z2 • y 

6. y + (y Z3) • (y' • Z2 • y) 


That is, only the same two inverse 2-tensors have to be calculated as in 
the previous section. The first three steps include these inverse calcu¬ 
lations, the steps being the same as in the previous sections. The 
remaining work consists of three multiplications and one subtraction. 

The formulas are equally valid if z is a multiply compound 2-tensor 
of any multiplicity. 




THE INVERSE OF A THREE-ROWED COMPOUND 2-TENSOR 259 


id) If the compound 2-tensor is a diagonal tensor its inverse is 
found by calculating the inverse of each diagonal component sepa¬ 
rately, as for ordinary 2-matrices. That is 


Zi 





Z2 





Z 3 





Z4 



10.46 


These formulas are valid also if each component of the compound 
tensor is not a 2 -tensor or 2 -matrix hut a linear operator such as 
d(cos (at) Idt. 


XIL THE INVERSE OF A THREE-ROWED COMPOUND 2-TENSOR 


(a) The inverse of a three-rowed compound 2-tensor may be 
derived by considering it a two-rowed doubly compound tensor as 


Za 

Zb 

Zc 

^d 

Ze 

z/ 

Zg 

Zh 

Zi 


Zi 

Z2 

Z 3 

Z4 




Z3 


Za 

Zb 

Zj 

Zc 





10.47 


The inverse of the doubly compound tensor has been given in 
equation 10.43, where each tensor is a doubly compound tensor, that is y' 
has two rows and columns, etc. Four compound tensors have to be 
found altogether, namely Z2, Z3, y, and y'. Now Z2 and Z\\ are alieady 
known, y is easily calculated as Zi \ so that only y' is left to be 
calculated. 

The inverse of y' is calculated first as Zi — Z2 • z^' • Z3, giving 


9 

Zl 

22 

9 

Zs 

9 

Z 4 


Za - Zc'Z| ^-Zg 

Zb - Zc*Zi^'Zh 

- */**r‘**i! 

Zc - Z/-zr^ZA 


Its inverse is found by equation 10.43, 


y'" 

- y'"-zi-y" 

- y"-zry"' 

y" + y"-*i-y"’-zi-y" 


10.48 


where y" z^*"^ and y'" =» (zi — z^ • y" • Za)-^ 


10.49 
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{b) To substitute y, y', zz, and Zs into equation 10.43 calculate 
y'-z* 




y"-U/ - *i-y"'-(*. - zi-y"-z/)I 


Zff 


(z, - z/k*y"-zi)«y'" [z* - (z, - z**y"*zi)-y"'-^]-y" 


Z3 • / • Z2 = (z, - z* • y" • Z3) • j"' • z, 

+ [z* - (z, - z» • y" • Z 3 ) • j"' - z^* y" • z/ 


Substituting into equation 10.43 the inverse of the three-rowed 2-tensor 
of equation 10.47 is = 


y'" 


-y"'*(z«-zi-y".2/)-y 

-y/'.zi-y"' 

y"-hy"'zi*y'"*z2*y" 


-y(z,-z»-y".zi).y'" 

-y[*»-(Zf+ZA*y"*^) 

.y"'.zi].y" 

y+y'(z»-ZA"y"'zi)-y"'.Ze-y+ 

y»[zA-(Zj-z*-y".zi).y"'.zi]. 

y"*z/-y 


10.50 


Several of the products occur many times, hence duplication of work is 
avoided even if there is no symmetry in the original 2-tensor. 


Xm. SUMMARY OF THE REDUCTIONS OF LINEAR EQUATIONS 

The set of n linear equations e = z • i may be reduced to less than 
n equations or may be completely solved by: 

1. Eliminating three, four, or more rows at a time with equations 
10.18 and 10.19. This requires the calculation of the inverse of a 
matrix with three, four, or more rows during each step of the elimina¬ 
tion. 

2. Eliminating all rows at one step by dividing z into 2* or 3* com¬ 
ponents and calculating the reduced z by one formula with equations 
10.18 or 10.33. This requires again the calculation of the inverse of 
two or three smaller matrices. Instead of 2® or 3® components z may 
be divided into n® components and formulas may be developed for 
the immediate calculation of the reduced z by following the reasoning 
of Section IX. 

3. Instead of developing new formulas for the elimination of 
n — 1 groups, the n® matrices into which z is subdivided may again be 
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subdivided into 2 ^ or compound 2 -matrices (z being then a doubly 
compound 2 -matrix), and the procedure of the previous paragraph is 
followed by assuming that each n-matrix in the equation stands for a 
compound n-matrix. 

4. The calculation of the inverse of matrices can be entirely avoided by t 
eliminating one row and column at a time, instead of three or four with! 
equations 10.18 and 10.19. In that case the matrix Z 4 becomes a scalar; 
Z 4 and its inverse is simply I/Z 4 . However, Z 2 • Z 4 ^ • Z 3 is a matrix;j 
having one less rows and columns than the original matrix. 

It should be noted that when the matrix z is divided arbitrarily into 
several smaller matrices to eliminate the variables, without considering 
the physical meaning of the subdivisions, then only n-matrices enter into 
the picture during the elimination and not tensors. 


XIV. STAR-MESH TRANSFORMATIONS 

(a) When e == z • i represents the equations of a mesh network \ 
then the elimination of one row and column at a time is the equivalent to • 
eliminating one mesh at a time from the network by a star-mesh transform «' 
mation. The mesh that is eliminated may have mutual inductances 
with any of the other meshes and may have voltages impressed around 
it. In the usual methods of star-mesh transformations the mesh to be 
eliminated may have a mutual inductance only with its neighboring 
meshes and may have no impressed voltages. 



Fig. 10.3.—Network to be Reduced 


( 6 ) Let for instance twelve coils be interconnected into four 
meshes as shown in Fig. 10.3. 

Before interconnection the components of the impressed voltage 
vector e and impedance tensor z are 
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e' 


a 

b 


c 

d 


ei-es 






— «9+«10 


abed 


24+Z« 

-24 

-2, 

0 

-Zi 

^2+^4 + 

-^6 4- -^7 

0 

— Z7 

-26 

0 

^6 + ^8 + 
^94-Zii 

— Zg 

0 

- Z-i 

— Zg 

f7 + Z9-h 
^10+-^12 


10.54 


10.55 


(c) Eliminating the last row and column by equation 10.18, namely 
by Zi — Z 2 • Z 4 “^ • Z 3 , then 


a 

22 *2^^ = b 

C 


d 

0 

— ZtI{Zi + -^9 + -^10 + ^12) 

— 7.^1{Zt -f Zg -f Zjo + Z 12 ) 


0 

0 

0 

0 

{Z7)V(27 + 29 + 2,0 + 2,2) 

2729/(27 + 29 + 2,0 + 2,2) 

0 

2729/(27 + 29 + 2,0 + 2,2) 

(29)V(27 + 29 + 2,0 + 2,2) 


Hence the reduced impedance tensor is 


a b c 


2, + 24 + 
24 +2, 

-24 

-2. 

-Z4 

22 + 24 + 26 + 2? 
(27)* 

^7 + Zg + Zio + Zi2 

Z7Z0 

Z7 4“ Zg 4- Zio 4" Z12 

-2, 

Z7Z9 

Z7 + Zg -h Zio + Z12 

26 + 28 + 29 + 2„ 
(Z,)^ 

Z7 4“ Zg 4- Zio -f- Z12 


10.56 


The reduced impressed voltage vector, by equation 10.19, namely 
by ei — Z 2 • Z 4 ^ • 02 , is 
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Z2*Zi“Lc2 = 


a 

b 

c 


0 

[— + Z 9 -f ^10 -f ^12)1 («10 — «9) 

(— Z^I{Zi -f Z9 4 * 4 - ^12)1 («io — ^9) 


a 

ei — «s 


ei — et 

e' -b 

ss 4“ {Z^iKZi 4- ^9 + Xio 4- i?i2)l(«io — «9) 

ss 

es 4- 

c 

^6 + «9 4“ [Z^I{Zt 4" ^9 4“ Zio 4- -^i2)l(«io — ^ 9 ) 


^9 4- «9 4“ 


The reduced network corresponding to the reduced z' and e' is 

shown in Fig. 10.4, where Z = 

Z7 + Zq 4 “ -^10 + Z12. 

(d) Now when z' w considered as 
a compound l-iensor^ the elimination 
of one row and column from the 
compound tensor is the equivalent of 
eliminating several meshes at a time 
by a multiplicity of star-mesh trans- 
formations. The meshes that are 
simultaneously eliminated may 
have mutual inductances with one 
another and with the other meshes; 
also they may have voltages impressed around them. 

XV. THE IMPEDANCE BETWEEN TWO POINTS 

(а) Quite often the problem is to find the impedance of an n-mesh 
network between two points. In such problems it is advantageous to 
introduce an additional mesh by impressing a voltage ei between the 
two points (or junctions) and by assuming the current i in this impe¬ 
danceless branch as the first variable. 

As a result the equation e = z • i contains » + 1 rows and columns. 
If the last n rows and columns of z are eliminated (either in one or in 
several steps), the remaining scalar is the impedance of the network 
between the two points. 

(б) For instance, let the impedance of the five-mesh network of 
Fig. 10.5 be found between junctions A and B. (There are 12 coils, 
8 junctions, 8 — 1 « 7 junction-pairs; hence there are 12 — 7 =* 5 
meshes.) The junctions A and B are interconnected to form a sixth 
mesh. 



Fig. 10.4.—Star-mesh Transformation 
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Assuming six variables (the first one flowing in the branch 
connecting A and B)^ the currents flowing through each coil are shown 



Fig. 10.5.—Impedance Fig. 10 .6.—Currents in Indi¬ 
bet ween Two Points vidual Coils 


in Fig. 10.6. Equating the old and the new currents flowing in each 


coil, the transformation tensor 

a* s -f- p {3 -j- ^4 ^*5 ^ {Q 

i® = 

+ io 

if = + i2 -I- ^3 4. f 4 + ^6 

= i3 

= ^2 ^ ^4 

if = 1*0 

i* = 

+ i 2 ^ ^3 




10.58 


The impedance tensor z of the primitive network contains thirteen 
rows and columns, the last row and column p having all zero compo- 
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nents. Assuming all equal impedances Z without any mutual impe¬ 
dances, the z' of the network is, by Ci • z • C 



Zi 

Z2 

Z3 

Z4 


Eliminating the last three rows and columns by zi = Zi — 

Z2 -z** -za, 



Eliminating again the last two rows and columns by the same 
formula 

z'l - 1.9 - 


I 6 


1.6 


0.4165 

-0.2083 

-0.2083 

0 4165 


1 6 


1 6 


= 0.833 Z = tZ 

10.60 


Hence, if the impedance of each border of the cube is Z, then the 
impedance of the whole cube measured across the diagonal axis is Z. 
Of course because of its symmetry, this particular example can be 
solved much more quickly by simple inspection. 

(c) If the impedance of a network as viewed from several sets of 
points of entry is wanted, then each set of points of entry is short- 
circuited and is considered as an additional mesh. From the calcu¬ 
lated impedance tensor z' all rows and columns are eliminated except 
those of the additional axes. The remaining z" represents the self- 
and mutual impedances of the network as viewed from the points of 
entry. 

XVI. n SIMULTANEOUS EQUATIONS WITH k VARIABLES 

(a) In the equations hitherto considered it was assumed that: 
(1) z is square; (2) the inverse of the diagonal matrices Zi, Z4, etc., 
can be calculated. 
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However, quite often linear equations e = z • i occur where there 
are: 

1. More variables than there are equations, such as 





i' 



r 

i2 

□ 




















Zl 




22 



















e = Zi • + Z 2 • i^ 
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2. Fewer variables than equations 


ei 


62 






Zl 









Z3 






Cl = zi • 
62 = Z3 • 


10.62 


In these cases z is a rectangle instead of a square. 

3. Also it happens with square or with rectangular z that only 
a component matrix Zi with a small number of rows and columns has 
an inverse, as in 


r 










01 = Zi • -f Z2 • 

62 = Z3 • + Z4 • 


10.63 
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(b) In all these cases the set of tensor equations can be solved only 
for (assuming that only Zi has an inverse). Even then it is expressed 
as a function of P, so that the components of may assume arbitrary 
values. 

If Zi contains no more than the maximum number of rows and 
columns which will permit the calculation of its inverse (its determinant 
being different from zero), this maximum number is called the “ rank ** 
of the matrix z. The equations should be rearranged so that the 
matrix Zi with the maximum rank is in the upper left-hand corner 
of z. 

{c) The solution of the above three cases is 


( 1 ). 


e = Zi • + Z2 • 

= zf ^-(e — Z2«i*) 


10.64 


( 2 ). 


ei = zi • 

62 = Z3 • 

s zf 


10.65 


(3). 


61 = Zi • + Z2 • 

62 = Z 3 • + Z 4 • 

= zf^.(ei - z2-i*) I 


10.66 


If this value of is substituted in the second equation to solve 
for as 

i 2 = (Z4 “ Z3 • Zf^ • Z2)-K62 - Z3 • Zf^ • 61) = Z^"^ • 6^ 


in the numerical calculations Z 4 ' comes out to be zero. 
Of course, other cases are possible. 

(d) As an example let 6 = z • i be 


1 

2 


1 

2 



y 

B 

3 

• 

3 

4 

-1 

-6 

4 

8 

-2 

-8 

5 

4 

-1 

-10 

3 

8 

-2 

-6 



10.67 
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The determinant of z is zero, as is any three-rowed determinant of 
z. However, the determinant of the upper left-hand corner matrix is 
not zero; hence the rank of z is two. Therefore, by equation 10.66 

= zf ^ • (ei — Z 2 • i^) 


— > 



Hence the solution is x = 2w and y = (1 + s)/4, where w and z 
may assume any arbitrary values. 




CHAPTER XI 


THE THEORY OF GROUPS” 

I. PROPERTIES OF THE TRANSFORMATION TENSOR 

(a) The transformation tensor C®* differs in physical interpretation 
from ail other tensors that occur in the analysis of physical systems, 
such as Za 0 t etc. Whereas other tensors represent some definite 
property of the physical system itself, the transformation tensor C 
represents certain operations performed on the system, certain changes 
made in the point of view. 2 'he transformation tensor is not a part 
of the system as Za 0 or ea is, and it does not occur explicitly in its equation 
of performance. Certain transformation tensors may be represented 
physically by the pieces of conductors that interconnect the various 
impedances but by themselves have no impedance and contribute 
nothing to the power or energy of the system. They represent only 
the reference frame along which the currents are made to flow. 

(i) Because of their different physical significance, the various types 
of transformation matrices form a separate class in themselves. They 
belong to a new type of aggregate, called a “ group.'' That is, each 
transformation matrix is one element of a “ group " of transformation 
matrices, in addition to being an element of a “ transformation 
tensor.” 

By virtue of the fact that transformation matrices belong to a'' group " 
they are endowed with certain properties that other set of n-matrices 
(that do not belong to a ” group ”) do not possess. 

The study of one of these special and additional properties is the 
subject matter of this chapter. There are, of course, other properties 
in which the transformation tensor differs from other tensors. 


n. THE THEORY OF GROUPS 

(a) The ” theory of groups " is a new type of algebra in which the 
entities A, B, C ••• of a " group " are subjected to one operation only. 
The result of this operation is an entity which also belongs to the same 
group. The operation will be denoted in general by a dot as i4 • JB = C. 

270 
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In ordinary algebra the entities a, b, c are subjected to several 
operations, such as ciddition, multiplication, division, etc. Because of 
the large variety of manipulations existing in ordinary algebra, the 
entities a, 6, c that are manipulated arc restricted to a rather narrow 
field. They are usually single numbers like 5, 7, 2 + xyy'i, ax + y, 
etc. However, in the theory of groups the nurnbt'r of operations is 
restricted to onCf hence the entities A, B, C are of a far greater variety 
than in ordinary algebra. They may be, of course, single numbers, 
like 5, 7, etc., but they may also be «-(liiTU‘nsional matrices or still 
more abstract entities like “ rotations ** or “ j>ermutations ” or “ trans¬ 
formations,” etc. 

{b) It may be mentioned that the “ alge bra of w-dimensional 
matrices ” as developed in the first two chapters of this volume may 
be looked upon as still another type of algebra in which the efitities 
are of a greater variety than in ordinary algebra (being a ” set ” of 
numbers arranged in a row, or a square, or a cube, etc.), but the 
operations on the entities are more restriclt‘d than in ordinary algebra 
(division is excluded, also in a i)roduct A • B the factors cannot be 
interchanged, etc.). The ”algel)ra of n-dimensional matrices” lies 
between ” ordinary algebra ” and ” the theory of groups.” There 
are, of course, numerous other types of alg(‘bras. 

It may be shown that, as the number of operations allowed on the 
entities is successively restricted, the field of concepts from which the 
entities are selected successively widens. If no operation at all is 
allowed on the entities, their variety becomes still greater. 

When the entities of a group are all the possible transformation 
matrices Ci, C 2 , C 3 • * *, the single operation that is allowed on them is 
multiplication Ci • C 2 in the senst^ of Section XII, Chapter I. Other 
n^matrices besides the transformation matrices may also form a group. 

III. DEFINITION OF A “GROUP” 

(a) Not all aggregates of entities that are subjected to a single 
operation can form a ” group.” The entities and the operation they are 
subjected to must satisfy four conditions in order that they should form a 
group." These four rules, which are satisfied by all transformation 
matrices C, are as follows: 

1. The product entity C of any two entities A • B must belong 
to the same group. This is called the ” group property." That is, 
C 3 formed by Ci • C 2 belongs to the same group. 

2. In the product of several elements A-B-C the multiplication 
may be performed in any order as .4 • (B* C) or as (i4 -B) • C. This is 
the “ associative law.” 
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3. One of the elements of the group is the “ unit element ** /, so 
that multiplication with it leaves any element unchanged. (See 
equation l.S for the definition of the unit matrix I.) 

4. Each element A has an “ inverse ” element = B also belong¬ 
ing to the group, so that the product of an element A and its inverse 
A^^ is the unit element, L (See Section XVI, Chapter I, for the 
calculation of the inverse transformation matrix.) 

When the elements do not have an inverse and so the last condition is 
. not satisfied, the group is called a “ semi-group” Many theorems of 
: the theory of groups apply also to semi-groups. 

' (6) The last three of these conditions are satisfied by square 

matrices in general, hence also by square transformation matrices. 
The associative law applies to their multiplication, the unit matrix I 
exists and most square matrix A has an inverse A"“^so that A • A“^ = I. 
However, the first rule does not apply in general to matrices, since for 
instance two impedance matrices Zi and Z 2 cannot be multiplied together 
in general. It is chiefly the first rule which differentiates entities that 
belong to a group from other entities that do not belong, and for this 
reason entities that obey the first rule are said to have the “ group prop^ 
erty” Such entities are the transformation matrices C, whether singular 
or non-singular. A detailed study of the first rule, the group prop¬ 
erty,” is the subject matter of this chapter; the last three of these 
rules have already been studied in connection with the transformation 
tensor C. 

(c) There is an extensive mathematical literature on the theory 
of groups. In the last decade it has found wide applications in 
crystallography, in atomic structure, in quantum dynamics, and in 
many other fields. The importance of the concept of ” groups ” may 
be seen, for instance, from the fact that the transformation matrix C 
of a network alone contains a surprising amount of information about the 
properties and behavior of the network, without even establishing any other 
tensors, such as the e vector or the z tensor of the actual network. In a 
subsequent chapter on the synthesis of networks it will be shown 
that by simply knowing the transformation matrix C of a network 
(and the impedances of its individual coils) it can be foretold that the 
network has, for instance, a desired response at all frequencies, or that 
the network supplies constant currents at all loads, or that it supplies 
various currents at constant potential, without actually establishing 
z' of the network and examining it for its performance characteristics. 

That is, the basic characteristics, the skeleton of the performance of a 
dynamical system, is completely incorporated in the transformation 
tensor C. The other tensors simply supply the flesh and blood, but do not 
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change the basic qualities of the performance. The exclusiveness of the 
transformation tensor C as an aristocratic member of the society of 
tensors is clearly shown by the fact that the transformation tensor C 
does not even appear in any equation of performance of a dynamical 
system. It keeps itself aloof from the plebeian pick and shovel work 
of the various types of performance calculations. 

IV. EXAMPLES OF FINITE GROUPS 

(а) The number of elements that form a group may vary from a 
few to infinity. According to the number of elements in a group, they 
divide into two classes: (1) ''finite groups,'' and (2) “ infinite groups.'" 

An example of a "finite group " is the collection of the following 
four entities: 

1. Rotation through 90° = A. 

2. Rotation through 180° == B. 

3. Rotation through 270° = C. 

4. Rotation through 360° = D. 

The four entities A, B, C, and D form a group, the so-called 
rotation group," since they satisfy the four rules: 

1. The product of any two rotations as B^C is the rotation A 
(rotation through 90°). Or ^ C = A. 

2. The rotations may be performed in any order, the final angles 
of rotation being the same. 

3. There is a unit element D that leaves all rotations unchanged as 
BD = B. 

4. Each rotation has an inverse. For instance, the inverse of C 
is A, since C'A — D — unit element. 

(б) Another example of a "finite group " is the group of all trans¬ 
formation matrices Ci, C2 • • • that leave a particular n-mesh network 
unchanged but change the variables to different n branches (such as 
shown in Section IV, Chapter VI). There are only a finite number 
of ways in which the n variables may be selected in an n-mesh network. 

Another example of a" finite group " is the group of all transformation 
matrices Ci, C2, C3 • • • that change a particular n-mesh stationary net¬ 
work into any other n-mesh network. There are a large (though not 
infinite) number of ways to change an n-mesh network into other 
n-mesh networks. 

(c) An example of a “ semi-group " is the group of all transforma¬ 
tion matrices that changes a network with n coils into other networks 
with different number of coils. None of these transformation matrices 
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has an inverse. Examples of semi-groups will occur in Chapter XXIII 
in connection with the synthesis of networks. 

Y EXAMPLES OF INFINITE GROUPS 

(а) Of the many important examples of infinite groups are: the 
procedure of impressing electromagnetic quantities on a network, the super¬ 
position of geometrical configurations upon a space (or chains upon 
cells). There is an infinite variety of these procedures, but they all 
satisfy the four group conditions, if the operation performed upon them 
is addition. That is, using impressed voltages as examples: 

1. Impressing two voltages in succession is also equivalent of 
impressing a voltage, ei + 62 = 63. 

2. The resultant voltage is independent of the manner of grouping 
61 + ©2 + ©3 = (ci + 62) + ©31 etc. 

3. There is a unit element eo that leaves the network unchanged. 
In this case eo is zero. 

4. Each impressed voltage e has an inverse, —e, so that the product 
of the two (which in the present example is an addition), e — e, gives 
the unit element, Cq. 

(б) Another example of an infinite group ” is the group of all 
transformation matrices Ci, C2 • • • that introduce hypothetical currents 
as variables instead of the actual branch currents. Such hypothetical 
currents are the load ” and “ magnetizing currents.” Although it 
is possible to introduce an infinite variety of hypothetical currents, 
still the interconnection of the coils puts a certain limitation upon the 
relation between them. 


VI. SUBGROUPS 

(a) When all the elements of a group belong also to another group, 
then the first group is said to be a '' subgroup ” of the second. For 
instance, the elements of the finite group changing the variables in the 
branches of a network belong to the finite group changing also the 
interconnections of the network, being only a special case of the 
latter. That is, the group of transformation matrices changing the 
branch currents is a ” subgroup ” of the group of transformation 
matrices changing also the interconnections of networks. 

The group of transformation matrices changing the interconnection 
of networks is itself a subgroup of the group of transformation matrices 
that change the interconnections of rotating machinery with stationary 
reference axes. In turn the latter are a subgroup of the so-called 
” group of linear transformations," and so on. 
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(6) The various types of groups are usually denoted by the letter G 
with a subscript as Gi, G2 •••, etc., the subscript denoting what 
particular group is meant. In this volume the following '' groups ” of 
transformation matrices have hitherto been introduced : 

1 . G, = All C that change the interconnections of the various coils; 
that is that change an w-coil network into another w-coil network. This 
C may be called the “ connection tensor.'' 

This group of transformation matrices forms the basis of all network 
studies^ since it represents the codification of Kirchhoff's laws. 

2 . Gb = All C that leave the interconnections unchanged but 
change the currents from one set of branches or meshes to another set. 

The components of all transformation matrices belonging to these two 
groups are always integers. These groups are related to the so-called 
“ Betti-group " used in Topology. 

3 . Gp = All C that represent permutations of the axes. 

4 . Gt = All C that change the number of turns of the coils. Their 
components are rational numbers. 

5 . Gm = All C that change actual currents to magnetizing and load 
currents. 

All these groups are '' subgroups " of the following groups: 

6 . Gn = All C that may occur in network studies, having real 
components only. 

The group of real transformations that occur in network studies 
are of a limited type. They form a subgroup of a larger group called 

7 . G/ = The group of “ linear transformations " or “ affine trans¬ 
formations." The components of C belonging to this group are any 
real constants (integers, fractions, irrational numbers). 

The latter group in turn is a subgroup of 

8 . Gf = The group of all functional transformations in which the 
components of C are functions of the variables. 

The groups G, and Gm also include the “ semi-groups " of those C 
that have no inverse. In G, the number of meshes after interconnec¬ 
tion may be less than before interconnection, in Gm the magnetizing 
current may be neglected. The semigroups will be denoted the same 
way as the corresponding groups. Each group of transformation 
matrices forms a tensor. 

It is emphasized that each time a group of real transformations are 
introduced they form only a subgroup of the group of real linear or 
" affine transformations. That is there are many affine transforma¬ 
tions that have no meaning in network studies. 

In addition to the groups of real transformations there occur 
groups of transformations in network studies whose C contains complex 
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components instead of real components. Such transformations are 
shown in Chapter XIII. 

Vn. TRANSFORMATION, INVARIANCE, GROUP 

(a) Due to the large variety of “groups** of transformation matrices 
that may exist, whenever an invariant equation is set up as being ''invari¬ 
ant ** under a " group ” of " transformation matrices,'" it is extremely 
important to define the " group " of transformation matrices that are 
understood, since an invariant equation that is invariant under one group, 
is not invariant under another group. For instance, the equation 
Ca == is- valid for a network only if the interconnections of the 
coils do not vary in time. If they do vary, the equation does not hold, 
and the equation is not invariant under the latter group G/. 

Hence the three words'. (1) "transformation," (2) "invariance" 
and ( 3 ) “ group " always occur together in one phrase, as for instance: 
“ The power input e • i = P is an invariant under the group of trans¬ 
formations Gn> 

The concept " transformation ** need not necessarily be expressed 
with the aid of a “ transformation matrix C ** as i = C • i'. It is a 
much wider conception than the C. A “ transformation ** that may 
be expressed with the aid of a transformation matrix C is a highly 
specialized one. Hence the accepted phraseology uses the “ group of 
transformations G ** instead of “ group of transformation matrices G ** 
in order not to restrict the form of transformation. In this volume 
“ transformation ** will mean “ transformation of the variables ** 
(i“ or £«) with the aid of or C^\ 

(b) It is possible to introduce a set of transformation matrices C 
which leave the form of an equation invariant, but the C*s do not form 
a “ group.** It is also possible to introduce a set of C*s that form a 
group, but these C*s do not leave a linear or quadratic form “ invari¬ 
ant.” In these cases one of the three concepts is missing and the study 
of such transformations is not tensor analysis, since among other require¬ 
ments the concepts of “ covariance ” and ” contravariance ” cannot 
be introduced. 

Vin. THE «GROUP PROPERTY” 

(a) In Chapter VI several types of transformation tensor C were 
introduced, each of which changes the system set up or the point of 
view employed. For each change C the various tensors have been 
separately calculated with the aid of the transformation formulas. 

However, in many engineering problems not one but several types of 
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changes are assumed simultaneously. For instance, in a multiwinding 
transformer system the windings may be subjected to four changes 
simultaneously : 

1 . The number of turns are changed. 

2 . The windings are interconnected. 

3 . The magnetizing currents are neglected. 

4 . Symmetrical components are introduced. 


Or, as another example, in a direct-current machine the conductors 
in the slots are subjected to several different types of transformations 
simultaneously, in particular: 

1 . The conductors are connected into coils. 

2 . The coils are connected to the commutator bars. 

3 . The commutator bars are interconnected by the brushes. 

4 . The brushes are interconnected into circuits. 

5 . The equalizer rings introduce additional current paths. 


(6) In the usual analysis of engineering problems, these simul¬ 
taneous changes rarely, if ever, are separated and handled individually. 
All non-tensor methods of analysis attempt to take care of all changes 
simultaneously, without separating them into successive steps. 

Now, it is possible to set up a transformation matrix Ci, C2 • • • C,* 
for each of these component changes, and the transformation matrix C of 
the resultant change is found by taking the product of the individual 
changes, as 


C = Ci'Cj'C) ••• Cii 



11.1 


This formula is valid since each transformation matrix is an element 
of the group of linear transformation Gi and their product is a trans¬ 
formation matrix which also belongs to the group G/. It may be 
shown that this formula is valid even if several or all of the transformation 
matrices are singular (rectangular, not square) since this formula 
represents the so-called “ group property ” which is satisfied by the 
elements of a semi-group also. 

This last formula serves as a powerful labor-saving device in the 
analysis of complex engineering problems since it enables the engineer 
to subdivide the “ method of analysis " itself into several steps and develop 
each step as if the other steps were absent, then to recombine the individual 
steps into one resultant step, ^ 

(c) It is interesting to note that the “ group property ** of the 
process of impressing voltages, shown in Section Va (namely, the 
possibility of impressing several voltages and calculating their effect 
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separately as if the others were absent), has been used in electrical 
engineering under the name “ superposition theorem.** Hence the 
process of dividing a transformation into a whole series of successive 
transformations is equivalent to another type of superposition theorem. 


IX. THE SUBDIVISIONS OF COMPLEX PROBLEMS 

The labor-saving devices previously introduced, that enable the 
engineer to subdivide his complex problems into several independent 
problems, each having fewer complexities, may be separated roughly into 
three classes. Assuming a large number of analogous systems to be 
analyzed simultaneously: 

1. The concept of geometric objects enables the engineer to sub¬ 
divide his whole physical system arbitrarily into several independent 
component physical systems^ each having either different types of 
geometric objects or just different types of performance. For instance, 
any portion of a network may be detached and analyzed separately. 
Or a transmission system may be arbitrarily divided into rotating 
machines, multiwinding transformers, transmission lines, and each 
subdivision may be analyzed separately as if the others were absent, 
then finally recombined into the original system. 

2. The concept of transformation tensors enables the engineer to 
subdivide each of his great number of analogous physical systems 
into two analytical parts: 

A. Those parts that are identical for all systems, like z«/j. 

B. Those parts that are different for each particular system, namely 

The establishment of the matrix C"' for each particular system is 
practically the only step that requires analysis on the part of the engineer 
in setting up the equations of performance. 

3. The concept of group property enables the engineer to subdivide 
the analytical part of his work, namely the establishment of arbi¬ 
trarily into several independent steps, each step having its own method 
of analysis. 

The physical and analytical subdivision of a group of t)roblems 
into a series of simpler problems, and their recombination into the 
original group of problems, is made possible only by the introduction 
of the concept of a ** group ** of transformation matrices With¬ 
out its use : 

1. Each physical system must be analyzed separately from the 
ground up as if the analogous systems had not been analyzed. 

2. The physical system must be analyzed as a whole except in very 
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simple cases where the transformation matrix C would usually become 
the unit matrix. 


X. TYPES OF SUBDIVISIONS OF C 

The subdivision of the transformation matrix C into the product 
of several transformation matrices Ci, C2 • • • may be prom])ted by 
various types of considerations; 

1 . The problem itself automatically subdivides the transformation 
matrix into two or more steps. 

For instance, in a transformer system the division of the transfor¬ 
mation into two steps; 

A. Interconnection of coils by Ci 

B. Neglect of magnetizing currents by C2 

is made self-evident by the fundamental difference in the nature of 
the types of transformation. 

Another example of an automatic subdivision of C is that of an 
armature winding of a direct-current machine, as shown in Section VII. 

2 . The transformation matrix may cover only one type of trans¬ 
formation, but it may be so complicated that, to avoid confusion, it 
may be set up in several steps. 

For instance, in a complex network it is possible to interconnect 
first, say, those coils that form branches by series connections and set 
up Cl for this step. Then the branches are treated as single coils and 
are interconnected by C2 into the final network. Their product Ci • C2 
is equivalent to setting up C in one step. The final interconnections 
may be set up in three or more steps if so desired. In rotating machin¬ 
ery this division is often used to avoid confusion. 

3 . The transformation may be of one type, and it may be simple 
to establish C in one step, C is divided nevertheless into Ci • C2 • • • for 
analytical reasons. 

For instance, it may be found that the product Ct • z • C is calcu¬ 
lated much more quickly if it is performed in several steps as 

Ct • z • C = (C2t • Cii) • z • (Cl • C2) = C2t • (Cit • z • Cl) • C2 11.2 

That is, first z is multiplied twice by Ci as Cit • z • Ci = z' and then 
twice by C2. Such cases occur, for instance, in armature-winding 
reactance calculations, where the establishment of the resultant C is 
quite simple, but the matrix of z itself may have several hundred rows 
and columns and is imperative to reduce it quickly to a matrix with 
few rows and columns. 

It is emphasized that a transformation matrix C may be subdivided 
for the purpose of analysis into a product Ci • C2 • C3 • • • arbitrarily 
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even if Ci or C 2 , etc., do not correspond to any physical set-up or even 
hypothetical division. The subdivision may be purely analytical. 


XI. MULTIWINDING TRANSFORMER SYSTEMS 


(a) Examples of networks whose analysis requires the application 
of at least two transformation tensors are the numerous types of multi¬ 
winding transformer systems. Their resultant transformation tensor 
is the product of the following two component transformation tensors: 

1. Cl showing the manner of interconnection of the windings into a 
mesh network. It is set up in exactly the same manner as any other 
mesh network. 

2. C 2 showing that the magnetizing current of each closed magnetic 
circuit is neglected. It is set up in the manner shown in Section X, 
Chapter VI. 

The resultant transformation tensor C is 


C = Cl'Cj 


11.3 


(6) To neglect the magnetizing currents, first the equations of 
constraints are set up in terms of the new currents i' existing after 
the interconnection, making the sum of the m.m.f.'s around each 
closed magnetic circuit zero, then they are expressed in the form 
i' = C 2 • i", where C 2 is a singular matrix containing as many less 
columns than rows as there are equations of constraints. 

Since it is not so easy to set up the equations of constraint in terms 
of the currents i' existing after the interconnections, it is easier to set up 
the equations of constraints first in terms of the old currents i existing 
before interconnection, then to replace the old currents by the new cur¬ 
rents from the relation i = Ci • i'. 

Hence the transformation tensor C 2 neglecting the magnetizing cur¬ 
rents is set up in three steps \ 

1. The equations of constraints are set up in terms of the old currents i 
with all interconnections removed, 

2. The old currents are replaced by the new currents from i = Ci • i', 
thereby expressing the equations of constraints in terms of the new currents, 

3. The resultant equations of constraints are replaced by the relation 
i' = C 2 • i". 

(c) There is one other difference between the analysis of trans¬ 
former systems and other general network. In general static networks 
the design constants of the coils of the primitive network consist usually 
of the self-impedances Zhb, etc., of each coil and of the mutual 




IMPEDANCE TENSOR OF THE PRIMITIVE TRANSFORMER 281 


impedances Zo6, Zed, etc., between any two coils. However, in multi¬ 
winding transformer networks, where the magnetizing currents are 
neglected, design constants of a new type are used for the primitive 
transformer^ the so-called ** leakage-impedances ” between two coils, 
Za^h- They are also called “ through-impedances or “ bucking impe¬ 
dances,” etc. In terms of these design constants the final eciuations 
have a simpler form. 

Of course it does not make any difference in the use of the formulas 
what type of components the impedance tensor z of the primitive net¬ 
work has or in what manner the resultant transformation tensor C is 
set up. The impedance tensor z' of the resultant network is still 
found by C< • z • C, the voltages induced in the individual windings 
by z • C • i", and so on. 


XII. IMPEDANCE TENSOR OF THE PRIMITIVE TRANSFORMER 

(a) Let two single coils, each with one turn, be connected in opposing 
series. If the self- and mutual impedances of the individual coils are 
ziit 222 i and Zi 2 i then the resultant impedance of the two coils in oppos¬ 
ing series is 

Sl-2 = Sll + 222 — 2Zi2 11.4 


This impedance is called the ” leakage impedance ” between the two 
coils. 

It is possible to say that the ” self leakage impedance ” of each 
coil is zero, while the ” mutual leakage impedance ” between the two 
coils is The negative sign occurs because the flux due to 

one of the coils opposes the flux of the other coil. The f occurs because 
the voltage induced in one of the coils is one-half that induced across 
both coils. 

(fe) Hence, when n coils exist on one transformer core, each coil 
with one turn, then in terms of self and mutual leakage impedances 
the impedance tensor of the multiwinding transformer is 


12 3 n 


0 

21-2 

21-8 

... 

2l_« 

Zl-2 

0 

22-8 

... 

22-n 

«l-8 

22-8 

0 


23 -n 






21-n 

22-n 

28-n 

... 

0 


11.5 
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It should be noted that all diagonal components are zero. Also the 
presence of — ^ should be noted, being a factor of each component. 

{c) When each coil has a different number of turns, the mutual 
leakage impedance of two coils will be defined as 


Z 2-3 = — n 2 n 3(222 + S 33 ~ 2223)/2 


11.6 


The presence of — ^ should l)e noted. 

In terms of these actual turn leakage impedances the impedance 
tensor of a multiwinding transformer with isolated windings {the prim¬ 
itive transfortner ”) is 



1 

2 

3 

n 

1 

0 

Zi_2 

Zi_, 


zi_„ 

2 

Zl„2 

0 

Z2_S 


2^2-n 

z - 3 

Zi_3 

Z 2-8 

0 


Zs-n 



... 




n 

Zi-„ 

Z2-n 

^8-n 


0 


11.7 


having all zero components along the main diagonal line^ and containing 
fewer design constants. 

This impedance tensor z will be assumed in the following pages as the 
impedance tensor of the “ primitive multiwinding transformer ” when its 
magnetizing current is to be neglected. Each component is defined in 
equation 11.6. 

(d) The actual mutual impedance Z23 between two coils is defined 
in terms of single-turn impedances as • 


Z23 = W2W3223 

If these actual impedances are used in place of leakage impedances, 
then z of equation 11.7 contains no zero components, and it also 
contains n more design constants. 


XIII. ANOTHER DEFINITION OF LEAKAGE IMPEDANCE ♦ 

(a) In general practice it is customary to assume one of the windings 
as a reference winding, say coil one, whose number of turns is ni, and 
define the mutual leakage impedance of two coils as 

Z'2-3 = n\ni{z22 + Z33 ““ 2 z 23 ) ( 11 - 8 ) 

It should be noted that this definition assumes that all coils have m 
turns. 

* This section may be left out at the first reading. 
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In terms of these equal turn leakage impedances the impedance 
tensor is 


12 3 n 



11.9 


(6) It is possible to pass from the tensor (11.9) to the tensor (11.7) 
by the transformation tensor 


so that 


1 2 3 .... n 


1 

0 

0 

.... 

0 

0 

n%lni 

0 


0 

0 

0 

nzini 


0 

.... 

.... 

.... 

.... 

.... 

0 

0 

0 

0 

»n/»l 


Z = C* • Z2 • C 


11.10 


1 2 3 .. n 


0 

ni 

ni ^ 

•• 

’*"7' 


0 

-"2—3 

nmi ^ 


»2»n ^ 

"2—n 

»ini ^ " 

ni * • 

n2»8 

-"2-8 

nmi ^ 

0 

•• 

»3»n ^ 

ni»i 




•• 







n*«n^ 

«8»» 

-"8-» 

n\n\ 


0 


since by equations 11.6 and 11.8 

_ , /1\^ 


or 


^ 2-3 = — - 2 ^ 2-3 


Inifii 


11.12 


Hence it may he assumed that the impedance tensor z of the primitive 
multiwinding transformer is either equation 11.7 or equation 11.11. 
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The first tensor contains the actual turn leakage impedances Z 2 - 3 , the 
second tensor contains the usual equal turn leakage impedances Z 2 - 3 . 

(c) It is possible to use other types of leakage-impedances in place 
of Z 2-3 and Z 2 - 3 . However, they are not considered here. Of course 
z may contain also the usual self- and mutual impedances Z 22 , Z 23 , etc., 
in place of the leakage impedances ^ 2-31 etc. But whatever compo¬ 
nents are used for z, the following analysis is equally valid for all types 
of components. 

XIV. FORKED AUTOTRANSFORMER 

(a) As a simple example, consider the three-winding transformer 
of Fig. (11.1a) whose three coils a, 6, c, and the load d are connected 



(a) Forked autotransformer (h) Connection diagram 
Fig. 11.1 


into a two-mesh network as shown in the conventional diagram of 
Fig. 11.16, 

The impedance tensor of the primitive network Fig. (11.1c) is 



11.13 


containing leakage impedances (any other actual or leakage impe¬ 
dances may be used). 

Its impressed voltage vector is 



(6) The transformation tensor Ci, representing the inlet connection^ is 
set up by equating the old and the new currents in each coil of Fig. 
(11.16) as 
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t* = 

t« = _ *4' 


a' b' 


a 

b 

Cl - 

c 

d 


1 

1 

1 



-1 


1 


11.15 


(c) The transformation tensor C 2 , neglecting the magnetizing current, 
is set up as follows: 

1. The m.m.f. around the transformer is made equal to zero. The 
currents of the primitive network, that is the currents flowing before the 
interconnection, are used instead of the new currents, so that 


nj>^ -[" Wfri* -f” Wfit® = 0 


11.16 


This is the equation of constraint in terms of the old currents 

2. In the equation of constraint the old currents are replaced by the 
new currents by equation 11.15 as 

+ in + nt{in + nd-in = 0 11.17 

or 

(Wa + + {fta — nc)i*' = 0 11.18 

This is the equation of constraint in terms of the new currents. 

3. Eliminating one (any one) of the new currents 


i®' = 


nc - Wa 
—-—,» 

ita + rih 


11.19 


4. Leaving the other currents unchanged, the equation of constraint 
of equation 11.16 is replaced by the set of equation i' = C 2 • i" 

b" b" 


Ja* 

Wc - Wa 


fie - fla 

a' 

n 

Ir 

— . V* 

Ua — nh 

a 

c, = 

b' 

fla + rih 




1 

b' 

1 


11.20 


(d) The resultant transformation tensor C is 



C 


11.21 
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The impedance tensor of the forked autotransformer is, by Ci • z • C, 

_v;_ 

- b" I 2(» + \)nZ,.i - 2(» + l)Za_« - 2iiZ»_ + Z I 11.22 


acting as a single impedance. 

The impressed voltage vector is by C| • e 

b" 


(« + l)fa 


11.23 


The equation of voltage is e' = z' • i", from which the current is by 
z'-i • e' 


b" 


(» + l)«a 


2(n + \)nZa^h - 2(n + \)Za-h - 2nZh^ + Z 


11.24 


(/) TAe currents flowing in the individual coils are by i = C • i" 
a _ b c _d_ 

i=I (»+nt»" I i i T' i 11.25 


(» + l)t‘" 

ni»" 




The voltages induced in the individual coils are, by z • C • i", where 
z * C has been calculated in finding z' 


(nZa~h "" ^a—e) 


*■*"[(« + - Zb-c] 


*»"[(» + 1)2.-. + n2»_l 


i^'Z 


11.26 


XV. LOAD-RATIO CONTROL AND REGULATING UNITS 
(a) As an example of several interconnected multiwinding trans¬ 
formers consider Fig. 11.2 where one three-winding and two two- 


i*'t 


Fig. 11.2.—Load-ratio Control and Regulating Units 

winding transformers are interconnected with a load into a four-mesh 
network. 
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(6) The impedance tensor of the primitive network is 

a 
b 
c 
d 

Z = 

f 

g 
h 
k 


a_ b c _d_f_g_h_k 



Za—h 

Za-e 






■e 

1 


Zb—e 






Za—c 

Zb^e 











Zd^f 







Zd-f 











Zg—h 



















11.27 


and its impressed voltage vector is 



a 

b 

c 

d 

f 

g 

h 

k 

e = 


0 

0 

0 


0 

0 

0 


11.28 


(c) The transformation tensor of the four-mesh network, by equat¬ 
ing old and new current in each coil, is 

a' b' c' d^ 





a 

1 







b 


1 



ic = 



c 




1 

ii = -t»' 



d 

Cl = 

f 


-1 



i/ = 

-ic 




-1 


= 



g 



1 


j* = 



h 




1 

t* = 


t**' 

k 




1 


(d) There are three equations of constraint, one for each transformer. 
In terms of the old currents flowing before interconnection (making 
the m.m.f. around each transformer of Fig. (11.2) equal to zero), 
they are 

+ nci^ = 0 


+ njP = 0 11.30 

Ugi^ + = 0 


Expressed in terms of the four new currents flowing after inter¬ 
connection they become (by substituting equation 11.29) 
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»«*•' + + «<,*■''' = 0 
—n^' — n/i”’ = 0 
«,»*' + «»»'*' = 0 


11.31 


Three of the currents, say **' and **', may be expressed in terms of 
the fourth current i**' as 

»«'-(«*/»,)*•"' 

a-' - - =. {n,/ni){nH/n,)i*’ 11.32 

= - (n»/na)t»' - (n./n«)t'«' = - ^ i-' 

\no nd Wj, nj 

Hence the three equations of constraint may be expressed by the 
transformation i' = C 2 • i" 

d" d" 


\n« tid fig nJ 

fid fig 






V 

c' 

d' 


_/n6^ n* , 

Vila nd fig nJ 

a' 

-ni 

n/^ 

ni nf 

b' 

ns 

— !?* 




c' 

-ns 

1 

d' 

1 


(«) The resultant transformation tensor is 
a' b' c' d' 


11.33 


Cl*C2 


1 





1 






1 


-1 





-1 




1 





1 




1 


—»i 


m 


-ns 


-ni 


ns 


-ns 


ns 


-ns 


1 


C 11.34 


(/) The new components of the impedance tensor are found by 
Crz*C and those of the impressed-voltage vector by C^e. 
d" 


d" 


“Znins^a— 5 2ni2a—0 ■!" 2ns'?b--^ — 

—2nsns^4-/ — 2figJZg^ -f- Z 


11.35 


-nie® 


11.39 


The current is found by — z'*"^ • e'. 
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(g) The currents in the individual coils are found by i == C • i" 
(equation 11.34) 

a b c d f g h k 


-ni*''" 

n^ir 


W 3 1 — «3 j 



The voltage drops in the individual coils are found by z • C • i". 
(A) Table 11.1 shows the component and resultant transformation 
matrices of some commonly used unbalanced transformer connections. 



Table 11.1.—Unbalanced Transformer Connections and their Transformation 

Matrices 

First column—Ci showing interconnection of coils 
Second column—C 2 neglecting magnetizing currents 
Third column—C representing their resultant 
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XVI. UNBALANCED INSCRIBED DELTA 

{a) I^t the three three-winding transformers of Fig. 11.3 supply an 
unbalanced load. For greater generalization each winding may be 
assumed to be different (unbalanced three-phase multiwinding trans¬ 
former circuits will be worked out by a quicker procedure in Chapter 



a b r 

(a) Connection diagram (6) Actual connections 

Fig. 11.3.—Unbalanced Inscribed Delta 


XIX. This example of a slower process serves as a check on the 
quicker procedure). 

{b) The imi^edance tensor of the primitive network is 


ai bi Cl a2 bj ct as bs cj d f g 



11.38 
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or expressed as a compound tensor 

1 

2 

z= 11.39 

3 

4 

where Zi» 2 , etc., have diagonal matrices. 

(c) The transformation tensor of the interconnection iS: 


a' b' c' d' f' g' 



(d) The equations of constraints in terms of the twelve old currents 
are ^ 

= 0 

=0 11.41 

= 0 

In terms of the six new currents they are 

' naii®' + na2i^' + = 0 

= 0 
== 0 



11.42 
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Eliminating, say, i®', and i®', the equations of transformation 
i' = C 2 • i" are 

d” f" g“ 

4” 

r 

2 ' 

11.43 

(e) The resultant transformation tensor is 

d“ f” g" 

ai 
bi 
Cl 

as 
b2 

C2 

Ci*C2 = c = 

aa 
bs 
C8 
d 
f 
K 

(J) The impedance tensor C« • z • C is found as 

_ ^ _ 

--llt*Zi_2 —Zi_2*Il—llt*Zi_8*Ci —Cu*Zi-8’n+Z2-3*Ci+Ci<*Z2-3H"C2l*Z4*C2 

11.45 

representing a 2-tensor with three rows and columns. The multipli¬ 
cation of their matrices has yet to be performed. 
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Assuming identical transformers, - ^* 1 -^ * ^ 1-2 



d" 

i" 

e" 

d" 

—2Zi«*~ -f 2Zdd — 

—Z/d — Zgd 

- 22 ,+ 22,-4 - 

-22,-3^* + 2Zit 

-2// - Zfj 

-22,-4 ^* + 22 * -• 
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-2Zi_,^’+2Z/d- 

—Zgd — Zdd 

-22,_,^ + 22//- 

-Zff - Zif 

— 2Zi_ 2~ -f 2 Z 2-8 — 
.-2Zi_3^j-h2Z/,- 

—Zgg — Zdg 


-2Zi^^ + 22,-4 - 

+2Zti- 

—Zdd — Zfd 

-22,-,^ + 22*/- 
»1 

-Zif - Zff 

-22,_,^ + 22„ 

—Zdg — Z/f 


11.46 


(g) If i" is calculated, the induced voltages are found by z • C • i", 
etc. 

XVn. UNBALANCED VOLTAGES IN D-C WINDINGS 

(a) As another example where at least two transformation tensors 
Cl and C 2 have to be set up in succession to find the resultant C, 
let the generated voltages appearing between the six brushes of the wave 
winding of Fig. 11.4 be calculated when the excitation from one of the 
poles is removed. 

(b) The transformation tensor C for the six brush circuits I-VI 
(assuming brushes of infinitesimal thickness) is set up in three steps. 

1. The effect of connecting the 126 coils into one continuous 
winding is shown by Ci in Table 11.2. The winding has a coil pitch 
1-21 and a commutator pitch 1-42. 

The instantaneous position of the six brushes with respect to the 
commutator is shown along the left-hand column of Ci representing 
their magnetic order. If a horizontal line is drawn from each of them 
until they reach + 1, then’a vertical line is drawn from -1- 1 to the 
top of Cl, the position of the six “ reflected ” brushes along the upper hori- 
zontal line shows their electrical order. That is, all coils lying between 
two reflected brushes are short-circuited by them. 

2. The effect of short-circuiting all coils lying between any two 
reflected brushes is shown by another transformation tensor C 2 in 
Table 11.2 which indicates that the original 126 coils are connected 
into six coils. 
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3. The product Ci • C 2 gives the actual transformation tensor C. 
Of course, the product may be found without the actual use of the 
arrow rule by simply writing in one column all +1 and — 1 that lie 
between two reflected brushes. 



Fig. 11.4.—A Six-pole Direct-current Wave Winding with 126 Coils 


(c) The generated voltage e represents the flux-density distribution 
along the six poles, shown along the left-hand side of Ci, also the instan¬ 
taneous voltage generated in each coil. 

The instantaneous generated voltage appearing in the six brush cir¬ 
cuits is found by Ci • e. When all poles are equally excited in each 
circuit the same generated voltage exists, but if one of the poles is 
unexcited, in each circuit a different set of coils remains unexcited as 
shown in the last column of Table 11.2. In the matrix the coefficients 
of the various columns have been factored out, so that the columns 
contain only 0, +li or —1 (in some components where + 1 and — 1 
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cancel each other, both coefficients are shown, instead of being replaced 
by zero). 



Table 11.2.—Calculation of the Generated Voltages in the Wave Winding of Fig. 11.4 under Balanced and Unbalanced 

Conditions 















































































































































CHAPTER XII 


REACTANCE CALCULATION OF WINDINGS 
L GENERALITY OF THE METHOD 

The reactance calculation of armature windings offers another 
example where the transformation tensor C is set up in several steps. 
It also illustrates how the concept of " primitive network ” opens up a 
new and simple method of attack that has not hitherto been used in winding 
calculations. 

In all reactance calculations shown in the literature the method of 
attack consists of analyzing the resultant flux wave produced by the 
actual interconnected winding. For every different interconnection of 
coils the analysis has to be started all over again. Also, in general, 
various types of attacks are used for the calculation of the various 
types of reactances. To calculate harmonic reactances a Fourier's 
analysis is employed; to calculate air-gap reactances the area measure¬ 
ments are undertaken; still another method is used for the calculation 
of slot-leakage reactances, and so on. All these methods require a 
constant physical analysis to the end, and no part of the engineer's 
work can be delegated to the computers. 

The method to be shown represents a radical departure from 
previous procedures in its method of reasoning, in its selection,of the 
deugn constants, and in the outward form of the final formulas 
arrived at. Of course it gives the same, numerical answer as other 
methods do. The final formulas come out in a tabulated form, so that 
the numerical substitutions can be performed with the aid of an 
adding machine. A large part of the calculations themselves may be 
done by a computer who knows how to multiply matrices but knows 
nothing about reactances. 

The method of attack is quite general. The slots may be unevenly 
spaced and may contain different numbers of coil sides; the coils may 
contain different numbers of turns, may have different pitches, and 
may be connected in any arbitrary manner into groups, the groups into 
phases, etc. The phases in turn may be connected in any desired man¬ 
ner to the line. The air-gap is assumed to be smooth, however, and 
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its non-uniformity has to be taken care of by the usual assump¬ 
tions. 

The reactances to be calculated are: 

1. The fundamental air-gap reactance. 

2. Any harmonic air-gap reactance. 

3. That total air-gap reactance. 

4. The slot-leakage reactance. 

5. The end-leakage reactance. 

The same final formulas are valid for the calculation of all the above 
five reactances. The formulas also do not change if the pitch, the 
number of turns of the individual coils, or the slot shape or air gap 
varies; hence the effect of any variation in them upon the winding 
reactances can quickly be evaluated. 

For the different types of windings, especially when several analo¬ 
gous types are analyzed simultaneously, various labor-saving devices 
can be introduced. Here only a general method of attack is given, but 
many of the steps may be left out in particular problems. 


11. THE METHOD OF ATTACK 

(a) When any armature winding is given, the first step is to as- 
sume all coil connections removed, so that only individual coils are 
left, representing the “ primitive ’’ winding. The self- and mutual 
inductances (or reactances) of the various coils will be denoted as 
i4, 5, C, It will be assumed that these coil reactances represent 

any one of the five types of reactance mentioned in the previous section. 

Once the coil reactances A, B, C* • • are known, the following three 
steps are taken: 

1. Set up the components of the impedance tensor z along the 
individual coils. 

2. S5et up the transformation tensor C of the coil connections. 

3. Find the components of the impedance tensor z' along the 
actual windings by the formula z' = C« • z • C, using the labor- 
saving method of “ compound tensors ” if necessary, or any other 
suitable labor-saving device. 

The final formulas of the winding reactances in terms of A, B, C- • • 
are the same for any one of the five types of reactance. The final winding 
formulas are also unchanged if the reactance of the individual coils is 
changed by using different pitch, or different number of turns, or 
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different slot proportions, or air gap, or coil-end shapes, etc. The 
final formulas change only if the manner of interconnection of the coils, 
C, changes. 

( 6 ) If the windings with z' are again interconnected by a new 
transformation tensor C' then the resultant components of the 
impedance tensor z" are found again by the same formula z" =* 

c; • z' • c'. 

The individual coils themselves may be assumed to consist of 
conductors (coil sides) interconnected by C« • z • C (in the calculation 
of slot-leakage or end-leakage reactances). 

When the windings are complex or when they show certain repeti¬ 
tions of patterns, etc., the coils may be interconnected into the actual 
windings in two or more steps instead of in one step. In other words, first 
it is assumed that the individual coils are interconnected into a larger 
number of groups with the aid of Ci and the corresponding Zi is 
calculated. Then these groups again are interconnected into smaller 
number of groups by C 2 and the corresponding Z 2 is calculated. These 
steps are repeated until the actual winding is reached, each step reduc¬ 
ing the dumber of rows and columns of C and z. 


m, INTERCONNECTION OF NEIGHBORING COILS 

Of the large number of possible short cuts one is shown here, 
because of its frequent occurrence in the calculation of standard wind¬ 
ings. In standard windings usually two or more neighboring coils are 
^ first interconnected into groups (say into pole- 
phase groups), then these groups are intercon¬ 
nected in various manners into phases, etc. In 
such cases it is advantageous to set up C in two steps 
31 as suggested by the coil arrangement. 

The interconnection of, say, groups of three 
^ neighboring coils reduces the number of rows and 
columns of z to one-third of its former value. 
3 ' This reduction can be performed very quickly 
because of the simplicity of C without the formal 
steps of setting up first C, then finding C< • z • C. 
For instance, let fifteen coils be intercon- 
Fig. 12.1 —Inter- shown in Fig. 12.1 into three windings, 

connection of The first step is to interconnect them into six 
Neighboring Coils groups as 
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Since the matrix of this tensor is symmetrical^ there is no need of 
filling in the other half. If should be divided into compound matrices by 
heavy lines according to the number of neighboring coils in each 
group. 

If the multiplication Ci • z • C is performed it is found that each 
new components of the tensor I' consists of all components of each 
small matrix added up, namely, 


i' 



1 ' 

r 

y 

y 

S' 

y 

V 
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d 
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a 
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c 
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e 
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5 ' 
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d 

c 

b 

a 

b 

6 ' 

h 

f 

d 

T 


e 


a =* 3A H" 45 + 2C 
b^B + 2C + 2D + E 
c ^ D + 2E + 3F+2G + H 
d^2G + 4II 
s = 2i4 + 25 
/ = E + 25 + G 


12.3 


Since the first multiplication C| * z adds up the components of 
each column in each matrix, and the second multiplication (Ci • z) *0 
adds up the components of each row in each matrix, hence in 
connecting neighboring coils into groups it is sufficient to add up the 
letters in each component matrix of z, without the formal calculation of 
Cf•z • C. 

The winding of Fig. 12.2 representing the winding of Figf 12.1 
after the neighboring coils have been interconnected is connected again 
into three phases by C' 



Fig. 12.2.~ 
Connecting 
Groups Into 
Phases 


I n m 

1 ' 

2 ' 

3 ' 

4 ' 

5 ' 

6 ' 


1 




1 




1 

-1 




-1 




-1 


12.4 


This second C' is identical for all machines having the same number 
of pole-phase groups, whether the groups are identical or different, that is, 
whether the windings have integer or fractional number of slots per pole- 
phase group. 
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The final components of the impedance tensor z" are by C, • z' • C' 



I 

II 

III 

I 

a, 6 — 2d 

2& - c - / 

c + / - 26 

z" = II 

2h - c - f 

a 2d 

2b - c -f 

III 

c+f-2b 

2h - c -f 

a e — 2d 


Similar lalx)r-saving devices can be introduced in practically all 
types of windings. 


IV. REACTANCE CALCULATION OF INDIVIDUAL COILS 

Types of Reactances, (a) For purposes of calculation the Mai 
reactance of an individual armature coil (or of a whole armature wind¬ 
ing) is divided into three parts: 

1. Total Air-gap Reactance, due to all the fluxes passing across the 
air gap from the stator to the rotor, or vice versa (Fig. 12.3). 



Fig. 12.3. —Flux-density Fig. 12.4. —^Flux Produc- Fig. 12.5. —^FluxProduc- 
Wave Producing Total Air- ing Slot-leakage Re- ing End-leakage Re¬ 
gap Reactance actance actance 


2. Slot-leakage Reactance, due to all fluxes that pass across the 
slots, without getting across the air gap (Fig. 12.4). 

3. End-leakage Reactance, due to all fluxes linking the end connec¬ 
tions (Fig. 12.5). 

The sum of these three types of reactances is the total reactance of 
the Individual coil or of the whole winding. 

(ft) The total air-gap reactance (Fig. 12.3) itself is divided into two 
parts: 

1. Fundamental Reactance, due to the sinusoidal part of the flux 
wave shown in Fig. 12.3 (This is the useful part of the flux.) 

2. Differential-leakage Reactance, due to the remaining part of the 
total air-gap flux. {This flux causes the high-frequency tooth losses,) 
This reactance is found by: Differential = Total — Fundamental. 

The differential-leakage reactance itself is divided into the sum of 
nth harmonic reactances, namely, the sum of the second, third, etc., 
reactances. 
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Air-gap Reactances of Coils. Table 12.1 gives formulas for the 
calculation of the following self- and mutual reactances of individual 
coils: 

1. Total air-gap reactance, assuming the two coils (a) outside of 
each other, (J) coupled, {c) inside of each other. 


TOTAL AIR-GAP RCACTANCC 




- 2n- 




COILS OUTSIDE 
-koA ohms 


(2n-g^»)>r| «-51 



- 2it -- 


lPf=j 

2Tr-- 

I 1 

a >p 

IS 

2n - •> 

— 


COIL8 COUPLED 
Xon* -H[aS“n(afp-2Y)J ohms 


COILS INSIDE 
Xqh ■ •K(aA-2na) ohrrts 


SELF-reactance 
Xoa* -Kla'-Zna) ohmt 


to 

I- 


SINUSOIDAL REACTANCES 

n-TH HARMONIC MUTUAL 


Xoa* ^osin^a cosnY ohms 




n-TH HARMONIC SELF 

^aa* 


K»(2rrf)o.2NaN,iL 5 JitO"® 


a.a • Span o»f coiia in sisctrical 
radians 

y • Radians baiwaan cantors of 


Nq,N||>No. of turns in coils 
p a No of 2rT alonq armsiurs 
f^Fre^uancy of currant 


R » Radius of armature 

A * Lanqth Of airqap 

L • Length of stacking in cm. 


Table 12.1.—Mutual-reactance Formulas of Two Arbitrary Coils 


2. Nth Harmonic Reactance, The special case w = 1 gives the 
fundamental reactance. 

The self-inductance of a coil is found by assuming the two coils equal 
and at zero distance. 

If the winding repeats itself after every pair of poles, then the dis- 
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tance covering one pair of poles is considered as lir radians. //, how¬ 
ever, there are also fluxes having fewer pairs of poles than the funda¬ 
mental flux, then the distance cohered by the longest wave length is assumed 
as 2 t radians. When in doubt, assume the whole machine circumfer¬ 
ence as 2ir radians. 

The number of turns in the coils, Na and may be explicitly 
given in Xafi instead of including them in the constant k. 

Since in an armature winding many of the coils are identical and 
similarly arranged, only a very few of these self- and mutual coil 
reactances have to be calculated. These various reactances will be 
denoted hy A, B,C,D - 

Slot-leakage Reactance of Coils. The calculation of the self- and 
mutual slot-leakage reactances of conductors lying in the same slot is 
given in design books. The steps in going from conductor reactances 
to coil reactances can be made with the aid of a “ transformation 
tensor ” C showing how the conductors are interconnected into coils. 

That is, if z represents the impedance tensor of all conductors and C 
is the transformation tensor showing the connection of the conductors 
into coils, as in equation 12.6 for Fig. 12.6, the impedance tensor of the 
coils is found by C* • z • C showing their self- and mutual slot-leakage 
reactances. Since the conductors in different slots have no mutual 
inductances, the coil reactances usually can be read off the winding* 
diagrams, without setting up a transformation tensor C. 



12.6 
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End-leakage Reactance of Coils. Similarly the end-winding re¬ 
actances may be found if the self and mutual reactances of the indi¬ 
vidual coils are known. 

V. STANDARD THREE-PHASE WINDING 

Types of Reactances. As a first example the reactances of a 
standard three-phase winding will be calculated, since their value can 
be easily checked by other methods or tables. 

Let the winding of Fig. 12.7 be given. It has twelve coils, pitch 

1 - 6 , the coils being con¬ 
nected as shown. The fol¬ 
lowing single-phase reac¬ 
tances will be calculated: 

1. Total air-gap reac¬ 
tance. 

2. Fundamental reac¬ 
tance. 

3. Fifth-harmonic reac¬ 
tance. 

(BU*! (*LJ®1 (»LJ®1 (’UP'l Seventh-harmonic 

[ - ^ . - 1 _I reactance. 

11111 5. Slot-leakage reac- 

* ® ^ tance. 

Fig. 12 . 7 .—Standard Three-phase Winding 5 End-leakage reac- 

tance. 

Total Air-gap Reactances. It is sufficient to calculate the self- and 
mutual reactances of coil 1 with coils 2 to 6 , that, is the six different 
values A, B, Cf D, E, F, since 



those of the other coils are these _ * | 

same six values repeated in a | 

different order. — 

The pitch of every coil is, 
from Fig. 12.8, a = P = ISO® = 

(5/6)ir radians. The distance 7 * ^ .. \ 

between coils is 0 , ir/ 6 , 2 ir/ 6 , 

3ir/6, 4ir/6, Sx/ 6 , 7ir/6, etc., 
radians or 0, 30, 60, 90, 120, 150, 
etc., degrees. y - y 

1 . The self-inductance of coil i-zzzzzzzi — 1 

1 I® Fig. 12.8.-Calci 

i4 = — — 2ira) 

« - *[(2S/36)t 3 - (10/6)xa] « 9.583* 


Fig. 12 . 8 .—Calculation of Mutual Reac- 
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2. The mutual inductance of coil 1 with coils 2, 3, 4, and 5, that is 
with those coils that couple it, is: 

Mafi = ;fe(9.S83 - 6.287) 

where 7 is 0.5236, 1.0472, 1.571, and 2.0944. Substituting the various 
values of 7, the mutual inductances are: jB = 6.29fe, C = 3.02fc, 
D = - 0.28jfe, £ = - 3.57jfe. 

3. The muttial inductance of coil 1 with coils 6, 7, and 8 is F =» — kafi 
= - *6.85 = G^H. 

4. The mutual inductance of coil 9 with coil 1 is the same as that of 
coil 5 with 1. Similarly that of coil 10 with 1 is the same as that of 
coil 4 with 1, and so on. 

Hence the self- and mutual inductances of coil 1 with all the other 
coils can be arranged in a row as 


1 

2 

3 

4 

5 6 

7 

8 

9 

10 

11 

12 

A 

M 

c 

D 

E \ F 

1 

G 

F 

E 

D 

C 

0 


where the values oi A, B, C, etc., are given in the first column of Table 
12.2 and where the constant k is defined in Table 12.1, being a function 
of the number of turns, air-gap length, etc. 


TAI^LE 12.2 
Con Reactances 



Air gap 

Fundamental 

Fifth-harmonic 

Seventh-harmonic 



A 

9.58* 

7.m 

0.0216)^ 

0.0294k 

L + N 

H 

B 

6.29k 

6 47* 

-0.0\37k 

-0.0254ifr 

0 

B' 

C 

3.02k 

3.73k 


0.0147* 

0 

B 

D 


0. k 

0. k 

0. k 

0 

D' 

E 

- 3 . 57 * 

-3.73k 

-0.0108iif 

-0.0147* 

0 

E' 

F 

-6.85ik 

- 6 . 47 * 

0 0187ife 

0 0254^ 

-M 

F' 

G 

-6.S5k 

- 7 . 47 * 

-0 0216 * 

-0 0294ife 

0 

G' 


The self- and mutual inductances of coil form a similar line except 
the components are shifted and hence all the self- and mutual air-gap 
inductances of the individual coils can be arranged in the impedance 
tensor 
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1 
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G 

F 
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D 

C 

B 
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This tensor represents also all the other types of coil reactances to be 
calculated presently. 

Sinusoidal Reactances. ( 1 ). Considering the fundamental sine-wave 
reactances let in the formulas in Table 12 . 1 , » = 1 . Then 

Sfesin^sin- = jfe8(sin^ir)2 = 8 jfe(sin 75®)^ = 7.464Jfe 


and ma^ = 7.47jfe cos 7 , where 7 varies from 0° to 330® by steps of 30®, 
giving for the various fundamental self- and mutual inductances of the 
individual coils the second column of Table 12 . 2 . 

2 . Considering the fifth-harmonic self- and mutual inductances 

when » = S, then 8 fc^(sin = 0.32fe(sin 15®)^ = 0.0216fe, and 

Mafi = 0.0216& cos S 7 , where 7 varies from 0 ® to 330® by steps of 30®. 
The various fifth-harmonic self- and mutual inductances are giveni n 
Table 12 . 2 . 

3. Considering the seventh-harmonic reactances when » = 7, then 
8 ;fe:^(sin|| 7 r )2 = 0.163* (sin 165®)^ = 0.0294*, and Ma/j = 0.0294* 
cos 77 , where 7 varies from 0 ® to 330® by steps of 30®. The various 
reactances are given in Table 12 . 2 . 

Slot-leakage Reactances. In one slot lie two coil sides as shown 
in Fig. 12.9. Let the self-inductances of the upper conductor due to 
slot-leakage fluxes be L, of the bottom conductor AT, and 
their mutual inductance M, calculated by methods 
given in textbooks. The problem is to find the slot- 
leakage reactances of the various coils^ if those of the 
coil sides are L, iV, and M. 

It is unnecessary to set up a C. By inspection it can 
be seen that every coil has a mutual inductance with 
those coils only that lie in the same slot, consequently z' can be set up 
immediately. 

The slot-leakage reactances of coils is shown in the fifth column of 
Table 12.2. 

Let it be assumed likewise that the end-leakage reactances of the 
individual coils have also been calculated by some method. They are 
shown in the last column of Table 12.2. 



Fig 12.9.— 
Two Coil 
Sides In a Slot 
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Reactances of the Interconnected Windings. From Fig. 12.7 it 
can be seen that the first step is to interconnect neighboring coils into 
six pole-phase groups by dividing z into small matrices with two rows 
and columns. The product C* • z • C is found by simply adding up 
the components of each small matrix of z giving 
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a ^2A + 2B 
b ^ BA 2C + D 

12.8 

c = D 2H 4“ X* 
d = 2F+ 2G 


The next step is to interconnect the six pole-phase groups into three 
phase windings as shown in Fig. 12.7. In three-phase windings it is 
advantageous to reverse the direction of the second winding so that the 
three windings are symmetrically placed at 120** apart. In that case 


1 ' 

r 

3 ' 

C' = 

4' 

5' 

6 ' 


I II III 


1 




-1 




1 

-1 


— 


1 



-1 


The components of z" = C, • z' • C' are 
I n III 

a! ^ 2a — 2d = 4(^4 + — F — G) 

V ^ 2c-2b = 2{F - B)+ 4(£ -- C) 


where ** a'” represents the self-inductance of each phase winding and “ 6' 
the mutual inductance between any two phase windings* Out of the pos* 
sible nine reactances only two are different. 
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Now substituting the values of il, C, D, £, F, given in Table 12.2, 
Table 12.3 gives the various single-phase reactances of the phase windings. 

TABLE 12.3 



Single-phase Reactances 


The various types of three-phase reactances can be calculated again 
by the formula z” = C'l • z' • C', where C' represents the manner of 
interconnection of the individual phase windings, as will be shown in 
Fig. 12.13. 

VL CAPACITOR-MOTOR WINDING 

(a) As an example of a winding in which the coils have different 
pitches, consider the four-pole 36-slot unbalanced two-phase winding 



t 2 3 4 

w m m n 


S 47t»t0tll2 

(nninnmpiniii 
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m A n A 




Fig. 12.10.—Capacitor>motor Winding 


shown in Fig. 12.10. The main winding coils have 16, 24,18,16 turns, 
and the capacitor winding coils have 12, 9, 9, 4 turns. Because of the 
winding symmetry, 18 slots are conudered as 2ir radiant 
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Since half the coils along 2x radians have different pitches and 
number of turns, in the z tensor of the generalized winding the rows do 
not repeat themselves but all are different. As an example, only the 
fundamental and third-harmonic reactances for which z reduces to a 
simpler form will be calculated. 

The fundamental reactances are calculated by the formula 

Xa$ = sin ^ sin ^ cos yNaN^k 

The third harmonic reactana s are calculated by 

V 1 . 3 . 3i(? 

- - sin - sin cos SyNaNfik. 

It is found that there is no mutual reactance between the coils of 
the main and the starting windings (cos y — cos 90*^ = 0), so that for 
both types of reactances the impedance tensor of the individual coils is 


V r 3 ' 4 ' 



where for the fundamental reactance 



and for the third-harmonic reactance 



each number being multiplied by the constant k. 
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For the total air-gap reactance z has a more complex form. 

(6) The first step is to interconnect the neighboring coils into four 
groups as shown. The z' of this arrangement is found by summing up 
the components of each matrix of z, namely, those of A and B, giving a 
similar matrix with A and B replaced by the numbers A and B. For 
the fundamental reactances A = 3634, B = 3368.5. For the third 
harmonic .4 = — 14.8 and B = 27. 

Interconnecting the four groups into phases, as shown in Fig. 12.11, 
C|'*z'*C' gives z" (where z' is the same as z with A and B replaced by 
the numbers A and B.) 


*'« 

SI 

Fig. 12.11 


C' 



12.13 


I n 


44 

0 

0 

4B 


12.14 


For the fundamental and third-harmonic reactances these are 
respectively 

in in 


14,536 

0 

0 

11,474 


12.15 


-59.2 

0 

0 

108 


12.16 


each number being multiplied by the constant k. 


Vn. EXAMPLE OF DOUBLE WINDING FOR TURBO-ALTERNATOR 

The Impedance Tensor z of the Primitive Winding, (a) Let the 
winding of Fig. 12.12 be given with forty-two slots, covering 2ir elec¬ 
trical radians. All coils are identical, having a pitch from first to 
nineteenth slot (18/21 = 6/7 pitch). There are altogether six identi¬ 
cal groups, each containing seven coils. 

Coil 1 will have a self-inductance A and a different mutual induc¬ 
tance with each of the other coils. The coils to the right of 1, (2,3 • • •) 
have the same mutual inductance as the coils to the left (42, 41 • • •), 
hence altogether there are twenty-one different mutual inductances of coil 1, 
shown in the first row of the accompanying z. 

Coil 2 will have the same self- and mutual inductances with all the 
other coils as coil 1, except that the above row is shifted to the right by 
one block. For coil 3 the above row is shifted to the right by two 
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blocksi and so on, so that for the forty-two coils the self- and mutual 
inductances are z = Zi -f Z 2 where Zi and Z 2 vve 


1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 



12.17 


(Because of printing exigencies, z is expressed as the sum of two 
tensors.) 
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Since each row repeats itself, it is sufficient to write down only the 
first few lines of z. 

(6) Since there are six identical groups, each group containing 
seven, coils, the tensor z containing forty-two rows and columns will 
be divided into component matrices as shown, each containing seven 
rows and columns. Of the thirty-six component matrices only four are 
different. Hence z as a compound tensor can be written as 


z 



I 

n 

m 

IV 

V 

VI 

I 

A 

B 

c 

D 


B( 

n 

B« 

A 

B 

C 

D 

c, 

III 

c, 


A 

B 

C 

D 

IV 

D 


B< 
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B 

C 

V 

C 

D 

c, 

B( 

A 

B 

VI 

B 

C 

D 

c, 

B| 

A 


12.18 


where A, B, C, and D are the first four small matrices. 

The Transfonnation Tensor C. There are forty-two coils con¬ 
nected into six groups, hence the transformation tensor C contains 
forty-two rows and six columns as shown in Fig. 12.12. (It is possible 
to interconnect the coils first into twelve groups and then only into 
six groups.) 

The first column shows that coils 1, 3, 5, 7 are connected series 
opposing with coils 23, 25, 27. The second column shows that coils 
2, 4, 6 are connected series opposing with coils 22, 24, 26, 28. The 
same connections repeat. 

Looking at C, it can be seen that as a compound tensor " it can 
be written as 


1 



1 

1 



1 

1 



1 

1 
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It should be noted that M contains seven rows, just as many as 
A, B, C, D in the previous section. 





Fig. 12 .12.—Connection Diagram and Transformation Matrix C of a Douiilc Wind¬ 
ing for Turbo-Alternators 


The Winding Impedance Tensor z'. The impedance tensor z' of 
the windings is found by C< • z • C = 

X=(M,-A-hN,-D)-M + (M,-D-fN,-A)-N 

W = (M,-C+N,-B,)-M + (M,-B,+N,-C)-N 

12.20 

The remaining work consists of calculating the three matrices X, Y, 
and W. Table 12.4 gives the calculation of X. 

Since every component in a matrix consists of the sum of letters as 
A + B + C + D + E, the sign is Uft out in Table 12.4, and a minus 
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z' « 

Y, 
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w, 

"yT 

X 
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sign is put in front of them where —-4, —5, — C, — — £ occurs. 

It should be noted the matrices X, Y, and W are symmetrical, and 
that some of their components are equal. This equality of components 
serves as check on the correctness of the calculations. It should also 
be noted that in each component in Table 12.4 the letters are identical 
along the diagonal lines, serving as a further check and showing up 
immediately any mistake made during the calculations. 

Hence X, Y, and W are the following matrices: 


X 


Y = 


W 


Substituting the above values of X, Y, and W into z', the final com¬ 
ponents of the impedance tensor z' are 


I n m IV V VI 
I 

u 

m 

IV 
V 
VI 


a 

b 

c 

d 

d 

c 

b 

a 

d 

c 

c 

d 

c 

d 

a 

b 

c 

d 

d 

c 

b 

a 

d 

c 

d 

c 

c 

d 

a 

b 

c 

d 

d 

c 

b 

a 
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where a = 7.4 + IOC + 6£ + 2G - 4£ - ST - 12 7 

6 = 12S + 8£> + 4£ - 65 - 2Q - IOC - IW 

c =-(£+3i?+S£+7JT+3J-L-SiV~6G-45~2l7) 

d =-(2C+4£+6G+5/+A:-3Af-7£~5£-3r-7) 

representing the self- and mutual reactances of the six windings I-VI of 
Fig. 12.12 in terms of the reactances A, B, C •• • of the individual 
coils. Out of the thirty-six possible reactances only four are different. 

If these six windings are again interconnected in any manner repre¬ 
sented by C', the resultant new impedance tensor is formed by 
Cj • z' • C' = z". 

The Evaluation of Reactances* Three types of reactances will be 
evaluated. They are: (1) total air gap, (2) fundamental, (3) slot- 
leakage reactances. 
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TABLE 12.4 

Sample Calculation of a Compound Matrix X 


ACEG 

BBDF 

CACE 

DBBD 

EC AC 

FDBB 

GECA 

BDF 

ACE 

\BBD 

CAC 

\DBB 

ECA 

FDB 


ACEG 

CACE 

ECAC 

GECA 

BBDF 

DBBD 

FDBB 

BDF 

BBD 

DBB 

FDB 

ACE 

CAC 

ECA 


4A -f 6C -f- 4fi -1- 2G 

6B + 4D + 2F 

6B + 4Z> -1- 2F 

3>l -h 4C -f- 2E 


-VTR 

-WUX 

-VVT 

-UWV 

-TVV 

-SUW 

-RTV 

-WUSQ 

-VVTR 

\-UWVS 

-TVVT 

-SUWU 

-RTVV 

-QSUW 


VTR 

VVT 

^TVV 

RTV 

WUX 

-uwu 

suw 

WUSQ 

UWUS 

-SUWU 

QSUW 

VVTR 

TVVT 

RTVV 


1 ~2iR-4r-6K 

-25 W - IW 1 

1 

1 

1 


WUSQ 

VVTR 

UWUS 

TVVT 

suwu 

RTVV 

QSUW 

VTR 

WUS 

VVT \ 

UWU 

TVV 

SUW 

RTV 


VVTR 

-TVVT 

RTVV 

WUSQ 

UWUS 

-SUWU 

QSUW 

WUS 

-UWU 

SUW 

VTR 

VVT 

TVV 

RTV 


-2R - 4T -6V 

-2Q-AS-6U-AW 

-25 - AU - 3W 

-2R-AT-6V 


-BDF 

-ACE 

-BBD 

-CAC 

-DBB 

-ECA 

-FDB 

-ACEG 

-BBDF 

-CACE 

-DBBD 

-ECAC 

-FDBB 

-GECA 


ACE 

CAC 

ECA 

BDF 

BBD 

DBB 

FDB 

BBDF 

DBBD 

FDBB 

ACEG 

CACE 

ECAC 

GECA 


3A + 4C + 2E 

6B -t- 4D -f 2F 

6B 4- 4D -f 2F 

4A 6C 4E2C 


7A -|- IOC •+■ 6R -I- 2G — 4Ji — 
-6T- 12F 

12JS -f 8B -f 4R - 6S - 2Q - 
- lOU - 7M^ 

12B -J- 8D -I- 4F - 6S - 20 - 

- lOU - 7ir 

7i4 -1- IOC -f 6E -I- 2C - 4« - 
-8T- i2V 


X 
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(a) The self- and mutual reactances of the individual coils calcu¬ 
lated by the formulas in Table 12.1 are given in Table 12.5. The 
constant k' was so selected that the fundamental self-inductance 
should be unity. 

TABLE 12.5 


I 

Total 

Funda¬ 

mental 

Slot 

1 

Total 

Funda¬ 

mental 

Slot 

A 

1.273*' 

l.OOOik' 

1.875ife' 

L 

-0.088 

-0.075 

0 

B 

1.150 

0.989 

0 

M 

- .212 

- .2235 

0 

C 

1.025 

.955 

0 

a 

- .336 

- .366 

0 

Q 

mm 

.902 

0 

a 

- .459 

- .500 

0 

B 

.776 

.825 

0 

Q 

- .583 

- .625 

0 

F 

.653 

.733 

HIQH 

R 

- .707 

- .733 

0 

G 

.529 

.625 

0 

S 

- .829 

- .825 

0 

i 

.405 

.500 

0 

T 

- .953 

- .902 

- .625 

D 

.281 

.366 

0 

a 

- .953 

- .955 


a 

.157 

.2235 

0 


- .953 

- .989 

mm 

a 

.035 

.075 

0 

a 

- .953 

-1.000 

0 


Since the pitch of ail coils is the same, the slot-leakage reactance of 
the individual coils can be written down without calculation, analo¬ 
gously to that of a standard three-phase winding given previously. 
That is, if the self-inductance of the conductors in one slot is Lt and £» 
and their mutual inductances is Ltb, then: 

1. The self-inductance of each coil is .d => L| -f- Lb. 

2. Only those coils have mutual inductance that lie in the same 
slot. The value of this mutual inductance is —Ltb. 

Hence coil 1 has a mutual inductance only with coils 19 and 25, 
giving r = — Ltb, making all other mutual inductances B, C, D, E • • • 
equal to zero. The slot-leakage reactances of the conductors are 
assumed as L( = 0.5, Lb = 1.375, and La, ^ 0.625. 

(5) The four different self- and mutual reactances of the six inter¬ 
connected windings, contained in z', are given in Table 12.6. 

Winding Interconnections. The reactances a, b, c, d calculated 
are the single-phase reactances of the windings. The windings them¬ 
selves may be interconnected in various manner by a new C', three 
of the connections being shown in Fig. 12.13 in which case the reao- 
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tances z" of the interconnected windings are calculated again from 
the single-phase reactances by Cj • z • C' = z". 



Fig. 12.13.—^Various Interconnections of Double Windings 


TABLE 12.6 
Winding Reactances 



Total 

Fundamental 

Slot 

a 

46.76*' 

44.77*' 

18.1 

h 

45,96*' 

44.77*' 

0 

c 

-20.91*' 

-22.39*' 

-0 

d 

-20.96*' 

-22.39*' 

-1.88 


The self-impedances of the interconnected windings shown in 
Fig. 12.13 are given in Table 12.7. 

TABLE 12.7 

Reactances of Interconnected Windings 


Reactance 

Total 

Fundamental 

Slot 

leakage 

1 — ^ « a 

46.76*' 

44.77*' 

18.1 

1 — ^ through ** 2(a — h) 

1.6 *' 

0 *' 

36.2 

3 — ^ — 2(0 — d) 

135.44*' 

134.34*' 

39.98 

3—0 through « 4(a — d — * + c) 

3.4 *' 

0 V 

79.96 
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Vra. PART WINDINGS FOR SYNCHRONOUS MOTOR STARTING 

The Coil Reactances, (a) A particular twenty-four-pole, three- 
phase synchronous motor has 252 similar coils. For purposes of 
starting the coils are connected into twenty-four groups, as shown in 
Fig. 12.14. During starting some of the groups are interconnected and 



Fig. 12.14. —Connecting a Synchronous Motor Winding with 252 Coils into 
24 Groups for Starting 


energized in different order. Since two mechanically opposite wind¬ 
ings are always energized, it is sufficient to analyze only half the 
machine, containing 126 coils in 27r radians. The connection diagram 
of the 126 coils into twelve windings is shown in Fig. 12.15. 

Since there are sixty-three coils covering 27r radians, the mutual 
inductances between the sixty-three coils are in general all different^ 
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necessitating the use of sixty-four different letters in the impedance 
tensor Zy also shown in Fig. 12.15. It is sufficient to fill in only half of 
the first seven columns^ as shown, since the second half repeats the first 
half in the reverse order, and also the other columns repeat the first 
seven columns. 

(&) The first step is to interconnect only the neighboring coils in 
alternate groups of three and four. The resultant z' due to this 
interconnection is found without C« • z • C by dividing z into 36 X 36 
blocks and adding up the components of each block. The resulting 
z' is given in Fig. 12.16. 

The connection diagram and transformation tensor of the thirty- 
six resultant groups are also shown in Fig. 12.16. 

1. The transformation tensor C' may be represented as a compound 
tensor in which the only component is the matrix M having six rows. 


M 




M 





M 





M 




M 





M 


1 




1 




1 

-1 




-1 




-1 


12.22 


2. The impedance tensor of the group reactances z' can be divided 
into component matrices, each having six rows and columns (that is, 
as many as there are rows in M), so that can be written as a com¬ 
pound tensor as _ 


A 

B 

c 

D 

Cl 

Bi 


A 

B 

C 

D 

Cl 

c, 

Bi 

A 

B 

C 

D 

D 

c, 

"bT 

A 

B 

C 

C 

D 

Cl 

Bi 

A 

B 

B 

c 

D 

c, 


A 


Only four different matrices A, B, C, D, each having six rows and 
columns and shoTvn in Fig, 12.16 are needed to represent completely the 
tensor z' having thirty-six rows and columns. 
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Winding Reactances. In finding * z' • C', the impedance tensor 
of the twelve windings is 


2P + Q + 0« 

Q + R 

2S -|- R -f- R| 

Qt + Ri 

Qt + 

P 

Q+R 

S 

2S + R-Ri 

Qt + Ri 

2P + Q + Q, 

Q+R 

O + R 

s 

Qi *+• Ri 

P 


where 


P = M.-A-M 


R ^ M( • C • M 
S = McD-M 


12.24 
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Fig. 12.16.—Connection-diagram and Transformation Matrix of the Winding of 
Fig. 12.15, after the Neighboring Coils are Interconnected 


The use of compound matrices reduces the multiplication of a set 
of matrices with 36 rows and 12 columns (Fig. 12.16) to the multipli¬ 
cation of four set of matrices having only 6 rows and 3 columns. 
The saving of labor is considerable. 
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Substituting the values of P, Q, R, and S into z", the final compo¬ 
nents of the impedance tensor are 
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II 
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IV 
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VI 

vn 

vin 

IX 
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XI 

XII 

I 

o' 

6' 

c' 

f' 
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fl' 

4' 
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where 


a' = 2W' + £') 

g' = 2 V' + N' + R' 

»' = /' + Q' 

fc' «= 2B' + r + /' 

V » 2Z' -f P' + 5' 

£' 

e' - 2C' + G' + J" 

4' = £' + M' 

<>'-£' + 5' 

i' = 2D' + «' + £' 

j' « F' + L' 

a' = -4' 

«' - 2 (r + Jtf') 

jb' * G' + iV' 

r' - B' 

f - 2 C^' + L' + g' 

/' = H' + P' 

s' - C' 


- 7i4 + 10B+6C+2D-2/-4J-61t-6L-4M-2Z/ 

- 2B+4C+6D+5B+2F-G-3f-2iV-3P-4H-3/-2y-/C-2(?-B 

- F+4C+7J?+5/+3y+X-B-2C-3B-2i2~(?-2B-35-3r-2n-V 

- 2B+4C+6B+6B+3F-3H-2/-/-L-2Jlf-3iSr-4P-3<?-2B-5 

- r+3I/+SV + 7W+SX+3K+Z-/-27~3K-3L-23f-iV~«-2/-3«-3A-2»-i 

- 2X+4K+6Z+6a+46+2c-L-2if-3iV-4P-3<?-2B-5-f-2;-3ik-2/-m 

- a+33+Sc+7d+5#+3/+«-(?~2B-3S-3r-2n-V-/-2m-3n-3^~2fl-r 

- 2X+4K+6Z+6a+46+2«-M-2Ar-3P-2(?--F~*-2»-3i-4*-3l-2m~fi 

- 2(?+4R+65+6r+4t/+2V-P-2C-3H-2/-/-o-26-3c-4d-3«-2/-f 

- L+3Af+5N + 7P+50+3P+S~B-2C-3D-3£-2F-C-X-2F-3Z-3a-23-« 

- 2(?+4P+65+6r+4i;+2V-£-2P-3G-4B-3/-2/-X-3-2«-3d-2«-/ 

- 2l+4i»+6ir+6a+4^+27-A-2f-3i-4*-3/-2m-if-«-2n-3<A-2tf-p 

- p+3«+5r+7j+S/+3ii+»-#-2/-3f-3*-2f-i-X-2<r-3r-3ir-2p-^ 

- a+3^+S7+73+SX+3<r+T-/~2m-3fi--3p-2tf-r-v-2M-3«-3ij~2e-« 

- 2/+4»+6f+6a+4/3+27~»-2;-3*-2/-m~T-2p-3®-4^-3n-2c-i| 

- 2J+4m+6fi+6p+4fl+2r-6-2e-3d-2«~/-a-2/3-37-43-3X-2<r-T 

- A+3i+5i+7*+5/+3m+ii-*-2y-3i~3a-26-e-l-2i»-3p-3a-2/3-7 

- 2/+4m+6>i+6p+4fl+2r-a-23-3c-4rf-3#-2/-f-/5-27--33-2X-a 
■■ 7^+10^+6p+2w—2^—4p —6ir—6r—40’—2X 

■■ 2^+4p+6<«>+Siy4-2€— 0—4^ —3^~2p—ir—o—2X-36-27 —j5 

- €+4n + 7^+5e?+3p+T-^-2M-3w-2i|~7-2/SI-3a--3»-2u-l 
■■ 2^+4p+6<i)+6iy+3«—30 —2^—p —T—2o—3X-43-37 —2/SI-a 
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Elach of the primed lower-case letters (there are twenty-three of 
them) represents the self- or mutual impedance of one of the twelve 
windings. Of the 144 possible impedances there are twenty-three 
different ones. 

The individual coil impedances (unprimed letters) may represent 
any one of the harmonic, total, slot-leakage, etc., reactances, calculated 
by the methods shown. The numerical substitutions into the winding 
formulas given above can be done on a calculating machine. 

The twelve windings themselves may be connected into groups by 
C" in various ways during starting. The value of the new z'" is 
found from the above z" by C/'* z"* C" = z'", giving the various 
types of self- and mutual reactances of the intcrconnectea windings. 

The calculations from z' to z" may be performed by two or even 
three steps if so desired. 



CHAPTER XIII 


SPINOR TRANSFORMATIONS 


1. THE CONJUGATE OF GEOMETRIC OBJECTS 


(a) All transformation tensors C so far considered contain only 
real numbers (constants) such as 1, — 1, «. In many engineering 
problems the transformation tensor C contains also complex numbers 
{constants) such as a + jb. In such cases all equations and all trans¬ 
formation formulas assume a more general form. 

It is emphasized that these more general formulas to be given now 
are only special cases of still more general formulas that are used 
when the components of the transformation tensor C are not real or 
complex constants as 5 or a + but are functions of the variable x®. 

(&) When the n-matrices of a geometric object of any valence 
contain complex components, an additional geometric object can be 
built from it. The '' conjugate ** of a geometric object is formed by 
replacing each component {a + jb) of each n-matrix by its conjugate 
imaginary {a — jb). In direct notation the conjugate of a geometric 
object A is.denoted by an asterisk as A*. (The index notation will be 
given presently.) For instance, if along some particular reference 
frame 
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b 

c 

d 

e *= 

a +Jb 

c 

-jd 

«~jf 1 

its conjugate is 
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b 

c 
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e* - 

a --jh 


1 

e+jf 


Or if 
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z » 

c 
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abed 


a +jb 

-jc 
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0 

-jc 

d je 

/ 

0 

-/ 

0 

0 

e +jh 

0 

jp 

k+jl 

tn — jn 
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13.2 
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its conjugate is 

abed 


a 


b 

z* = 

c 


d 


a 


0 

0 

jc 

d -\-je 

/ 

0 

-f 

0 

0 

g -jh 

0 

-jp 

k-jl 

m -\-jn 
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(c) Taking again the conjugate of a conjugate geometric object, 
the original is reestablished. That is 


(A*)* = A 


13.5 


The conjugate of a product is taken by taking the conjugate of each 
geometric object. That is 

(A-B)* = A*-B* 13.6 

The conjugate of an inverse is the same as the inverse of the con¬ 
jugate. That is 

(A-^* = (A*)-i 13.7 

In other words, it is possible to take first the inverse of a tensor of 
valence two, then its conjugate, or first its conjugate and then its 
inverse. The final tensor is the same. 


n. A MORE GENERAL DEFINITION OF POWER 


(a) A complex number i = a + is repre¬ 
sented in a plane (the time plane) by a line with 
components a and b (Fig. 13.1). Its product by 
itself ({)($) has to be so defined that it should be 
equal to the square of its absolute value, that is 13.1.—Complex 

to o2 + 62. This result can be found only if the Number as a Time 

Vector 

product of t by itself is arbitrarily defined as 

(«)(«*) = (a + 3 b)ia - ]b) = a2 + 13.8 



that is by taking the conjugate of one of the complex numbers, 

(b) In general the product of two vectors {giving a scalar) is defined 
by taking the conjugate of one of the vectors. That is, if 


a 

b 

c 

d 

(« +ji>) 

C +jd 

«+jf 



p+ji 

r +jt 

t+ju 

v+jz 
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then their product is defined as 

a • b* = (a + jb){p - j^) + {c + jd){r - js) 

+ (« + 3f)if - J«) + (g+ jh)(v - jz) 

= {ap + bq + cr + ds + et + fu + gu + hz) + 

+ jiJbp — aq + dr — cs + ft — eu + hv -- gz) 

{c) According to the above definition the power input of an a-c 
system is defined as 

P « e*.i = 13.9 

It is an apparent ” power having a real and an imaginary compo¬ 
nent. By convention the conjugate of the voltage vector will be taken 
instead of that of the current vector in order that the reactive power 
due to a lagging current should be negative. This conforms to the 
practice of assuming the impressed voltage vector as the reference time 
axis. For instance, if the currents in two circuits m and n are lagging, 
that is if 

m n m n 


then the total power input is 

p == e* • i = (a)(-jc) + {-jb){d) = - j(ac + bd) 

representing the reactive power due to the lagging currents as nega¬ 
tive. If the conjugate of e is not taken, the answer P = — j{ac — bd) 
is incorrect. 

As a special case, when the components are real numbers, the 
product of two vectors reduces to the usual form. 

m. THE TRANSFORMATION FORMULAS 

(a) Let the current vector i of a system be transformed to i' by 
the transformation formula i = C • i' where some of the components of 
C are complex numbers. 

In order to investigate the transformation formula of the various 
tensors e, z, etc., when C contains complex components, let a linear 
form, the power input, again be assumed invariant 

13.10 

This formula, however, is more general than the analogous formula 
of equation 4.22. 



a +i0 0 i = p - jc d +i0 
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(6) To find the transformation formula of e, again let i s C • i' 
be substituted into equation 13.10 as 


e* . c • i's e*' • i' 
Being an identity, i' can be dropped, leaving 

e* . c s e*' 


Taking the conjugate of both sides 

e • C* = e' 


and 



13.11 



13.12 


Hence if the transformation tensor C contains complex components^ 
the conjugate of C also occurs in the transformation formulas. 

(c) Now let the transformation formula of z be established by 
following the reasoning of Section VIII, Chapter IV. The equation of 
voltage is 

e = z • i 


Replacing i and e in terms of their primed values 

Cr^ • e' = z • C • i' 

e' = C; • z • C • i' 

Since by the Second Generalization Postulate the form of the equation 
of voltage is unchanged in any reference frame 

e' = z' • i' 

Hence the transformation formula of z is 
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IV. THE “SEQUENCE” TENSOR 

{a) A simple example of a transformation matrix C having complex 
components is the one formed from the three ** sequence operators ” 
used in the method of symmetrical components. 
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Let three unequal coils with unequal mutual impedances between 
them be given. Their impedance tensor, impressed voltage, and 
current vectors are 



a 

b 

C 


a 

b 

c 

a 

Zaa 

Zah 

Zac 

e — 


eb 


li 

N 

Zah 

Zbb 

Zbc 


— 

a 

b 

c 

c 

Zac 

Zbe 

Zee 

1 - 

E 

ib 



(6) Let now the actual currents i®, and be replaced by another 
set of hypothetical currents i®, and (called zero-, positive- and 
negative phase-sequence currents respectively), by the following 
substitutions 


*• = (t® +1* + **) 

*• = (t® + c»‘ + aH"^) 
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where the operators „ = - ^ + i.866 = e>i2®’ 

a® = — ^ — j*866 ™ e->i20* 

rotate a time vector (a+jb) counterclockwise (or clockwise) 120“ 
respectively. They satisfy the relation 


1 + o + o* = 0 


The conjugate of a is a^, and that of is a. Also a® = 1 and a* = a. 
In the following this particular transformation tensor C will be called 
briefly the "sequence tensor.” 

The factor l/V^S is introduced here in order that the power e**i 
should be invariant under the sequence transformation. (See Section 
XIX.) Thereby the sequence transformation tensor can be used in con¬ 
junction with other invariant transformation tensors on equal footing. 

The components of the sequence transformation tensor C are 
formed by the coeflidents of the new currents. Its inverse conjugate 
and conjugate inverse (and their transpose) are 
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c-i 


C* 


C*-i 
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The seven different tensors shown possess only two different types 
of matrices, namely 


1 

1 

1 

1 

a* 

a 

1 

a* 

a 



and 


1 

1 

1 

1 

a 


1 

0* 

a 


with the indices arranged differently. The determinant of the first 
matrix is ^/3^a — a^), that of the second matrix \/3{a^ — a). 

(c) The three rows of the transformation tensor C are the three 
so-called ‘‘sequence operators” namely 


1. Zero phase-sequence operator 5® = (1, 1, 1). 

2. Positive phase-sequence operator = (1, a). 

3. Negative phase-sequence operator 5^ = (1, a, a^). 


That is, the usual method of symmetrical components uses three differ¬ 
ent transformation matrices (each matrix being a one-rowed matrix) 
whereas the present method uses only one transformation matrix 
having three rows, thereby speeding up the calculations and simplifying 
the method of reasoning. 

(d) The applied voltage vector is by e' = C,**e 


0 1 
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V3 


«• + + ec 


ea + (ieb + ahe 


ea -f ahh + aee 


- 



et 
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The new components of the current vector are by i' = C"^»i 



0 

1 2 


0 

1 2 

*'“- 7 = 

\/3 

<• + ** + *• 

<• + a** + aV* I <•+ o*.* + 

- 

0 

*■* 1H 


The new voltages and currents are found from the old ones by the 
same formulae, since C/ = C“'. 


V. THE SEQUENCE IMPEDANCE TENSOR 


(a) Considering the most general form of the impedance tensor of 
three unequal coils 
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c 

a 

Zaa 

Zab 

Zae 

z - b 

Zha 

Zhb 

Zhc 
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Zea 

Zcb 

Zee 
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its components along the sequence axes are found by C**z»C. The 
first step is 

0 12 


ZfM "f" Zab “h Zaa 

Zaa — (^Zab 4“ oZae 

Zaa “1” oZab 4* 0?Zaa 

Zha 4* Zhb + Zhc 

Zha O^Zhb 4" oZhe 

Zha 4" dZbb 4" O^Zbe 

Zea 4" Zeb 4“ Zee 

Zea 4" a^Zeb 4" oZee 

Zea 4" (Zeb 4" (^Zee 


This intermediary tensor is usually written as 


2-C * b 


where 

ZaO = (l/\/ 3 )( 2 aa + + ^oc) 

Zal = (l/\^)(^aa “t" a^Zgb “I” OtZae) 
Za2 ~ (1/V^3)(2aa H” “1“ Cl^Zae) 


0 1 2 
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ZbO 
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aZel 

a^Za 


13.19 


13.20 


This tensor represents the impedances of each phase due to applied 
phase-sequence currents by the equation e = as shown in 

Section X,. Chapter IV. It is used when the currents are expressed 
along the sequence axes and the voltages along the actual circuit axes. 
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The second step is C,*-(z«C) = 

0 1 2 


Zoo ”1" ZiQ -j- Zco 

Zai -f a^Zfci + aZoi 

Zo2 H- flZw + a^Zc2 

Zoo + -f a^Zco 

Za\ “h Zfel Zcl 

Za2 4- a^Zb2 + aZe2 

ZaO + O*Z60 + aZcQ 

Zal + aZhi -f O^Zel 

Za2 “h Z 52 + Ze2 


0 1 2 
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13.22 


(b) When the mutual inductances of the three unequal ceils are 
zero, the impedance tensors are 
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where 


= (})(2:a + Zi + Z.) 

^2 = (i)(^a + + (l2c) 
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They are called the zero-, positive-, and negative-sequence reactances, 
respectively. 

It should be noted that the sequence impedance tensors z' are not 
symmetrical, even though they refer to stationary coils. In general a 
symmetrical impedance tensor is no longer symmetrical after it is trans- 
formed by a C with complex components. 

(c) The equation e' = z'*i' gives the three sequence voltages when 
three sequence currents are applied. In the general case, when the 
three coils are unequal,, each applied sequence current produces all 
three sequence voltages. For instance, the zero sequence current 
produces a negative sequence voltage equal to i®Z 2 o = i^{Za 2 +Zb 2 
+ Zc2)/3. 

The equation is solved as i' = z'“^»e'. giving the three sequence 
currents due to applied three sequence voltages. In case of unequal 
coils each applied sequence voltage produces all three sequence currents 
and the form z' (equations 13.22 or 13.23) has no advantage over the 
original form z of equation 13.18. 
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VL REDUCTION TO DIAGONAL FORM 


(a) When the three coils are equal the sequence impedance tensor z' 
assumes special forms that reduce the amount of calculation. • 

Let it be assumed that the impedance tensor of the original three 
coils has the form 


a b c 
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Xi 

Xi 

Xt 
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Xi 

Xi 

X, 

z 
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the three coils having equal self-impedances Z and two (not three) dif¬ 
ferent mutual inductances Xi and X 2 . Such a case occurs in three- 
phase synchronous and induction machines with smooth air gaps. 
The sequence impedance tensor of equation 13.21 becomes a diagonal 
2-tensor \ 
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where Zo, Zi, and Z2 are the zero-, positive-, and negative-sequence 
reactances respectively. 

(6) When the two mutual inductances Xi and .^2 are equal, the 
sequence impedance tensor becomes (since 1 -f- o -f- o* = 0). 
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That is, with equal mutual inductances the positive- and negative-sequence 
reactances are equal. 

(c) The admittance tensor y' also has a diagonal form 
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showing that each sequence voltage produces only its own sequence 
current, and vice versa. 

(d) One of the most important problems in the theory of matrices is 
to find a transformation matrix that reduces a given matrix to a diagonal 
form. It is interesting that the method of symmetrical components supplies 
a transformation matrix C {equation 13.14) which reduces certain sym¬ 
metrical matrices to a diagonal form. (Of course in the theory of 
matrices a linear form is not necessarily invariant under the trans¬ 
formation.) Undoubtedly there are other groups of C*s that reduce 
still more complicated z*s to diagonal form. 

{e) If the impedance tensor has n rows and columns, the trans¬ 
formation matrix C of the method of symmetrical components is 



13.29 


where a is the nth root of unity. When n = 3, this reduces to the 
C of equation 13.14. 

(The determinant of C is called the “Vandermonde determinant,** 
whose general form is 


1 1 1 ••• 1 

a b c • • • f 

b^ (? • • • f^ 

^n-l Jn-l ^n-l ... 


13.30 


Here a, b, c ••• f are replaced by the n different nth roots of unity.) 


VIL ON THE USE OF THE SEQUENCE TENSOR 

(a) Three-phase networks consist of various types of three-phase 
apparatus interconnected in any manner, in shunt, or in series, just as 
single coils are. The component three-phase apparatus may be gener¬ 
ators, transformers, transmission lines, loads. 

The use of the sequence tensor of the previous section reduces the 
amount of analysis if the following two conditions are satisfied: 
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1. If each individual three-phase apparatus is balanced, that is if 
its impedance tensor has the form of equations 13.25 or 13.27. 

2. If each is interconnected with the other apparatus in a balanced 
manner. 

(6) If one or more of the.apparatus or their interconnections are 
unbalanced then the whole network is divided into two parts: 

1. The part containing the several balanced apparatus. 

2. The part containing the several unbalanced apparatus. 

The analysis of the first part is simplified by the use of the sequence 
Umsor\ that of the second is not, in fact, it often becomes more complex. 

In most three-phase networks the unbalanced part consists of a 
fault or an unbalanced load while the balanced part contains several 
apparatus and the use of the sequence tensor is decidedly worth while. 

The analysis of interconnected three-phase apparatus is undertaken 
in a systematic manner in Chapter XIX. A few simpler examples will 
be worked out presently. 

(jc) In all problems so far considered the axes of the **primitive" 
network always were the actual coil axes. However, in three-phase 
apparatus the design constants may be known along the sequence 
axes instead. Hence the impedance tensor z of the primitive network 
of each three-phase apparatus may be expressed: (1) either along the 
actual phase axes a, b, c; (2) or along the sequence axes 0, 1,2. 

Similarly the impressed voltages e or the currents i are expressed 
along these two types of axes. 

However, the transformation tensor C showing the manner of inter¬ 
connection of the coils should be expressed first along the actual circuit 
axes a, b, c and then only should it be changed to the sequence axes 0, 1,2. 

In finding the various geometric objects of the resultant network 
they also may be expressed either along the phase axes a, b, c or along 
the sequence axes 0, 1,2, or along both. 


Vin. GENERATOR EXPRESSED ALONG THE SEQUENCE AXES 

(a) Let a three-phase generator be given whose impedance tensor 
z' and generated voltage e' are expressed along the sequence axes as 
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Let the terminals of the generator be connected to any type of load 
by C. If the load and C are expressed along actual circuit axes it is 
advantageous to change the sequence axes of z and e of the generator to 
the circuit axes a, b, c. 

(ft) From equation 13.13, z' = C|-z-C, the reverse step follows as 




13.33 


and from e' = C|*«e it follows that 



13.34 


where the primed quantities are expressed along the sequence axes. 
Hence the components of the geometric objects of the generator along 
the actual circuit axes are by 

a b c 


^0 + 4" ^2 

Zq 4" aZi 4" (i^Z2 
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Zq 4" 4" q^Z2 
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Zo 4* 4" Z 2 
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Using these components of the geometric objects as a starting pointy 
the method of analysis of the generator is the same as that of any other 
asymmetrical stationary network of three coils. 


IX. GENERATOR CONNECTED TO A LOAD 

(a) Let the generator be connected to a 
load as shown in Fig. 13.2. There are two 
meshes, hence two variables are assumed, say 
and i*. 

The impedance tensor of the primitive 
network is 



Fig. 13.2.—Unbalanced 
Load on Generator 
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Equating the old and the new currents flowing in each coil 



13.37 


The coefficients of the new currents give C. 
Hence by C,**z*C and by C,**e 
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g' 


y'- 
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13.40 


where D = [Z 1 Z 2 + (Zi + Z 2 )(Zo + 3Z,)]/3 

b' 

i' - 


3d(a* - o)(Zo + 3Z,) + (a» - l)Zd/g 
3«[2<»2i + (1 - 2a*)ZtyD 



Fig. 13.3.—Short-drci^ on Generator 


{b) As a second 
example consider the 
short circuit of a loaded 
generator as shown in 
Fig. 13.3. The geo¬ 
metric objects of the 
primitive network are 
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where Z( is given in equation 13.55 and Zt in equation 13.22 or 13.23. 
The transformer tensor is 


= 




«2' 


V3 = 





- i*' 


«6 


-♦ 3 / + ^ 4 / 



The geometric objects of the actual network are by Crz-C and 
by C«-e 
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X. THE GROUP OF "SYMMETRICAL COMPONENTS” G,c 


(a) The transformation matrices that occur in the method of sym¬ 
metrical components, namely C and C~*, together with two other 
matrices defined as C'C“^ = I and C*C = S, form a "group” with 
four elements 
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These four matrices satisfy the four conditions as elements of a 
group, given in Section III, Chapter XL In particular: 

1. The product of any two elements is an element of the group. 
This can be seen by forming a "multiplication table" in which ea^ 
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component is the product of two border elements of the corresponding 
row and column 
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2. The associative law is satisfied, that is, C • (S • C “0 = (C • S) • C 

3. Each element has its inverse. (The inverse of S is S.) 

4. The unit element I exists. 


It is emphasized that this group of four elements is a subgroup of 
numerous other groups having more than four elements. In particular 
Gtc is a subgroup of the group of linear transformations with complex 
components. 

(ft) These four matrices C, S, and I have properties analogous 
to those of the four numbers j, —1, — j, and 1 that also form a group. 
That is, the abstract properties of C are analogous to that of the complex 
operator], is analogous to —i, S to — 1, and I to 1. The similarity 
of the properties of the two groups is shown by the similarity of their 
multiplication table, 
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In the two tables analogous elements occur in the same order. 

Since the matrix S represents a reversal of the phase rotation from 
a-b-c to a-c-b (in analogy to — 1 that represents a reversal of direction), 
consequently the sequence matrix C may be assumed to represent a change 
of phase rotation through an imaginary angle (in analogy to j, that 
represents a rotation of direction through an imaginary angle). 

It will be shown in Section XIV, Chapter XIX, that the transforma¬ 
tion matrix S is used in the zigzag connection of multiwinding trans¬ 
formers, when the three phases are interconnected. Hence the 
sequence matrix represents also an imaginary interconnection of the 
three phases. 
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XI. PHASE-SHIFT TRANSFORMERS 


(o) As another example of transformations where the transforma¬ 
tion tensor contains complex components, let balanced, three-phase, 
mulHwinding transformers be considered where an electrical phase 
involves several magnetic phases. 

Let three identical multiwinding transformers be given, and on 
each core let, say, four different windings exist. In terms of leakage 
reactances Xa-b the impedance tensor of the first transformer is 
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Fig. 13.4. —Three-phase 
Four-winding transformers 
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The impedance tensor ot each transiormer has the same matrix, 
except that the axes a, b, c, d have different subscripts. 

When the coils of the three transformers are interconnected in any 
manner forming balanced three-phase networks and are connected to 
balanced impedances, in each electrical phase the same current flows 
through as in the other two phases, but shifted in time by 120° or 240°. 
Similarly in the windings of the second transformer the same currents 
flow as in the corresponding windings of the first, but shifted by 120° 
in time, that is, by a = In the windings of the third trans¬ 

former the currents are shifted from those of the first by a^ = c'^°. 
(Of course, in each winding ai, bi, Ci, and di of the first transformer, 
the currents are out of phase in time.) Hence: (1) If in the first trans¬ 
former i®, i*, flow, (2) then in the second transformer ai®, ai^, 

ai®, ai** flow, (3) and in the third transformer a^i®, aV, a^i®, aV flow. 

It is customary to represent each winding by a straight line, in 
particular the windings of the first transformer, say by vertical lines 
(or by horizontal), those of the second transformer by lines at 120° 
from the vertical, and those of the third by 240°, as shown in Fig. 13.5. 
When any two of the windings are connected in series, the connections 
are represented as in Fig. 13.6. 

Since in a balanced system there is no neutral current, the currents 
flowing in a star and in a delta connection are to be assumed as in 
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Fig. 13.7. A star may be assumed to have a neutral wire in establishing 
the number of meshes. 


Aid Oppose 

vj .. 

■“ 


lUand 


Fig. 13.5.—Representation of 
Phases 


ZB^andac^ 


Fig. 13.6.— Series Con- 


It should be noted that each time the current is rotated 120^ clock¬ 
wise it is multiplied by a. 

(6) Now let the twelve windings be interconnected into a three- 

__ _— phase winding in any manner. For in- 

stance, let them be connected in the. 
following manner: 

■ 1. The a windings into star. 

Fig. 13.7 2. The d windings into delta. 

3. The c windings into star. 

4. The b windings in opposing series with the c windings; in par¬ 
ticular the b winding of the third transformer in opposing series with 


i z 3 



(a) Old currents (5) New currents (c) Actual connections 

Fig. 13.8.—Phase^shift Zig-zag Transformer 


the c winding of iSae first transformer as shown in Fig. 13.8. (Such a 
connection is called a ''zigzs^*' connection.) 

5. The h windings are connected in series with a balanced star load. 
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m ESTABLISHMENT OF THE NEW CURRENTS 

(а) The number of new currents to be considered is one-third of the 
number of meshes^ since the remaining currents are the same but multi¬ 
plied by a and a^. Hence it will be sufficient to set up a relation between 
the old and the new currents flowing only in one-third of the windings^ say 
in the windings of the first transformer and in one of the load impedances. 
Similarly it will be sufficient to neglect the magnetizing current in the first 
transformer only. 

(б) In Figs. 13.8a and 13.86 are shown the old and the new currents 
flowing in one-third of the windings of the wye-delta zigzag transformer. 
Since the number of meshes is nine, the number of new currents 
assumed is 9/3 = 3, namely, i®', i*^\ and i^\ They dre assumed to flow, 
say, in three of the vertical windings. In the fourth vertical winding 
Zb flows ai®^ at 120® from i®'. It flows through Zb in the opposite 
direction from the original i^ through one of the loads flow^s from i®'. 
It makes no difference which load impedance is considered. 

In order to determine the new currents in all the other vertical 
lines, it is often necessary to determine the new currents in some of 
the other windings as an intermediary step, as shown in Tables 13.1 
and 13.2 with dotted arrows. 

In general, the new currents should be established in all lines having 
the same direction (either in all vertical, or in all horizontal, etc., lines) 
and in one-third of the loads. 


xm. THE TRANSFORMATION TENSOR 

(а) In setting up the transformation tensor the same steps are 
repeated as in an unbalanced transformer analysis, namely: 

1. The manner of interconnection is represented by Ci. 

2. The ignoration of the magnetizing current is represented by C 2 - 

3. The resultant transformation tensor C is Ci»C 2 . 

The difference between the balanced case considered here and the 
unbalanced case considered in Chapter XI is that only one-third of the 
windings and one-third of the equations are used in the balanced 
case. 

(б) Considering the old and the new currents flowing, say, in the 
four vertical lines (in the windings of the first transformer) of Figs. 
13.8a and b and in one (any one) of the loads 
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13.49 


The winding interconnection reduces the number of variables per phase 
from five to three. 

Instead of the four windings of the first transformer, of course, any 
other four (but differently lettered) windings could have been con¬ 
sidered, for instance C 2 instead of Ci, etc. 

(c) The equation of constraint, neglecting the magnetizing current 
in the first transformer, is, before interconnection 


«tti® + Whi* + Wei® + = 0 


13.50 


Replacing the old currents by the new currents, it becomes 
nai®' — + net'"' + Wdi**' = 0 


Assuming, say, in the delta as the magnetizing current to be 
neglected, the equation of constraint may be replaced by the set of 
equations defining a transformation tensor 



13.51 


(d) Hence the resultant transformation tensor is Ci-C 2 = 



a" 

c" 

ai 

1 

0 

bi 

0 

—a 

C « Cl 

0 

1 

di 



fs 

0 

1 


ai 

bi 

Cl 

di 

h 

1 

0 

0 

JVl 

0 

0 

—a* 

1 


1 


13.52 
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XIV. THE IMPEDANCE TENSOR 

Once the transformation tensor C has been established, the remain¬ 
ing work is the same as in any other mesh netv/ork. 

(c) The impedance tensor of the first four-winding transformer and 
one of the loads before interconnection is 



ai 

bi 

Cl 

di 

u 

ai 


Za-h 

Za-t 

Za-d 


bi 

Za—h 


Zb-e 

Zb-d 


“ Cl 


Zb-^ 


Zc-^d 


di 

Za—d 

Zb—d 

Ze^d 



U 







13.53 


The impressed voltage vector is 

ai bi Cl di f* 

I 

e 


- 

Ca 

0 

0 

ed 

3 


13.54 


where «« is the star-to-neutral voltage. 

(5) After interconnection and ignoration of the magnetizing cur¬ 
rent the new components of the impedance tensor are found by 
Cj ‘Z'C as 

a" c" 


2.^(Ni + Nf) 

ClZa—b 4" Za-~e “1” 

-~aN\Zb^ + NiZe-d 

—a*Zo-6 + Za-c NzZa^d 

—o?N\Zb~-d NiZc-d 

- Zt^iNta* -1- Nta) 
+Zc-d(.Nt + Ni) + Z 


13.55 


(c) The new currents (that is, the currents in windings a and c) 
are found by i' = where 

a" b" 

e' = c;»e 


«o + JVjej 


13.56 


id) If i' has been calculated, then: 

1. The currents flowing in the individual windings of the first 
transformer are found by i = C»i', that is 



ai 

bi 

Cl 

di 

U 

i = 


1 

C) 

ea. 

n 

^•c// 

Nif*" ATji"' 

1 1 


13.57 


2. The voltages induced in the individual windings of the first 
transformer are found by e = z*C>i' (where z>C has already been 
calculated in finding z') 
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-t- + Z.-. + 

bi 

(Z.-6 -1- + (Zh-c 

Cl 

(Z._ + + (-aZ6-. + 

di 

-1- (-flZ»^ +Z.^)i«" 

fs 



XV. HEXAGON PHASE-SHIFT AXJTOTRANSFORMER 

As another example consider the auto-transformer connection of 
Fig. 13.9. 

1 Z 3 



Fig. 13.9.—^Hexagon Fluwe-shift Autotransfornier 




i> 


c 

d 


To take care of the impressed voltage across the leads it will be 
assumed that an impedance Z* of zero value is in series with it. The 
twelve windings, the loads, and the leads form six meshes, hence it is 
sufficient to assume 6/3 = 2 new currents, say and They are 
assumed to flow in two of the horizontal windings. The new currents 
in the remaining horizontal lines and in one load and lead (forming 
one-third of the windings) are also shown. The relation between the 
old and the new currents in the windings of the first transformer 
(horizontal lines) is a' b' 
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The equation of constraint for the first transformer before inter¬ 
connection is 


«ot® + nv^ H- -f nd* = 0 


13.60 


In terms of the new currents 


or 


+ «»**' + n^H^' — wjat®' = 0 


(n« + a^n, — and)i’‘’ + = 0 


Neglecting, say, **', the equations of transformation are 


= —«»/(»« -|- — atid) 

= j»'' 

The resultant transformation tensor is 



13.61 


Ci’Cj 



13.62 


reducing the four-winding transformer to one equivalent coil. 

The impedance tensor z of the prinutive transformer and the load 
is given in equation 13.53 with an extra row and column g containing 
all zeros. The remainir^ work consists of calculating C**z*C = z', 
finding i', etc. 

A few examples of C of balanced three-winding transformers is 
given in Tables 13.1 and 13.2, and that of a nine-winding transformer 
is shown in Table 13.3. 


XVL “BARRED” AND “UNBARRED” INDICES 

(o) It was shown that when the transformation tensor contains 
complex components the transformation foi mulas of the various geo¬ 
metric objects are more complicated. In particular the transformation 
formulas contain in addition to C and its inverse C“*, also their con¬ 
jugate, namely, C* and 
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In index notation a convention is introduced to denote whether C 
or its conjugate is to be used. An index that is to be transformed by the 



Table 13.1.—Balanced Three-phase Multiwinding Transformers and their 
Transformation Matrices 

First column—Ci showing interconnection of coils 
Second column—C 2 neglecting magnetizing currents 
Third column—C representing their resultant 


conjugate of or C"' will be written with a bar over it as e^ and will be 
called a **barred'* index. Otherwise an index is left unchanged and will 
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be called an '^unbarred'" index as Hence, according to their trans¬ 
formation formulae 13.13, Za^ is to be written as z-^ and as 



Table 13.2.—Balanced Three-phase Multiwinding Transformers and Their 
Transformation Matrices 

First column—Ci showing interconnection of coils 
Second column—C 2 neglecting magnetizing currents 
Third column—C representing their resultant 


(It is customary to use a “dot” in place of a bar over an index as 
but for printing and writing exigencies the bar will be preferred.) 
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(6) When the conjugate of a geometric object is taken, aU barred 
indices become unbarred, and vice versa. For instance 

(C:<)* = C|. or (O* = 13.63 

(* 5 ^)* = or (y^* = 13.64 



Table 13.3.—Quadruple Zig-zag Transformer and Its Transformation Matrix C 

(c) That is, in index notation not only upper and lower indices, but 
also barred and unbarred indices, have to be distinguished in order to 
indicate the formulas of transformation of the various geometric 
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objects. Hence the transformation formulas of some of the tensors hitherto 
introduced, if the transformation tensor has complex components, are 


i = C-i' 
e = c;.e' 
z' = C,**z-C 
y' = C-».y.Cr‘* 
C' = Ci-'.C-Ca 


jot _ r^a 'ar 

= Zafi Cs' Cff' 
yce- ^ ycTe c|' 

/^a /^a// /^o' 

(✓a'" — ^o'" 


It should be noted that the transformation formulas of tensors 
follow automatically from the indices. It may also be noted that, 
whenever Ct occurs^ it occurs as a conjugate C^*. 

These formulas reduce to the formulas given in equation 6.17 when 
Ca» does not contain complex components. The transformation 
formulas of t® and C®' are the same as before, since they contain no 
barred indices. 

(d) It should be expressly noted that in each term of every equation 
not only the upper and lower indices but also the barred and unbarred 
indices are balanced. That is: 

1. The free index in each term is either each barred, or each 
unbarred. 

2. The two dummy indices are either both barred or both unbarred. 

An invariant transformation in which some of the components of 

the transformation tensor are complex numbers, will be called a 
^'spinor transformation," 


XVn. TENSOR AND SPIN INDICES 

(a) Tensors in which both barred and unbarred indices may occur 
are also called "Hermitian tensors" (after the mathematician Hermite). 
Also they are called "spinors," The indices themselves (that may be 
either barred or unbarred) are called "spin indices," 

There are geometric objects in which an index is independent of 
whether the transformation tensor has complex components or not. 
Such indices are called “tensor indices.“ The same geometric object 
may have both tensor and spin indices. All indices used in this chapter 
are spin indices; those used in previous chapters are tensor indices. 
When both types of indices occur together in the same tensor, the spin 
indices may be denoted by capital letters, the tensor indices by lower¬ 
case letters. 
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(b) Hence hitherto the following types of indices have been 
introduced: 


1. Fixed and variable. 

2. Free and dummy. 

3. Covariant and contravariant. 

4. Open and closed. 

5. Individual and compound. 

6. Barred and unbarred. 

7. Tensor and spin. 


Each of these indices attracts a different type of transformation tensor, 

(c) The equations of performance (in terms of spin indices) of 
mesh junction and orthogonal networks are respectively 

13.66 

13.67 

13.68 

13.69 




ja ^ Y<^^E0 


Ea + Ca — Zafi(i^ + i^) 


+ € 0 ) 


When it is not intended to use transformation tensors with complex 
components then the spin indices are replaced by tensor indices (by 
simply leaving out the bars). 

(d) The equation of power in terms of spin indices is 






P = Eal^ 


13.70 


It should be remembered that e^ and originally have barred 
indices. Hence wherever they appear without bars it means that their 
conjugate is taken. Hence if the indices in the last equation are spin 
indices, they show that in calculating power the conjugate of e^ or 
has to be taken. 


XVm. WEIGHTED TENSORS* 

In the previous sections a tensor has been defined as a geometric 
object whose transformation formula contains only or its inverse 
Cat one for each index. 

When the transformation formula of a tensor contains in addition to 
* The next two sections may be left out at the first reading. 
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CS' and C«' also a scalar (say a number or a function) then it is called 
a pseudo-tensory For instance, if 

= ZaaCZ'C^fi'k 13.71 

where k may be 5 or log x, then Zafi is not a tensor but a pseudo-tensor. 

A special case of pseudo-tensors is of importance. If the scalar k 
is equal to the determinant c of raised to the p-th power, then the 
pseudo-tensor is called a weighted tensor'' or a ''tensor of weight p," 
In physical problems the “tensors of weight one," also called "tensor 
densities" are of special importance. Hence when: 

k = any function -> pseudo-tensor 

k — c^ -> tensor of weight p 

k = c - > tensor density 

Weighted spinors contain in their transformation formula also c* 
raised to the ^-th power. 

In electrical engineering nroblems weighted tensors occur for instance 
when a change is made from three-phase to single-phase or to Hvo-phase 
quantities, in general whenever the attention temporarily is restricted to 
a part of the system under consideration. 


XIX. WEIGHTED SPINORS 


(a) Weighted spinors are introduced when the original defini¬ 
tion is used for the method of symmetrical components, that is, when 
the new sequence variables i®, i^, and P represent phase currents and not 
y/i times their value. Such a definition is often convenient. In that 


case 



0 

1 

2 


a 

b 

c 

a 

1 

1 

1 

0 

1 

1 

1 

C = b 

1 

a* 

a 

C-i - i I 

1 

a 

a* 

c 

1 

a 

a* 

2 

1 

c? 

a 


13.72 


that is, the factor l/\/3 is missing in the definition of C. 

Owing to this difference in the definition of C, the original expression 
for power in terms of sequence quantities 


P' = coi® + eii^ + 


13.73 
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represents the power input into one phase and not into the whole system. 
On the other hand, the power in terms of phase quantities 

P = + Cbi^ + 13.74 


represents the power input into all three phases. Hence in the original 
definition the equation for the invariance of power is 


P = Cai*^ = =• ea>i^*k - P' 


13.75 


containing the scalar jfe = 3. 

Since the linear form for power contains a scalar, the transformation 
formulas of the various spinors will contain this scalar in some form. 

(5) Originally it is assumed that the variable i® is transformed by 
the given CS' as = Oi"' without containing a scalar. Substituting 
it into equation 13.75. 

= e„.rk I 

Cancelling i"' 

eJd' = V* I e*-C = e'*jfe 

Multiplying both sides by the inverse of C^- 

I e* = Cr**e'*jfe 

Taking the conjugate of both sides 

13.76 


Hence e^ is a weighted spinor. 

The determinant of the transformation matrix C|' = is 
a — a^ = jy/Z = c. Hence the scalar k = 3 is equal to cc*. 

It should be noted that the value of 30,"^* is the same as that of 
C hence also in the original definition the voltage vector is transformed 
the same way as the current vector. 

(c) To find the transformation formula of as a weighted spinor, 
the reasoning of Section Illb is used. Given 

Replacing i^ by C%i^' and e^ by 

ea' = zafi(^^Ci^k*'-H^' 



Ca = 


e kCr^* • e' 
e = 3Cr^*-e' 
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Since in the new reference frame 



the transformation formula of is 

13.78 

showing that z^p is a weighted spinor. 

(d) Hence, if the original definitions of the method of symmetrical 
components are retained, then all spinors become weighted spinors, since 
in a three-phase problem the attention is restricted to one of the phases only. 
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JUNCTION NETWORKS 

I. DUALISM OF PHYSICAL PROBLEMS 

(а) In the analysis of physical phenomena it is found that many 
(if not all) measurable quantities, laws, and methods of reasonings 
occur in pairs that are in a certain reciprocal relation to each other. 
Electric field and magnetic field, waves and particles, matter and 
energy, etc., are all manifestations of the dualistic side of nature. In 
electrical engineering problems such dualistic relations exist, for 
instance, between voltage and current, impedance and admittance, 
shunt and series connections, etc. 

The advantage of the recognition of such dual properties is that 
all equations, all reasonings can be duplicated in terms of dual quantities 
without going through all over again the same proof and that new rela¬ 
tions can he easily discovered by simple analogy. 

(б) It will be found, that, whatever reasonings and equations have 
been established for mesh networks, all can be repeated in a dual form for 
junction networks. The following dual expressions will have to be 
interchanged in the reasonings and equations: 

1. Mesh and junction-pair (not junction). 

2. Coil and junction. 

3. Short circuit and open circuit. 

4. Series and shunt. 

5. Voltage and current. 

6. Impedance and admittance. 

7. Covariance and contravariance. 

(c) Among the geometric objects hitherto introduced the following 
dual quantities exist: 

1. The dual of e is I (e« ) 

2. The dual of i is E (i® —> E- ) 

3. The dual of z is Y F“^) 

4. The dual of C is C\ ) 
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II. ALL-JUNCTION NETWORKS 


(a) First the case of n coils arranged in n junction-pairs will be 
analyzed in detail. The analysis of n coils arranged in less than n 
junction-pairs (of far greater practical importance) is a special case 
of that of an all-junction network. 

Again the only limitation put upon the physical nature of the coils 
connected together is that they are linear and that Y is not a function of 
I or E. The limitation is put upon the nature of their interconnections 
that at the instant under consideration they are rigid. That is, the 
components of the transformation tensor C are constant and not functions 
of time, 

(b) Fig. 14.1 show's seven different ways of arranging six coils to 
form a network with six junction-pairs. It should be remembered 
that the number of junction-pairs is equal to the number of junctions 

minus the number of - 

independent sub-net- 


V 


independent sub-net- 

works. 1 _ 

A junction-pair con- ^ ^ ^ ^ ^ pwv 

sists of any two junc- \ \ L. l. l. LnnN- l- 

tions selected in an -2-i- 

arbitrary order on the ^ "2 Z” 

same sub-network. It . s ^ ^ \ 

is assumed that a diff- ^ re? ? ? 

erence of potential ^ T ^ ^ ^ 

appears between these 

two junctions and that ^ 

a current /' enters the ? 

network through the L/fr4- 1 

first junction and the | 

same current /' leaves ^ 

6 _ 7 

the network at the ^ ^ 

, , . - - Fig. 14.1.—^Various Types of Interconnections of Six 

second junction of the Coils into Six Junction-pairs 

junction-pair. 

(c) In the study of mesh networks it w^as shown that a “branch 
current** may be replaced by a hypothetical “mesh current** by assum¬ 
ing the branch currents to continue theii flow in a closed circuit. 
This replacement does not change the equations, only the physical 
interpretation of the current i. 

A similar change in the physical interpretation of I may be made in 
junction networks, where the “junction currents** entering the net¬ 
work at the junction-pairs may be assumed to continue their flow 


Fig. 14.1.- 


Various Types of Interconnections of Six 
Coils into Six Junction-pairs 
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through the network. The hypothetical circuit traced through the net¬ 
work from one junction of a junction-pair to the other is called an “open 
mesh.” Just as the hypothetical “mesh current” has a physical exist¬ 
ence only as it flows through its respective branch, similarly the 
hypothetical “open-mesh current” has a physical existence only in 
the leads of its respective junction-pair. 

The manner of determination of the open mesh belonging to a 
junction-pair will be shown in the study of orthogonal networks. 

(d) In setting up the equations it will be assumed that known 
currents I are impressed across the individual coils whdse self- and 
mutual admittances Y are also known. The differences of potential E 
which appear across the coils due to the impressed currents I will be 
investigated. In order to do that the equation of current V = Y'*E' 
expressed along the junction-pairs will have to be set up; then that may 
be solved for E' (if no other manipulations are needed). That is, 
now the voltages across the junction-pairs E' are the “variables" instead 
of the mesh currents i'. 

Although there are n coils and n known impressed currents across 
them, still the n unknown differences of potentials appearing across 
the n coils are not independent of one another. It is sufficient to set 
up and solve the equations for as many differences of potentials as 
there are junction-pairs, and the remaining ones can be immediately 
determined from these. The situation is analogous to that existing in 
mesh networks where there are n coils and n known impressed voltages 
and where the n unknown currents in the n coils may be found by 
setting up and solving the equations for only as many currents as there 
are meshes. 

(e) Instead of assuming I as an impressed current and E as the 
difference of potential due to it, the problem may also be stated that 
I is a current flowing into the two junctions of the various coils due 
to an applied voltage E across each coil. Or it may be stated that I is 
a current flowing into some outside loads Zl or Yx, {which, however, do 
not appear in the equation or on the diagram) and "Eiis the difference of 
potential appearing across the loads. The first method of statement 
will be preferred in setting up the equations to emphasize the analogy 
with the mesh analysis, where e is considered as the impressed and 
i as the response quantity. Hence in junction networks I is the 
impressed and E is the response quantity. Of course, in the manipula¬ 
tion of the equations any variety of impressed and response quantities 
may occur. 
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m. THE INVARIANCE OF POWER 


(a) It should be noted that, if the same currents I are impressed 
into the two junctions of each corresponding coil of the various net¬ 
works of Fig. 14.1, then the same differences of potential E appear across 
corresponding coils since through each coil only the current impressed 
to its junctions may flow, the remaining coils being open-circuited. 
Hence the power input I-E, a linear form, remains ^ invariant" under 
the various interconnections of n coils into n junction-pairs, that is 


i.E « r-E' 



i^Eu “ r^'Eu» 


14.1 


(6) Also just as in all-mesh networks all the different types of 
networks of Fig. 14.1 have the same equation of performance I = Y-E 
if the differences of potential Eu appearing across each coil are assumed 
as the variables. But as soon as different Eu are assumed as variables 
the equations become different for each network. 

In other words, the key to the possibility of transforming the equa¬ 
tion of performance of any network of Fig. 14.1 (say that of the first 
one) to that of any other all-junction network is supplied by the fact 
that each network has one and only one reference frame in which the 
equation of the superimposed electromagnetic quantities is identical. 

That is, all the networks are different, but the equations of the super* 
imposed electro-magnetic phenomena are identical for the different net¬ 
works, if one particular reference frame is selected on each network. 
These particular reference frames {the junction-pairs across the individual 
coils) serve as **bridges*' across which it is possible to pass from one net¬ 
work to any other network. 


IV. THE ADMITTANCE TENSOR Y' 

(а) Let the all-junction network of Fig. 14.2(a) be given in which 
a different set of currents I is impressed across each coil. 

Its primitive junction network is shown in Fig. 14.2(6) having 
asymmetrical mutual admittances between, say, and Y^^. 

The method of analysis of junction networks follows step by step 
the analysis of mesh networks with the difference that the dual quanti¬ 
ties (shown in Section I) are interchanged. 

(б) The first step is to set up the geometric objects and the equation 
of performance of the primitive junction network. Its equation of 
current is 


I = Y-E 





14.2 
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14.3 

14.4 

14.5 


(c) The effect of the interconnection of the coils is to introduce addi¬ 
tional junction-pairs into which currents may be impressed or across 



which loads may be connected. It 
should be noted that in the primitive 
network of Fig. 14.2& at no other 
points can currents be impressed 
except at those shown. 

In the new network of Fig. 14.2 
there is a large variety of ways in 



(a) Given aU*junction network (&) Its primitive network 

Fig. 14.2 


which the six new junction-pairs may be selected across which the 
new currents I' are impressed. The selection depends on the require¬ 
ment of the problem. Let the six independent junction-pairs shown in 
Fig. 14.3 be selected arbitrarily. It should be noted that each junction 
is covered at least once. 

It should be remembered that, if the two junctions of each coil are 
selected as the junction-pairs of the new network, then the equation of 




THE ADMITTANCE TENSOR Y' 


359 


current of the primitive network I = Y*E can be used for the new 
network without any change, 

(d) To set up a relation between the old and the new voltages E 
and E', first the differences of potentials appearing across each individual 
coil in terms of the new impressed voltages have to he found. 

For this step Kirchhoff*s second law is used, that: ''The sum of the 
voltages around a closed mesh is zero'' 



The differences of potentials appearing across each coil are cal¬ 
culated in Fig. 14.4 by: 

1. First drawing between the junction-pairs the assumed new 
voltages E' with their proper signs. 

2. Then finding the voltages between the two ends of each coil in 
terms of the new voltages £«, Eh, etc., by assuming that the sum of the 
differences of potential in any closed circuit is zero. The closed circuit 
need not follow the coils. (That is, the closed circuits do not form 
meshes.) 

{e) Equating the differences of potentials appearing across each 
coil before and after interconnection, the following equations may be 
set up d' £' g' 


jEo — — 

f — 

Eh — —Ea'~Eh' 
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£.= 

Ed'-Ef 

Ed — Eh' 

+Ed' 
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-1 

-1 
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1 
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representing the equation of transformation of the variables 



Hence the coefficients of the new variables represent the transposed inverse 
transformation tensor, C,"^. The determinant of its matrix is not zero. 

(/) Once the inverse transformation tensor has been estab¬ 
lished, the new components of the geometric objects of the new net¬ 
work Y' and I' are set up. 

The new components of the admittance tensor are found by 
I Y' = C-‘-Y.Cr‘ 




If the mutual admittances are the same in both directions, this 
matrix is symmetrical. 


V. THE CURRENT VECTOR I' 


(a) The new components of the current vector I' are found by 
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That is, if across the individual coils is impressed P, • • •, then 
through the various junction-pairs (in at one junction and out at the 
other junction) flow —/*, —P — P + P, etc. 

The admittance of these coils, whose currents meet at a junction to 
build a junction-current, forms the diagonal components of the 
admittance tensor Y'. For instance, by equation 14.12, P' is built 
up from —/«, and P; hence the three admittances F“®, and 
F** (and any mutual admittance between them) form the f'f' diagonal 


component of Y'. (In 
mesh networks the im¬ 
pedances of those coils 
whose impressed volt¬ 
age add up to the mesh 
voltage form the diago¬ 
nal components of the 
impedance tensor z'.) 

(ft) This last step of 
calculating I' from I is 
used whenever a current 



(a) Current impressed (6) Coil current in terms of 

across a coil junction-pair currents 

Fig. 14.5 


is impressed {or a load is connected) not across a junction-pair, hut across 
a coil. For instance, it may be possible that the only current impressed 
in the present example is P as shown in Fig. 14.5a. However, the 
two junctions of coil F®® are not assumed as a junction-pair whose 
voltage is chosen as a variable, hence P cannot be cissumed to be 
a component of I'. The value of I' with P alone impressed is by C”’ -I 



That is, P forms part of twodifferent impressed junction-currents, 
analogously to mesh networks where one impressed voltage in series 
with a coil may form part of several mesh voltages. Fig. 14.Sft shows 
how forms the impressed currents on two junction-pairs d' and f'. 
Through the other junction A the resultant current is of course zero. 

(c) If the two junctions through which the impressed current 
flows do not form a junction-pair and are not connected together by a 
coil then it is assumed that a coil with zero admittance connects the two 
junctions so that the primitive junction network has one additional 
coil. This assumption is analogous to that used in mesh networks 
where a coil with zero impedance is assumed in series with an impressed 
voltage in the absence of an actual coil. (Two junctions that are not 
connected by a coil, but have currents impressed on them, may be 
assumed to form an *‘admittanceless branch” or an “apparent coil”). 
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(d) The equation of current is established as 


11 



ju' ^ 


14.14 


representing six ordinary equations. 

In many practical problems this equation is subdivided into at 
least two invariant equations. 

{e) When the currents I' flowing through the junction-pairs are 
known, the differences of potential E' appearing across the junction- 
pairs are found by 


E' = z'-r 





where Z' is the inverse of Y'. 

Once the unknown differences of potentials at the junction-pairs 
E' have been found, the quantities existing in each individual coil 
may be calculated with their aid. 

(/) The differences of potential appearing across each individual 
coil are found by the equation of transformation of E 

E = Cr‘-E' I 14.16 


already given in equation 14.6. 

The currents I flowing in the individual coils are found from 
•I = Y-E by replacing I by Ic and E by Cr^*E, giving 

L = Y-Cr^-E' I 14.17 

where the matrix Y*C,"^ has already been calculated in equation 14.9. 
(In an all-junction network I and I® are numerically equal). Hence 


Ic 


a 

b 

c 

d 

f 

g 


Ey + Ec» - -h E/0 

F“(- Ea» - Ey - -h H- + £d0 

“ Er) -h 

+ Ed*) + - Ea' - E6' - Ed* -h 

Y^^Eg^ 

Y^^Ef* + Y^^{Ed* - Er) 


14.18 


(g) If the transformation tensor is singular, the self- and 
mutual impedances of the individual coils Z are found from those of 
the junction-pairs Z' by 


z = cr‘-z'-c-‘ 



Zuv “ Zu*V*C^ 


14.19 
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VI. SUMMARY OF STEPS 

The steps of setting up the equation of current of any junction 
network parallel the steps of setting up the equation of voltage of a 
mesh network except that each concept is replaced by its ''duaV concept. 

(а) The primitive junction network and its geometric objects Y, I, 
and E are first established: 

1. The primitive network consists of all coils of the given network 
open-circuited. 

2. The admittance tensor Y of the primitive network is set up 
containing the self- and mutual admittances of the individual coils. 

3. The current vector I contains the currents entering and leaving 
each coil. 

4. The voltage vector E contains the various differences of poten¬ 
tials (known or unknown) appearing across each coil. 

(б) The next step is to set up the transposed inverse transformation 
tensor changing the primitive network into the actual network. 

1. Assume as many independent differences of potentials E' 
between the various junctions as there are junction-pairs in the system. 
The two end points of each voltage represent a junction-pair. 

2. Write along each coil the differences of potential appearing across 
them^ expressed in terms of the assumed new E', by using Kirchhoff’s 
Second Law. 

3. Equate the old and the new voltages appearing across each 
individual coil. There are as many equations as there are coils. The 
left-hand side contains the old voltages, the right-hand side the new 
voltages. 

4. The coefficients of the new voltages E' form the transposed 
inverse transformation tensor C|“^, representing mathematically Kirch- 
hoff’s Second Law. 

(c) The next step is to find the new components of the geometric 
objects Y' and I' and the equation of current of the new system. 

1. The admittance tensor Y' is found by the transformation 
formula, 

Y' = C“i-Y-Cr^ I 14.20 

2. The currents impressed across the new junction-pairs are found 
by the transformation formula 

r = C-i-I I 14.21 
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3. The equation of current of the new network is established as 

I' = Y'-E' I 14.22 

(d) Once the equation of performance of a system has been estab¬ 
lished it is subjected to all types of manipulations depending on the 
problems at hand. 

When the equation of current is treated as one unit without sub¬ 
division, the unknown differences of potentials appearing across the 
assumed junction-pairs are found in two steps: 

1. The inverse of the admittance tensor is calculated, giving the 
impedance tensor 

Z' = Y'-i I Z.,., = 14.23 

2. The unknown differences of potential are found by 

E' = Z'.r I • £.. = 14.24 

The unknown quantities of the individual coils may be found with 
the aid of £' as follows: 

3. The differences of potential across the individual coils E are 
found by 

E = C,-^E' I E, = Cl’E,. 14.25 

4. The currents flowing in the individual coils are found by 

I. = Y-Cr‘-E' I J“ = 14.26 

where Y*C,“^ has already been calculated in finding Y'. 

5. The self- and mutual impedances of the individual coils are 

Z. = Cr‘-Z'-C-i I 14.27 

(e) In direct notation it is advantageous to replace C*~ * in all equations 
by a new symbol, say A. In terms of A all transformation formulas of 
mesh networks may be used for the corresponding dual quantities of 
junction networks if C,*"* everywhere is replaced by A, also by 
Ai* and so on. For instance: 

z' = C;-z.C -»Y' = A;-Y-A 14.28 

y* = C-y'.C;-*Z, = A-Z'-A; 14.29 

e'= Cr-e -*1' =a;.I 14.30 

i = C-i' ->E = A-E' 


14.31 
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Vn. THE EQUATIONS OF CONSTRAINTS 

(a) Let it be assumed now that in the previous network of Fig. 
14.3 three of the junction-pairs are short-circuited as shown in Fig. 14.6 



Fig. 14.6. —Short-circuiting Three of the Fig. 14.7. —Differences of Poten- 

Junclion-pairs tial Before the Short-circuit 


so that three junction-pairs exist in place of six. Short-circuiting the 
junction-pairs is equivalent of making the differences of potential 

appearing across them equal to zero. That is, the short-circuiting of 

the three junction-pairs is equivalent to introducing the following three 
equations of constraint that must exist between the six new junction-pairs 
(See Fig. 14.7.) 

= 0 

+ Er - £6' ~ £d' + £,' = 0 14.32 

Eg* £o' — Eb* == 0 

With the aid of the three equations of constraint three of the 
variables may be eliminated, say Ec* Eg* and Ej* as 

Ec* = 0 

Eg* == £a' ”1” Eh* 14.33 

Ef* = Ed* — Ea* 

leaving as new variables £«', Eh*, and Ed*. Substituting these equations 
into the equations of transformation 14.6, the relation between the 
old and the new variables becomes 
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Eo = — Ea* — Eb* 

Eh = — Ed* 

Ec = Ea* 

Ed = Eb* “f" Ed* 

Ef = Ea* H” Eb* 

Eg = — Ea* Ed* 



14.34 


The coefficients of the new variables give a singular inverse trans¬ 
formation tensor having as many columns as there are new variables, 
namely three. 

The method of analysis from now on is the same as in case of a non¬ 
singular {square) inverse transformation tensor. The new admittance 
tensor Y', however, will have three rows and columns instead of six, etc. 

(ft) The new components of the admittance tensor are found from 
those of the primitive network, equation 14.5, by as 



The new components of the current vector, entering and leaving the 
junction-pairs, are = 

a' b' d' a' b' d' 

r « I = /ft' /<«' 14.36 


The equation of current of the new network is I' = Y'*E', and so on. 


Vm. SINGULAR TRANSFORMATION TENSOR 

(a) Again instead of setting up equations of constraint to represent 
the short-circuiting of junction-pairs, it is possible to assume right at 
the start as many new variables as there are junction-pairs and follow 
the analysis of Section IV as if the inverse transformation tensor 
C,“ ^ wwe non-singular. 

It should be remembered that the number of junction-pairs of any 
network is equal to the number of coils minus the number of closed 
meshes. 
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Similarly, any formula developed in terms of is valid for both 
singular and non-singular C”^ However, formulas in which the 
inverse of a singular is needed should not be employed. 

(fc) As an example let fifteen coils be interconnected into the net¬ 
work of Fig. 14.8 having five junction-pairs and ten meshes. Assuming 
no voltage impressed in series with the coils, the network is primarily 
a junction network, since it has far fewer junction-pairs than meshes. 

Let it be assumed that two currents are impressed across the network. 
The first, P, enters the network at junction A and leaves it at junction 
C. The second current P enters the network at junction E and 
leaves it at junction F, In other wwds, let it be Jissumed that the two 
junctions of coil are^ say^ the input terminals and the two junctions 
of coil are the output terminals of the network. The question is, what 
are the differences of potentials appearing across the input and output 
terminals? 

(c) The steps in setting up its equation of current are the following: 


1. Its primitive network consists of fifteen o(^n-circuited coils. 

2. The admittance tensor of the primitive network is 
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assuming asymmetrical mutual admittances, say between and 
and betw’een F® and F®. This tensor is not s\ mmetrical. 

3. The current vector impressed on the primitive network is 


1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 



14.38 


(d) To set up the transformation tensor the following steps are 
taken: 

1. The five junction-pairs to be assumed are shown in Fig. 14.9. 

2. The differences of potentials appearing across each coil are also 
shown in Fig. 14.9. 

3. Equating the old and the new differences of potential appearing 
across each coil, the following fifteen equations may be written (by 
comparing Figs. 14.8 and 14.9): 
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4. The coefficients of the new variables give the transpose inverse 
transformation tensor 
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(e) The next step is to find the equation of current. 



^ Fig. 14.9.—Differences of Poten- 

Fig. 14.8.—^Junction Network tials Across Individual Coils 


1. The admittance tensor is found by C“^or by A|«Y -A. as 
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14.40 


2. The new components of the impressed current vector, entering 
and leaving the junction-pairs, are by C"**I = Arl = 


r 




14.41 


The current impressed across coil is part of two impressed 
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junction-pair currents and P'. The resultant current through 
junction B (belonging to both junction-pairs) is zero. 

3. The equation of current is r = Y'-E'representing five equations 
with five variables E'. 

(/) If the currents flowing into the junction-pairs I' are given, 
the voltages to be applied at the junction-pairs E' to produce I' are 
found by E' = that is, by calculating the inverse of Y'. 

In most problems the invariant equation I' = Y'-E' is subdivided 
into several invariant equations for further manipulation. 

IX. THE TRANSFORMATION OF JUNCTION-PAIRS 

(a) Just as for mesh networks, when the equation of performance 
of a junction-network had been expressed along some assumed junc¬ 
tion-pairs, a new set of junction-pairs may be introduced by setting up a 
new transformation tensor C/”*. 

The necessity of selecting a new set of variables E" may arise quite 
often. When a network is used in several different types of problems. 



the various geometric objects calculated for one type of problem may be 
used again in several other problems by simply introducing a new trans¬ 
formation tensor, instead of starting each time all over again with the 
primitive network. 

(b) As an example of such a transformation let it be assumed in 
Fig. 14.6 that one of the junctions is at ground potential and let the 
difference of potential between the ground and the other junctions be 
assumed as variable?. That is, let the three junction-pairs £«/, Ev, 
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and Ed> of Fig. 14.6 be replaced by another set of three junction-pairs 
-Eb", and Ed>> as shown in Fig. 14.10a. 

Since several coils are interconnected by admittanceless branches, 
there are only four junction-points shown on Figs. 14.10 6 and c between 
which differences of potentials can be assumed to exist. From these 
simplified diagrams the relation between the old and the new differ¬ 
ences of potentials can be set up as 


Ea> — — Ea'f 

Eh» = Ea*» — Ecff 

Ed' = — Ea" “h Eh" 



a" 

b" 

c" 

a' 

-1 
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c;- ‘ - b' 

‘ j 
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-1 

d' 

-1 

1 

0 


14.42 


The coefficients of the new variables give 

(c) If the admittance tensor Y" of the network along this second 
reference frame is desired, it may be found by C'~^where 
Y' is given in equation 14.33 


a" b" 


yW _|_ yee 

_ ycg _ ybb _j_ ybd 

__ ybd 

—. yic _ ybb _|_ ydb 

ybb _yW__ ydb 

ydd ygg 

ybd __ ydd 

__ ydb 

yd& __ ydd 

yaa ydd _j_ yff 


(d) The new current vector is by = 



Fig. 14.11.—Impressed Junction-pair Currents 
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representing the currents flowing out of the various junction-pairs and 
flowing into the common ground as shown in Fig. 14.11. 
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If the currents 1" flowing into the junctions are known, the differ¬ 
ences of potential appearing between the ground and the other junc¬ 
tions are found by E" = by calculating the inverse of Y". 


X. NUMERICAL EXAMPLE 

(a) As a numerical example let the admittances be pure conduct¬ 
ances F«“ = 2, P» = S, F“ = 6, F" = 7, Yff = 8, F« = 9, and let 
the three junction-pair currents be 


I" 


a" b" c" 



14.45 


Then the admittance tensor Y" and its inverse are, by substituting 
into equation 14.43, 
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The differences of potential above the ground are, by Y"~^»I" = 


£// 


0.23725 0.32137 0.36987 


14.48 


(Jj) The differences of potential across the individual coils cannot 
be found by E' = since not E' but E is the difference of 

potential across the individual coils. However, E may be found by 
E = since E = C,"^*E', where Cf' is given in equation 

14.34. The product of the two transformation tensors of equations 
14.34 and 14.42 is 
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giving the differences of potential across the individual coils by 




E = 

-E" 
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14.50 

The currents I, flowing in 

each individual coil 

are by h 

= Y-E 
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I.- 0.73574 

-0.42356 

-1.42356 

-0.321295 

-2.94296 

2.89774 

14.51 



Fig. 14,12. —Currents in Individ- Fig. 14.13. —Voltage-drops across 

ual Coils Individual Coils 


(c) The correctness of E and L may be checked by plotting along 
each coil of the network the newly found currents and differences of 
potentials, as shown in Figs. 14.12 and 14.13. They satisfy Kirchhoff’s 
laws. 

XL PHYSICAL INTBRPRETATION OP THE INVERSE 
TRANSFORMATION TENSOR 

(o) It was shown in Section XVII, Chapter VI, that when a net¬ 
work is interconnected into another network the components of C 
correlate the meshes of the two networks. The inverse transformation 
tensor C,"^ {containing only integers) similarly correlates the junction- 
pairs of the two networks. In particular: 

1. The columns of enumerate the old junction-pairs whose 
junctions build up the new junction-pairs. 

2. The rows of C,"^ enumerate the new junction-pairs whose 
junctions build up the old junction-pairs. 
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(6) When the old network is the primitive network, then: 

1. The columns of C,~^ enumerate the coils whose two junctions build 
up the new junction-pairs. 

2. The rows of Cr^ enumerate the new junction pairs to which the 
junctions of each coil belong. 

These physical interpretations play an important part in network 
synthesis where C|"* is given and the network is to be established. 

(c) Considering the electromagnetic quantities: 

1. The columns of C,"* enumerate the old junction pairs whose 
currents I add up to form the new junction-pair currents I'. 

2. The rows of C,"* enumerate the new junction-pairs whose volt¬ 
ages E' build up the old junction-pair voltages E. 

(d) When the old network is the primitive network, then: 

1. The columns of enumerate the coils whose currents I build 
up the new junction-pair currents I'. 

2. The rows of enumerate the new junction-pairs whose volt¬ 
ages E' add up to form the voltage E across the individual coils. 

The physical interpretation for each group of transformation matrices 
is different. The present interpretation is valid only for the group Gt 
(Section VI6, Chapter XI) representing interconnection of coils and 
containing only integers. 

It should be remembered that, in setting up the transformation 
tensors C or C,“* containing integers, only Kirchhoff’s First or Second 
Law is used. 

Xn. INTERCONNECTION 07 NETWORKS 

(a) Instead of interconnecting individual coils into a system, it is 
possible to take several independent junction networks and interconnect 
them into one resultant junction network with the aid of a C,~^. Again 
the individual systems to be interconnected 
may be stationary or moving, electrical, me¬ 
chanical, acoustical, etc., systems. The inter¬ 
connection of junction networks consists of 
short-circuiting junction-pairs (A-A') of each 
network with the other in pairs as shown in 
Fig. 14.14. The interconnection changes two 
junction-pairs into one. 

Fig. 14.14.—Intercon- Instead of interconnecting several inde- 
nection of Junction-pairs pendent networks, one system may be divided 
into several component systems by separating 
junction-pairs, and each component network may be analyzed sepa¬ 
rately, then recombined into one system by a C,~^. 
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(6) In interconnecting entire systems again the same steps are foU 
lowed as in interconnecting individual coils^ namely: 

1. Find the geometric objects I, Y, etc., of the primitive system 
consisting of the individual systems. 

The admittance tensor of the primitive system is 

Y = Yi + Ya + Y 3 + 14.52 

The resultant Y has as many axes as the sum of the axes of the 
component system. 

The current vector of the primitive system is 

I = Ii + I 2 + I 3 + • • * 14.53 

2. Find the transformation tensor — C"', showing the manner 
of interconnection of the component systems. 

3. Find the new components of the geometric objects of the result¬ 
ant system by 

14.54 

14.55 

The equation of current of the resultant system is I' = Y'*E'. 

If the axes of some of the component systems Yi or Y 2 , etc., do not 
contain some of the junction-pairs that are interconnected, a new set 
of variables is introduced first that includes the needed junction-pairs. 


Y' = C-L(Yx -f- Y2 -f Y3 -f--O-Cr' 




Xm. EXAMPLE OF INTERCONNECTION OF TWO NETWORKS 


(a) Let the two junction networks of Figs. 14.6 and 14.8 b^ inter¬ 
connected as shown in Fig. 14.15. The junction-pairs that are inter- 



Fig. 14.15.—Interconnected Junction-networks 


connected are JSs' to Ea» and £ 3 ' to Ed»- The other junction-pairs 
remain unconnected. 
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The admittance tensors of the component systems are given in 
equations 14.35 and 14.40. Their sum Yi + Y 2 is the admittance 
tensor of the primitive system (replacing each component by a single 
symbol) ^ 

1 
2 

3 

4 

Y = 

5 

a 
b 
d 


1 2 3 4 5 a b d 


yll 

ya 

yll 

yu 

yl6 




y2l 

yn 

y2S 

y24 

y26 




yn 

ytt 

yu 

y»4 

yl» 




ytl 

y42 


y44 

y46 




y61 

y52 

ySS 

yu 

y56 









yaa 

yab 

yad 






yba 

yhb 

ybd 






yda 

ydb 

ydd 


The current vector along the primitive system is 




14.57 


(6) The transformation tensor may be set up by noting that the 
interconnection of the two networks consists of: 

1. Changing £5 and £« into one junction-pair, say Ems also chang¬ 
ing Ez and Ed into one junction-pair, say £n'. 

2. Leaving the other junction-pairs of both networks unchanged. 
Setting up a relation between the old and the new junction-pairs. 


El = El' 

E2 = E2 

E3 = En» 


E 4 = 
E 5 = 


£ 4 ' 


Ewk» 


cr 


-1 


Ea = Em» 

Et = Ey 

Ed = En' 



1' 

2' 

4' 

b' 

m' 

n' 

1 

1 






2 


1 





3 






1 

4 



1 
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1 


a 





"7" 


b 




1 



d 






1 


14.58 


The coefficients of the new variables represent 
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(c) The admittance tensor of the resultant system, by C 
= Ai-Y-A, is 



1' 

2' 

4' 

b' 

m' 

n' 

1' 

yll 

^12 

yU 


yl6 

yl3 

2' 

y21 

y22 

y24 


y2B 

y23 

11 

cr 

Y*i 

y42 

yU 


y46 

y43 




yhb 

1 

yhd 

m' 

y61 

y62 

y64 

yo6 

y66 _|_ yaa 

y53 yud 

n' 

ytl 

y32 

y34 

ydb 

y3B yda 

y83 ydd 


The current vector is l)y I' = C **1 = Acl = 


1' 2' 4' m' .m' n' 




I* 


/* + j“ 

I* + /«' 


■•Y-C, 


-1 


14.59 


14.60 


(d) When the component systems are expressed along the axes that 
are interconnected (as in the present example), then the step of setting 
up may be dispensed with and the resultant Y' may be found as 
Yi + Y 2 if the axes to be interconnected are denoted by the same fixed 
indices in Yi and in Y 2 . 


XIV. DUAL FORM OF THE REDUCTION FORMULAS 

(o) Analogously to mesh networks where the single tensor equation 
e = z«i can be replaced by a set of n tensor equations, similarly in 
junction networks the single tensor equation I = Y-E can be replaced 
by a set of n tensor equations 

p = Y“-Ei + Y 12 .E 2 + Y>3.E3 + ••• Yi»*E, 

12 yzi.Ei + Y22.E2 + Y23.E3 + ••• Y 2 ».E, 

13 = + Y32-E2 + Y33-E3 + * * • Y3»-E„ 14.61 


I» = Y»'*Ei + Y"2*E2 + Y"«*E3 + ••• Y"»*E 

The manipulation of these equations is shown in Chapters IX and X. 

AU equations, theorems, etc., developed in Chapter X for the set of 
linear equations e = z*i are equally valid for the set of linear equations 
1-Y’^ by simply interchanging the dual quantities, namely e by I, 
i by £, z by Y, etc. 

(6) For instance, if some of the junction-pairs have no currents 
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flowing through them, the corresponding terminal voltages E 2 may be 
eliminated from the two tensor equations 


V = Y^-Ei + Y 2 .E 2 

0 = Y^-Ei + Y^.Ez 


14.62 


by replacing the short-circuit self-admittance Y^ of the first group of 
junction-pairs by the “open-circuit self-admittance** 


yl' — yl __ y2,y4-l,y3 


14.63 


(c) If the second group of junction-pairs have currents V flowing 
through them, their presence can still be ignored by replacing the cur¬ 
rent entering the first group of junction-pairs by an equivalent 
current where 




14.64 


The additional part of this current -“Y^*Y'*“^*P is the short-circuit 
current flowing in the first group due to the presence of I 2 in the 
second group. (Since Y^”^*P are the junction-pair voltages of the 
second group with the junction-pairs of the first group short-circuited, 
and Y^ times this voltage is the current induced in the first group.) 
This equation represents the generalization of the dual form of Th6 
venin*s theorem. The difference of potential across the eliminated 
junction-pairs is 

Ei = -Y^-i-Y-^-Ei 14.65 


(d) Whenever the reduction formulas are used to eliminate several 
covariant variables Eu at one step from I = Y*E, /Ae elimination of 
variables is physically equivalent to eliminating several junction-pairs by 
mesh-star transformations. The elimination is possible even if mutual 
admittances exist between all junction-pairs and if impressed currents 
exist across the eliminated ones. 

(e) The admittance of a network between any two (or more) points 
may be found by assuming these two points as one of the junction- 
pairs, then setting up I = Y*E, and finally eliminating all axes except 
those that are needed. 
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MULTIELECTRODE-TUBE CIRCUITS 
I. NON-LINEAR SYSTEMS 

In the various networks so far considered it has been assumed that a 
linear relation exists between the impressed and the response quantities, 
that is, their equation of performance was considered as having the 
form e = z-i or I = Y-E, where the proportionality factor z or Y was 
not a function of i or E. 

However, in numerous types of networks the relation between the 
impressed and response quantities is non-linear \ for instance, it may 
have the form e = zi + wi^ in each coil, so that no such linear relation 
can be established as e = z*i for the network and the equations of 
performance previously considered have to be extended. 

If the variation of the electromagnetic quantities in the non-linear 
system is sufficiently small, the relation between the impressed and response 
quantities (both being very small) is linear and the hitherto developed 
equations are still valid. Such a case occurs often, for instance in 
multielectrode-tube circuits when they act as amplifiers or oscillators 
and the voltages and currents vary through a small range only. 

II. THE n-ELECTRODE TUBE 

(a) An n-electrode tube may be considered as an all-mesh network 
or as an all-junction network. Similarly the connected circuit may be 
analyzed as a mesh or a junction or an orthogonal network. In most 

practical applications the tube circuit has 
fewer junction-pairs than meshes, hence 
only the junction point of view will be 
analyzed in detail. 

(o) Pentode (6) Equivalent (*) Considering a tube as an all- 

Junction Network junction network, it has n junctions, ecLch 
Fig. 15 . 1 . electrode representing a junction (Fig. 

15.1). The filament acts as a common 
junction from which the other electrodes branch out, so that each 
''coir' of the all-junction network consists of the electronic path 
between the filament and an electrode (the filament serving as a 
source of electrons). 
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One of the electrodes is the plate, the others are the grids; but from 
an analytical point of view there is no difference between a plate and a 
grid. They ail act as junctions. The filament-heating current does 
not appear in the network, since its value is not pertinent to the analysis 
to follow. The filament appears only as a lead at the common junction- 
point. 

(c) The all-junction network has n — 1 junction-pairs (number of 
junctions minus number of sub-networks). The two junctions of each of 
the n — 1 electronic paths {'‘coils'*) will be considered as a junction-pair 
so that I represents the instantaneous currents flowing from the 
filament to the various electrodes and E represents the instantaneous 
differences of potential appearing between the various electrodes and 
the filament. 

(d) When a d-c. voltage Ea is applied to one of the junction-pairs 
(electrodes), d-c. currents 7®, P, P • • • appear across each of the 
junction-pairs. As Ea varies, the currents P, P also vary, but 
not proportionately. Their variation depends on the value of the d-c. 
voltages Eh, Ec • • • existing across the other electrodes, or on the tube 
itself, etc. The curves P == f^{Ea), P - f^{Ea), P = f''{Ea)t etc., are 
called the "static characteristic curves" of the tube. 

For each electrode it is possible to draw n such curves for every 
given filament current and for every given d-c. voltage across the other 
electrodes. It will be assumed in the following that all these curves 
7 = /(£) are known. 

(e) The equations of a five-electrode tube (pentode) will be devel¬ 
oped in the following, representing an n-electrode tube. 


m. EQUATIONS OF THE TUBE 


(a) On a pentode let four d-c. voltages be applied across the four 
junction-pairs 


P 


ft.- 


Ea I Eh 


Ec 


15.1 


The four d-c. currents flowing into the junction-pairs are 

b 




15.2 


Assume now that one of the terminal voIt£^es, say E., varies by a 
small amount from E, to Ea + AE.- Then all four currents will also 
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vary. One of the currents, say changes from /* to /“ + AJ“. If 
the curvature of the curve 7* = /(£«) in the neighborhood of the given 
d-c. V 2 ilues of Ea and 7“ is neglected, then A7‘' is found from the given 
value of A£a by the formula 

dl‘ 

A/- = AEa 15.3 

where bl^jbEa represents the slope of the curve 7® = /(£«) at the 
given d-c. values of 7® and £«• This slope also is assumed to be known 
(Fig. 15.2). 

Similarly, with the variation of £«. 
the other currents also vary by an 
amount depending on A£a and the slope 
of the particular 7* = /(£«) curve. 

The amount of their change is 




AI‘ = 


ilL 

dEa 


AEa 


dP 



Fig. 15.2. —^Static Characteristic 
Curve 


(6) If all four voltages vary, the 
change in 7® is 

d7® 07® 07® 07® 

“ is. ^ ^ ^ 

because each small A£ produces its own A7 irrespective of the pi esence 
of other small voltage changes. 

(c) Similar equations apply for other current changes, so that the 
following four linear equations can be set up, representing the change 
in the currents due to changes in the voltages 

67* d7* 67“ 67“ 

^+a-s ^+ii; 

67‘ 67* d7* 67* 


A7* = 


A7' 




37“ 

dEp 

67» 


A£p 


^AK. + ^A£. + ^A£.+ -^A£. 


15.4 
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IV. “BASIC” AND “DERIVED” TENSORS 

(a) The appearance of derivatives in the above basic equations of 
tubes requires a more detailed discussion of the differentiation of 
geometric objects. 

All geometric objects considered in the previous chapters, namely 
e, i, z, and I, E, Y, have been established by definition. That is, they 
were not derived from other geometric objects but they themselves 
served as the minimum number of basic geometric objects necessary for 
the definition of the electromagnetic phenomenon appeariilg on linear 
networks. 

When the minimum number of basic geometric objects of a physical 
system have once been established, it is possible to derive numerous 
other geometric objects, called ''derived geometric objects," from the 
basic geometric objects by various means. One of the purposes of tensor 
analysis is to establish routine procedures for discovering new "derived 
tensors" from given "basic tensors," 

(b) In physical systems where the group of transformation matrices 
C contains only constant components as in networks, one way of finding 
new tensors is to differentiate the various basic tensors with respect to the 
variables, if they are functions of the variables. 

It is emphasized, however, that, if the components of the trans¬ 
formation tensors C are not constant, the method of ordinary differenti¬ 
ation does not yield new tensors. (For such cases tensor analysis has 
developed a new type of differentiation, called "absolute differentiation" 
or "covariant differentiation," that does yield a new derived tensor 
from a given basic tensor. Since in this volume all transformation 
tensors C have constant components, no need will arise to introduce 
absolute differentiation.) 

The basic tensors that so far have been introduced in non-linear 
tube circuits are E and I of equation 15.1 and 15.2, where E = £« is 
the covariant variable. Since I is a function of E, new tensors may be 
derived by differentiating I with respect to E several times in succession, 

V. BUILDING NEW TENSORS BY DIFFERENTIATION 

It should be recalled from Section XVII, Chapter I, that; 

I, An n-tensor is differentiated with respect to a vector by differentiate 
ing each component of the n-tensor with respect to each component of the 
vector. 

For instance, if the 2-tensor has components, each of its com¬ 
ponents is differentiated n times (if the vector has n components) 
giving a new tensor with components. 
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2 . Whenever a tensor of valence n is differentiated with respect to a 
vector, the valence of the resultant is n + 1. 

The following statement should be added: 

3. If the vector is a covariant vector, that is, having a lower index, 
the resultant has one additional contravariant {upper) index, and vice 
versa. 

For instance 


-_ JlTuvw 

dE„ 


15.5 


This last statement can be proved as follows: Let a vector 
be differentiated with respect to /®. If u, v, 10 represent the indices of 
the old axes and v', w' of the new axes, ihen 


dEu dEudP' 
dl* ~ a/®' dl’ 


However, by equation 6.12 


a/®' 


= c: 


therefore 


dEu 

a/® 


BE 

'a/» 




15.6 

15.7 


Hence the new tensor formed from by differentiation with 
respect to has 1 + 1 = 2 indices, the second extra index being a 
covariant (lower) index v. Its other index u is the same as that of the 
original vector. 

The following statement may also be added: 

A. If a tensor is differentiated with respect to a vector, in general the 
resultant is not a tensor. 

For instance, let a tensor Eu be differentiated. That Eu is a tensor 
is expressed by writing its formula of transformation and performing 
all manipulations on that formula. Let 

£« = Eu>Cu 15.8 


Differentiating both sides of the equation with respect to I^ 


- = -Oti "t" xIm' r“ 

d/. a/* “ ^ “ a/» 


15.9 


for a product of geometric objects is differentiated by differentiating 
each geometric object separately. 
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dEu 

By equation 15.6 

dEu 

dl’ 


dEfi' 


C +£«' 


dCl' 

dJ» 


dJEu' 


C c + £.. 


d/» 


and by equation 15.7 

aC“' 

z.. = z..,.c:'C + £«' 15.10 

Hence the transformation formula of a£»/d/* = Z«, is not that of 
a tensor of valence two, owing to the presence of the last term. 

For the present purpose it may be stated that: 

5. Where the transformation is linear, that is, where the transforma¬ 
tion tensor has only constant components, the derivatives of all tensors are 
tensors, because all additional expressions in their transformation 
formulas contain dC^'/dl’, which are all zero. 

The last two statements are valid not only for derivatives of tensors, 
but also for differentials of tensors. For instance, the differential of a 
vector (1-tensor) in general is not a tensor (shown in Section Xa, 
Chapter VII) so that 

A/- = ^ A/*' 15.11 

In the present analysis the last term drops out, for dC^^/dP' = 0, 
showing that is transformed here as a contravariant tensor of val¬ 
ence one. 

VI. THE ADMITTANCE TENSOR 

(a) The transformations to be considered have only constant com¬ 
ponents; therefore, in the four linear equations 15.4 the various AI 
can be considered as the components of a contravariant vector 
Al = A/**, that is, 



a 

b 

c 

P 




AP 

A/*» 


The various AE can be considered as the components of a covariant 
vector AE »= A£«, that is 



a 

b 

c 

P 

A£» - 

AEa 

AEb 

ABc 

A£p 


15.13 


The coefficients of £« form the components of a twice contravariant 
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tensor Y — F“*, called the “admittance tensor,” since they are the 
derivatives of a vector /“ with respect to the vector R„ 


yut> 


a 

b 

c 

P 

dl^ 


dp 

dP 

dEa 

OEh 

dEr 

dEp 


dl^ 

dR 

dfi 

dEa 

dEb 

dEc 

dEp 

dl‘ 

dP 

dl‘ 

bP 

dEa 

dEb 

dEe 

dEl 

<9/P 

d/p 

dl” 

dP 

dEa 

dEb 

dEc 

dEp 


15.14 


so that the equation 15.4 can be written in index notation as 


A/“ = 


(5) K“® can also be written as 


yuv _ 




so that equation 15.15 can be written 




15.15 


15.16 


15.17 


This tensor equation, representing the n linear equations 15.4 with 
n variables, is similar to equation 15.3 representing one equation 
with one variable. 

(c) Each term in the admittance tensor represents the slope of an 
I = /(£) curve at the operating point, and each term is a real, and not 
a complex, number. These constants are called self- and mutual con¬ 
ductances (reflex and transconductances, respectively) of the various 
coils and are denoted by G*"". The admittance tensor 15.14 is written 
in terms of the conductances 


\v 

« \ 

a 

b 

c 

p 

a 

Qoa 

QOb 

Qac 

Qap 

b 

Vuv _ 

Qht 

Qbb 

QbC 

Ql>P 

I — 

C 

Qca 

G** 

Qce 

Qcy 

P 


G»* 


GPP 


15.18 


Many components may be zero, of course. 
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{d) It is customary to define the inverse of a self-conductance as a 
resistance; that is, G*"*" = 1/rmm, and the ratio of a mutual conductance 
to a self-conductance is defined as the amplification factor 


and 


so that 


^ dEb dEg 

~ ~ dl‘ ~ ~ dEt 

dEa 

“ f?* “ d£a 


c*- = ii 

Tbb 


15.19 


15.20 

15.21 


Hence, in terms of the amplification factors and resistances, the 
admittance tensor of a pentode is 



15.22 


The admittance tensor of a tetrode is found by omitting the row 
and column of c. If the customary notation is used, 



V 

« X a 


Qoa 


Qap 

Qba 



QPa 


GPP 


15.23 
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where n is the plate amplification factor. 
V is the grid amplification factor. 
fj is the cross amplification factor. 


The admittance tensor of a triode is found by omitting the rows and 
columns of b and c 


yiiv 


_ 1 _ 


tp 

1 

rp 


Gti 

GtP 

GPi 

GPP 


15.24 


When the multielectrode tubes act as amplifiers or oscillators in 
most problems they are treated as triodes. The role of the extra grids 
is to change the triode conductances to special values. 

(e) If in the analysis of triodes the grid current is zero, r, is infinite 
so that the admittance tensor of such a triode is 



u \ g 
g 


0 

0 

GPi 

GPP 


15.25 


The admittance tensor of a tetrode in the absence of grid currents is 



15.26 


VIL MXJLTIBLECTRODE TUBES AND MULTIWINDING TRANSFORMERS 

Since the admittance tensor Y is not symmetrical an n-electrode 
tube is represented by n — \ coils with unilateral mutual conductances 
between them. The coils are joined at a common junction representing 
the filament as shown in Fig. 15.3a. 

The triode is shown in Fig. 15.3c with, and in Fig. 15.3d without, a 
grid coil. It is interesting to note that an isolated junction-point forms 
part of the network. 
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The representation of »-electrode tubes in a junction network by 
n — 1 coils with mutual conductances between them is analogous to 
the representation of n-winding transformers in mesh networks by n 
coils with mutual inductances. However, there are several differences 
in their analytical form. For instance; 

1 . In a multiwinding transformer, both the impedance and admit¬ 
tance tensors are symmetrical; that is, the rows and columns can be 
interchanged. In a thermionic tube the mutual conductances are 

different in the two direc- 




Primitive tube 


r 1 

rr 

J_] 

Li 


(e) Triode 


tions; in other words, G®* 
is different from G^, and 
the effect of a change in 
the plate voltage upon a 
grid current is different 
from the same change in 
the grid voltage upon the 
plate current. 

2. In a transformer 
each component in the 
tensor is a real or a 
complex number during 
steady-state conditions. 
In a tube each component is a real number representing conductances. 
(It may be mentioned that in a high-frequency tube, where the time 
of flight of the electrons between electrodes must be considered, the 
real numbers in the admittance tensor are replaced by complex 
numbers.) 

3. In transformers the z or y tensors are equally valid for any 
applied terminal voltage or for a change in the applied voltage, but 
in a tube or in other non-linear systems they are valid only for small 
changes in the voltages or currents. 


Fig. 15.3 


(d) Triode without 
grid current 


Vm. EQUIVALENT JUNCTION NETWORKS OF TUBES 

(a) The equation of current of a triode AI = Y- AE is from equation 
15.25 

1 


AJ* 


A£, + — AE, = G**AE* + G^»AE, 


15.27 


Ufi 1 

«= — AE. + - AE, = G’’tAE, + G’'>’AE, 
r, r. 


That is, a g^id current flows not only if a potential ap{}cars on the grid, 
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but also when a potential A£p appears on the plate (and vice versa) 
because of the existence of mutual admittance between them. 

(b) Instead of representing the grid and the plate by two coils 
with asymmetrical mutual admittances fig/fg and /Xp/^p» with self¬ 
admittances l/fg and l/fp, it is customary to represent them by the 
same two coils having no mutual 
admittances. 7'Ae role of the asym¬ 
metrical mutual admittances is re¬ 
placed by two current generators 
injecting across the grid the cur¬ 
rent {p.g/rf)LEp and across the 
plate (/xp/rp)A£g as given by the 
equations and shown in Fig. 15.46. 

In the language of junction 
networks the unilateral mutual 
admittance between the two junction- 
pairs is replaced by currents im¬ 
pressed across the two junction-pairs 
as shown in Fig. 15.4c. Of course, 
across the same junction-pairs are 
also impressed and AEp, res¬ 
pectively. 

In an w-electrode tube the mu¬ 
tual admittances between the n — 1 
coils of Fig. 15.3a may be replaced 
by impressing » — 2 different sets 
of currents across each coil. 

(c) When the grid resistance r, is made infinite, no grid current 
flows, A/jf = 0, and the equivalent junction network of the triode is 
shown in Fig. 15.5. 

IX. THE INTERCONNECTION OF TUBES WITH NETWORKS 

(а) When a network contains tubes, then the presence of each tube 
is represented by two {or more) additional coils, having the self- and 
mutual admittances of equations 15.22 to 15.26. That is, the primitive 
junction network contains all the coils of the outside network plus two 
(or more) coils for each tube. The transformation tensor is set up and 
the whole analysis is performed as for any junction network studied in 
the previous chapter. 

(б) Sometimes it is advantageous to divide the whole system first 
into two component systems comprising the tubes and static networks, 
then to analyze each of them separately, and finally to recombine them 



(a) Triode with 
grid current 


(&) Mutual con¬ 
ductance as a 
current genera¬ 
tor 



(c) Mutual con¬ 
ductance as im¬ 
pressed current 

Fig. 15.4 




1 


(a) Triode with¬ 
out grid current 


I 

AEg 



(6) Mutual con¬ 
ductance as a 
current genera¬ 
tor 


r 

AEg 




(c) Mutual con¬ 
ductance as im¬ 
pressed current 

Fig. 15.5 
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into the original network by equation 14.59. That is, if the admittance 
tensor of the tube (or tubes) is Y 2 and that of the static network (or 
networks) is Yi, also if the two systems are interconnected by = A, 
then the admittance tensor of the resultant network is 

Y' = Ar(Yi + Y2)-A 15.28 


They are interconnected by placing junction-pairs in parallel. 

The static network itself may be decomposed into several parts, 
then recombined again. For instance, the feedback couplings between the 
grids and plate may be analyzed separately since the analysis of the 
remaining part of the static network is usually simple. Similarly the 
tube system itself may be subdivided into several parts depending on 
the manner of their interconnection. In the static network many of the 
coUs may be replaced by a single equivalent coil, 

(c) Since each junction-pair of the tube is connected to correspond¬ 
ing junction-pairs of the outside network, the effect of the transformation 
tensor C,“' is simply to change the g 2 and p 2 axes of the tube and the gi 
and Pi axes of the network to g and p. This change is equivalent to simply 
adding the tensors Yi and Y 2 . 

That is, if the junction-pairs of the network include the grid and plate 
axes, the resultant Y' is found 05 Yi + Y 2 without going through the 
process of transformation. To express it in another way, the effect of 
the transformation is to drop the subscripts of the g and p axes. 

(d) Once the resultant Y' and thereby the equation I' = Y'«E' 
has been established, the equation may be subjected to all types of 
manipulations, some of them to be shown later in Chapter XXI. 

In many problems the impressed current I' is known across one 
junction-pair and the difference of potential E' is to be found across 
another junction-pair. In such cases all the inactive rows and columns 
should be eliminated from Y' by the reduction formulas of Chapter X, 
leaving only two rows and columns along the input and output axes. 
(The elimination of one row and column at a time is equivalent to the 
usual simplification by a mesh-star transformation.) 

The resultant two equations are 


A/« = F“A£a + F«*A£b 
0 = P«AEa + 


15.29 


where AJ* is known and AEb is unknown. Eliminating A£a from the 
second equation 


A/« 


( 


yki 


) 
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Hence the output voltage in terms of the input current is 

15.30 

In other problems the ratio of the output to input voltage is required. 
In such cases from the second of equation 15.29 

15.31 




X. INTERMEDURY-FREQUENCY AMPLIFIER 

(a) Let the circuit of Fig. 15.6a be analyzed, representing one stage 
in an intermediary-frequency amplifier of a receiver, in which the effect 
of the grid-plate capacity feedback F® is to be investigated. 



(6) Its coils and junctions 





(c) Its primitive network 


Fig. 15.6.—Intermediary-frequency Amplifier 


When the tube is replaced by two coils, the resultant junction net¬ 
work is shown in Fig. 15.66, having nine coils. There are five junctions 
and two sub-networks, consequently there are 5 — 2 = 3 junction- 
pairs and 9 — 3 = 6 meshes. Hence the network should be analyzed 
as a junction-network. 

(6) To find the admittance tensor Y of the primitive network it is 
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necessary to find the admittances of the coils. However, usually only 
their impedances are known as 

1 2 3 4 5 6 7 The admittance tensor is 

found by calculating the inverse 
of Z. Because of its diagonal 
form it may be considered as a 
compound diagonal matrix, in 
which each matrix has a single 
component except one that has 
four components, representing 
the transformer of coils 2 and 3. 
The inverse of a diagonal com¬ 
pound matrix is found by cal¬ 
culating the inverse of each of its components separately (equation 10.46). 
Hence the admittance tensor of the outside network is 


1 

Zi 







2 


Z2 

Z 23 





3 


Z 23 

Zi 





Z » 4 




Zk 




5 





Zi 



6 






Zi 


7 







Zi 



1 

2 

3 

4 

5 

6 

7 

1 

l/Zi 







2 


Zi/D 

-Zvl/D 





3 



Zt/D 





Z-i = Y « 4 




UZi 




5 





UZi 



6 






l/z. 


7 







1/Z7 


where D = Z2Z3 — (Z23)^. 

The admittance tensor of the primitive network of Fig. 15.6r has 
nine rows and columns, as 
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It should be noted that by equation IS.25 the row of g contains only 
zero components^ but not its column. 

The impressed current vector is 
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{c) In assuming the three new junction-pairs, they should include, 
if possible, the input and output terminals, also the filament-grid and 



(o) The new junction-pairs 


(6) Voltages across individual coils 
Fig. 15.7 


the filament-plate coils. Assuming the three junction-pairs of Fig. 
15.7a, the differences of potentials appearing across all coils are 
shown in Fig. 15.76. 

The transformation tensor is set up by equating the old and the new 
voltages across each coil as {using E instead of A£) 
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The coefficients of the new voltages give the transpose inverse trans¬ 
formation tensor C,”^. 

(d) The resultant admittance tensor of the network is by Ar Y* A = 

a' 

Y'-g' 
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a' g' p' 
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yn 

y* + + F* 
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15.34 
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The impressed current vector is by C“'-AI = Ac AI = 

AI' - A/* I 0 0 15.35 

The differences of potentials (the covariant variables) are 

t! P' 

AK' - I A£; AEi AJ?, 15.36 

and the equation of current is AI' = Y'* AE'. 

(e) If the difference of potential across the output AE, is to be 
found, then axis g' is inactive and the corresponding row and column may 
be eliminated by the reduction formula. Arranging axis g' as the last row 



Eliminating the row of g' by the admittance reduction formula 
Y*'= Y* - Y2.Y<-»-Y® 15.38 




The difference of potential LEp' is found by equation 15.30 
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XI. FEEDBACK AMPLIFIER 

Let the circuit of Fig. 
15.8a be analyzed. The 
network has fourteen 
coils, eight junctions, 
three sub-networks, hence 
8 — 3 = 5 junction-pairs 
and 14 — 5 = 9 meshes. 



(a) Given network 



• • 

ApV 






(c) Assumed junction-pairs 
Fig. 15.8. —Feed-back Amplifier 


The admittance tensor of the network is before interconnection 
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To find Y of the outside network from its known Z, it is necessary 
to calculate the inverse of a two- and a three-rowed matrix, represent¬ 
ing the impedance tensors of the two transformers. 

The assumed five junction-pair voltages are shown in Fig. IS.Sc, 
and the differences of potential across the individual coils are shown in 
Fig. IS.Sd. 

Equating the old and the new voltages across each coil, the trans¬ 
formation tensor (using E instead of AE) is 
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The admittance tensor of the resultant system, by A^Y-A, is 
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If the current is known and Eb is to be found, then eliminating 
the three rows and columns g^ p 2 ', pi*, an equation analogous to equation 
15.29 is left whose solution also applies here. 
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Xn. PUSH-PULL AMPLIFIER 


As an example of analyzing separately the network and the tube, 
consider the high-power radio-frequency amplifier of Fig. 15.9a in 
which the internal intergrid capacity coupling is neutralized by addi¬ 
tional capacity coupling externally applied. 





(c) Assumed junction-pairs 







(d) Differences of potential 
Fio. 15.9.—Push-pull Amplifier 


The component static network of Fig. 15.96 has fourteen coils and 
seven junctions, hence six junction-pairs and eight meshes. Its admit¬ 
tance tensor before interconnections has fourteen rows and columns and 
contains only diagonal components. 
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Its transformation tensor, from Figs. 15.96 and d (using E instead 
of A£), is 

Ki pi g 2 P 2 a b 



The resultant admittance tensor is by A*-Y*A = 

gi pi gs Pa a b 
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Hence the new components of the admittance tensor of the resultant 
network are by Yi + Y 2 = Y = 

gi Pi g2 p2 a b 



(The Cr^ connecting the tube and the network has a unit matrix.) 

The current vector AI is impressed, not across a junction-pair, but 
across two junctions belonging to two different junction-pairs Eg\ and £, 2 . 
That is, AI may be assumed to be impressed across coil so that 




Hence there are two impressed currents. 

The six equations AI' = Y'»AE' may be reduced to three by the 
reduction formulas. The three remaining equations may be solved 
for AEfc. 

Xm. THE CRITERION OF OSCILLATION 


When a junction network oscillates, although no impressed current 
AI exists, still a difference of potential AE appears across some junction- 
pairs. The reason for the appearance of AE is that mesh-currents Ai 
do exist, which, however, are not included in the equation. 

(a) The question now arises; If in the equation I = Y*E (or AI 
= Y-AE) the impressed current I is zero, can E still remain different 
from zero? 

Solving the equation gives E = Y”*^*!. If I == 0, then E =* Y“^-0. 
Since Y*"^ has the form of a fraction whose numerator is a matrix Y« 
containing all the cofactors of Y and the denominator is the determi- 
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nant D of Y, the last equation may be written as 

E = Y->-0 = ^*0 15.49 

In order that the components of E should not all become zero it is 
sufficient that the determinant D of Y should be zero. In that case 
E = 0/0, which may be an actual number, and consequently the 
network may oscillate. 

Hence, if the determinant of the admittance tensor Y is zero, the net¬ 
work is oscillatory. Equating the determinant of Y to zero, the neces¬ 
sary relations between 
the design constants of 
the network to main¬ 
tain oscillations is ac¬ 
cordingly obtained. 

ip) An alternative 
method consists of divid¬ 
ing the system into an 
amplifier network and 
the remaining feedback 
network having com¬ 
mon input and output 
junction pairs, and then 
finding their respec¬ 
tive admittance ten¬ 
sors Yi and Y 2 . If the 
ratios of the input and 
output voltages of each 
component system are 
found by equation 
15.31 then (calling the 
voltage-ratio of the 
amplifier network by u and that of the feedback network by ff), 
the criterion of oscillation is ____ 

I I 15.50 





(c) Assumed junction-pairs 
Fig. 15.10.—^Tetrode Circuit 


XIV. TETRODE CIRCUIT 

As an example in which two grids have A£ appearing on them let 
the automatic selectivity control circuit of Fig. 15.10a be considered. 

The network has fourteen coils, also nine junctions, two sub¬ 
networks, hence 9 — 2 = 7 junction-pairs and 14 — 7 = 7 meshes. 
The assumed seven junction-pairs and the voltage across the individual 
coils are shown in Fig. 15.10c. 




TETRODE CIRCUIT 
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The admittance tensor of the primitive network is 



15.51 


Equating the old and the new voltages across each coil, the trans¬ 
formation tensor is a gi ga p b c d 
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The resultant admittance tensor is by Ai«Y*A 
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15.53 

The presence of heavy lines speeds up the multiplications. 

Since the input terminal is a and the output terminal is b, the 
remaining five axes may be eliminated by the reduction formula. The 
two equations a and b are solved for Eh by equation 15.30. 


XV. THE IMPEDANCE TENSOR OF TUBES 
It may happen that a tube circuit has fewer meshes than junction- 
pairs. It is then easier to analyze the circuit as a mesh network. 

The impedance tensor z of a tube is found by taking the inverse of its 
admittance tensor Y given in equations 15.22 to 15.26. Hence the 
impedance tensor of a tetrode is 


where 



15.54 


The impedance tensor of a triode is 
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That is, in a mesh network an n-electrode tube may be represented 
by n — 1 coils with unilateral self- and mutual impedances, just as an 
n — 1 winding transformer. That is, a tetrode is represented by three 
coils, a triode by two coils, their interconnection representing the 
filament. Fig. 15.11. 



(a) Tetrode (h) Equivalent mesh (c) Its primitive 
network mesh network 

Fig. 15.11 

The analysis of a mesh network with tubes follows the analysis of 
any other mesh network. Since the grid resistances are infinite, at 
the end of the analysis, in the admittance tensor y = z ^ all may be 
put equal to infinity and the equations reduced. 

XVI. DEGENERATIVE FEEDBACK AMPLIFIER 


Let the circuit of Fig. IS. 12a be considered representing a degener¬ 
ative feedback amplifier. 

Z, ___ T. __ —-.1*’ 



(c) Currents in individual coils 
Fig. 15.12.—Degenerative Feed-back Amplifier 

It has fourteen coils, nine junctions, eight junction-pairs, and 
14 — 8 = 6 meshes. Assuming six new currents shown in Fig. IS.12ft 
(four of them in the four tube-coils), the resultant currents flowing 
in each coil are shown in Fig. 15.12c. 

Equating the old and the new currents flowing in each coil (using 
i* for Ai*) 
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The impedance tensor of the primitive network is 


15.56 
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The impedance tensor of the network is by C/*z*C = 



1' 

r 

r 

4' 

S' 

6' 

V 


Ztp\ 



—Z7 1 

1 

2' 

Zpgi 

Z2-\’Z%’{-Zpp\ 



z» 

-Zi 

3' 




Zgjf2 

—Zjo 

Zi 

z' =4' 



Zpg2 

Z\-\~ Z^-\‘ Zpp2 

Zb 


5' 

-Zi 

Zi 

—Zio 

Zf, 

Zi-]-Zb’\-Z7 

-f-Zg-l-^lO 

Zi 

6' 


-Zi 

Zm 


Z 9 

Zi\Zi 

+2:«+z» 


15.58 


To find any particular current, the remaining rows may be elimin¬ 
ated by the reduction formulas. Ill the admittance tensor y', is put 
equal to infinity and the matrix simplified. 


XVIL SIMPLIFIED REPRESENTATION OF A TRIODE 


Since knowledge of the grid current of a triode is not needed 
(its value is practically always zero), the axis of g in its impedance 
tensor may be eliminated by the reduction formula z' = Zi--22-24 ^-23 
so that the equivalent impedance r^.of the plate is 


' _ ^ ^ (^\ ( MpMg) 

“ D ” \ D J\rJ\ D / 1 - MpM* 


fp 15.59 


Hence the grid coil of the triode may be left out by changing the self- 
impedance of the plate coil from rjl) to rp. 

If a volt^e Cj is impressed in series with the grid coil, or a difference 
of potential e^ appears across it, then the equivalent impressed voltage 
on the plate coil is, by the reduction formula, 

e' = Cl — Z2*Z4’^*e2 


Hence a voltage Eg appearing across the grid coil appears in series 
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with the plate coil as UpEg as shown in Fig. 15.136 and the grid coil and 
its mutual impedances may be left out. 




(a) Triode as a two-mesh 
network 


(b) Triode as an orthogonal 
network 

(1 mesh, 1 junction-pair) 


Fig. 15.13 


However, a network containing the tube of Fig. 15.136 is not a mesh 
network but an orthogonal network as shown in Fig. 15.14 since the 



Fig. 15.14.—Triode Circuit as an Orthogonal Network 

junction-pair voltage £* must be known first in order to find the 
impressed mesh voltage yipEg. The study of these types of orthogonal 
networks is taken up in Chapter XXL 


CHAPTER XVI 


ORTHOGONAL NETWORKS 

L VOLTAGES AND CURRENTS IN MESH AND JUNCTION NETWORKS 

(а) In a mesh network n coils form k meshes. There are in general 
n known impressed voltages e, each of them being assumed in series with a 
particular coil. Since there are only k known response currents i', 
the n known coil voltages e are replaced by k impressed mesh voltages 
e' by c' = Cre in setting up the k equations e' = 

The k new variables i' are usually assumed to flow in k of the 
branches. It was also shown in Section VII, Chapter VI, that the k 
new components of the impressed voltages e' may be assumed to be 
concentrated in the same k branches in which the new components i' 
are assumed. That is, all the impressed voltages around a mesh can 
be concentrated into one voltage e' impressed in that branch in which 
i' flows. 

When an impressed vdtage exists in an impedanceless branch, it is 
assumed that this branch has an impedance with zero value so that this 
branch is counted as a coil and it appears as such in the primitive mesh 
network. Such an impedanceless branch with a known impressed 
voltage will be called an ^'apparent coil.** Owing to the presence of 
apparent coils more reference axes have to be assumed in the network 
than are absolutely necessary. These additional reference axes have 
to be introduced in order to treat the network as a mesh and not as an 
orthogonal network having a more complicated equation of voltage. 

(б) In di junction network n coils form n — k junction-pairs. There 

are in general n known impressed currents I (or currents withdrawn by 
outside loads), each of them assumed to be impressed into the junctions of 
a particular coil. Since there are only n — 4 response voltages E', 
the n known impressed coil currents I are replaced by n — fc impressed 
junction currents I' by I' = in setting up the n — k equations 

r « Y'.E'. 

The « — ik new variables E' and the « — i new impressed currents 
I' are both assumed along the same n — junction-pairs. 

When an impressed current (outside load) exists across two junc¬ 
tions with no coils between them, it is assumed that the two junctions 

407 
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are connected by an admittanceless coil, so that this coil appears in the 
primitive junction network introducing an additional reference axis. 
Such an admittanceless branch with a known impressed current will 
also be called an '^apparent coil." 

(c) One of the purposes of the following analysis is to remove from 
the primitive networks those coils that have zero impedance or admit¬ 
tance, so that a network should be completely characterized by those 
coils only that have an actual impedance or admittance. That is, 
all apparent coils and hence all superfluous reference axes will disappear 
from the analysis of orthogonal networks. 

{d) A **mesV' and a 'function-pair'* {or their equivalent "branch" 
and "open-mesh"^ will be called in general a "reference axis" 

n. VOLTAGES AND CURRENTS IN ORTHOGONAL NETWORKS 

(а) Every A-mesh network of n coils contains also n — k junction- 
pairs, across which measurable differences of potentials appear, 
whose presence, however, has up till now been disregarded in setting 
up the equation of voltage. (The differences of potential appearing 
across all individual coils calculated by the auxiliary equation 
Cc = 2«C*i' do not represent junction-pair voltages.) It may also be 
assumed, for the sake of completeness, that across the n — A junction- 
pairs, currents I' with zero value are impressed. 

Accordingly^ any mesh network may be assumed to be actually an 
orthogonal network in which e and I are impressed and in which i and E 
appear in response. Owing to the absence of I and to the lack of interest 
in E, the junction-pair axes have up till now been ignored. 

(б) Similarly, every junction network with n — A junction-pairs 
contains also A meshes in which mesh-currents i' flow whose presence 
has up till now been disregarded in setting up the equation of current. 
(The currents flowing in all individual coils calculated by the auxiliary 
equation Ic = Y-Cr^-E' represent total currents and not response 
currents.) It may also be assumed for sake of completeness that there 
are mesh voltages e with zero value also impressed. 

Accordingly, any junction network may be assumed actually to be an 
orthogonal network in which I and e are impressed and in which E and 
i appear in response. Because of the absence of e and the lack of 
interest in i, the mesh axes have up till now been ignored. 

{c) In a general orthogonal network n coils form A meshes and 
n — A junction-pairs. There are in general n voltages e impressed, each 
in series with a coil, and also n currents I impressed {or withdrawn), each 
in shunt with a coil. In replacing the 2n impressed quantities e and I 
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from the individual coils to their value e' and I' around the meshes 
and junction-pairs by e' = Ci-e and I' = it will be found that 

(if C is non-singular) there are still n (instead of k) known impressed 
voltages e' and n (instead of n — ^) known impressed currents I'. 
That is, there exist now known impressed voltages e' also around the 
junction-pairs {open-mesh) and known impressed currents I' also arotmd 
the meshes {closed mesh). 

As a result of the n impressed coil voltages e and coil currents I 
there appear k response currents i around the meshes and n — k 
response voltages E across the junction-pairs. Altogether there are 
n response quantities acting as the n variables. 

{d) The method of analysis of orthogonal networks to be presented 
presently is governed by two considerations: 

1. The number of variables and the number of equations must be the 
same as the number of coils, irrespective of their manner of interconnection 
or excitation, or the number of apparent coils. 

2. The power input e**i and the power output E**I must remain 
invariant under all manner of interconnection and excitation of the n coils. 

These postulates make possible the setting up of a non-singular 
transformation tensor C, having n rows and columns, for all w-roil 
networks. Thereby it will be possible in their analysis and synthesis to 
pass from any n-coil network to any other n-coil network without examin¬ 
ing the method of excitation of each of them for the existence of appar¬ 
ent coils. 

Since many of the coils may be combined into a single equivalent 
coil, it will be understood throughout that the network under con¬ 
sideration represents the reduced original network. 

m. COVARIANT AND CONTRAVARIANT VARIABLES 

(а) In an orthogonal network there are two types of variable 
quan ities: 

1 The k contravariant variables i”* flowing around the closed 
meshes. 

2. The n — k covariant variables Eu appearing across the open 
meshes or junction-pairs. 

An interesting interdependence exists between the contravariant 
and the covariant variables that offers a simple method of analysis of 
orthogonal networks. 

(б) When a branch containing a mesh current is open-circuited, 
this particular contravariant variable becomes zero. In its place 
appears another variable, which, however, is covariant, namely, the differ¬ 
ence of potential Ea across the open branch. 
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Similarly, when a junction-pair with the difference of potential £« 
is short-circuited, this particular variable becomes zero. However, 
in its place there appears another new^ hut contravariant variable^ namely, 
the mesh current flowing around the new mesh. 

In general, in any dynamical system, whenever a contravariant 
variable (say a velocity v® in a certain direction) is reduced to zero by 
the introduction of some constraint, its place is immediately taken by 
a covariant variable (say the reaction force of the constraint). 
Similarly, when a covariant variable (say the reaction force /«) is re¬ 
duced to zero, in its place appears immediately a new contravariant 
variable (the velocity v® along the direction of the vanished force). 

During the addition and removal of the constraints, the structure of 
the dynamical system is not changed and the effect of constraints is only 
to change the relative number of covariant and contravariant variables^ 
leaving their sum constant. 


IV. KNOWN RESPONSE QUANTITIES 

(a) It is not necessary that the variable along a certain axis should 
become zero before its dual appears. If the variable i' {or E') assumes 
a known value along a certain direction, then its dual variable W {or iO 
stUl appears along the same direction. Of course the known i' (or E') 
is* no longer a variable quantity and there is still one variable (either 
a covariant or a contravariant) along each axis. (In dynamics such 
cases occur with “moving constraints.”) Hence along ecLch axis two 
response quantities i' and E' may exist, one having a known value, the 
other being a variable. 

{b) Apparent coils represent such reference axes along which two 
types of response quantities appear. In particular: 

1. If a known impressed voltage exists in an impedanceless branch, 
then the known voltage is denoted by E and the unknown current by i. 

2. If a known current is impressed across an admittanceless 
branch, then the known current is denoted by i and the unknown differ¬ 
ence of potential by E. 

That is, in the presence of apparent coils the number of response 
quantities i and E may be In just as the number of impressed quantities 
e and I is 2n. However, the number of variables in all cases is still n. 

(c) Hence, along each of the n reference axes four quantities may 
exist, two voltages e and E and two currents / and i. The two voltages 
e and E cannot be combined Into one expression, since one of them is 
known and the other is unknown. Similarly the two currents flowing 
in the same coil I and i cannot be combined. 
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V. ORTHOGONAL NETWORKS AS ALL-MESH 
OR ALL-JUNCTION NETWORKS 

(a) Since it is possible to introduce apparent coils into a retwork 
without disturbing its performance, a ''closed mesh"' may be changed into 
an "open mesh" and vice versa^ by an apparent coil. In particular: 

1. Any open mesh may be considered as being closed by an 
apparent coil having an unknown impressed E and zero i (Fig. 16.1 
a and b). 



(a) Open mesh (5) Closing an open mesh 

Fig. 16.1 —Changing an Open Mesh into a Closed Mesh 


2. Any closed mesh may be considered as being open, having across 
the opening an apparent coil with an unknown i at its junctions and 
with zero E across them (Fig. 16.2a and b ). (The two junctions created 
by opening a coil are not connected together by a coil, and, since 



(a) Closed mesh (6) Opening a closed mesh 

Fig. 16.2.—Changing a Closed Mesh into an Open Mesh 


identical currents flow into these junctions, the two junctions are 
considered to be connected by an apparent coil.) 

(6) Hence whether an axis assumed represents a mesh or a junction- 
pair depends on the value of the variables i and E existing along the 
axis: 

1, If E is unknown, the axis is a "junction-pair" 

2. If i is unknown, the axis is a "mesh" 

(c) Since every junction-pair of an orthogonal network may be 
considered as being closed through an unknown voltage E, forming 
thereby an apparent coil, every orthogonal network is equivalent to an all¬ 
mesh network in which voltages are impressed not only in series with the 
actual coils (as shown in Fig. 16.3a), but also in series with some of the 
apparent coils. 

Similarly since every mesh of an orthogonal network may be con- 
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sidered as being opened up by impressing an unknown current i at 
each opening, every orthogonal network is equivalent to an alUjunction 
network in which currents are impressed not only in shunt with each actual 



Fig. 16.3. —Equivalence of Meshes and Junction-pairs 

coil (as shown in Fig. 16.36) but also in shunt with some of the apparent 
coils, 

(d) Each closed junction-pair contributes an apparent coil to the 
all-mesh network, and each opened mesh contributes an apparent coil 
to an all-junction network. The voltages appearing in apparent coils 
are now denoted by £, and the currents appearing across apparent 
coils are denoted by i. These apparent coils do not appear in the primi¬ 
tive network. 

Summarizing, it may be stated that: 

1. The impressed vectors e and i are associated with actual coils. 

2. The response vectors i and E are associated with apparent coils. 

VI. INVARIANCE OF THE POWER INPUT AND OUTPUT 

(a) In an all-mesh network containing only e and i (Fig. 4.1) the 
power input e*d remains invariant no matter how the coils are con¬ 
nected together, since each coil is short-circuited upon itself in any 
interconnection and the current through it is unchanged. When, in 
an all-mesh network with e and i, also currents I are impressed in shunt 
with each coil, the power input still remains invariant in any inter¬ 
connection. However, when the n coils are interconnected into a 
ifc-mesh network, the currents i in the coils become different and e**i 
is no longer invariant. 

When, in place of the two concepts e and i, four electromagnetic 
concepts, namely e, i, E, and I, are associated with a network, then with 
any impressed voltages and currents all networks {mesh or orthogonal) 
may be considered as ail-mesh networks, hence with any interconnection 



IN\^ARIANCE OF THE POWER INPUT AND OUTPUT 413 


of the coils into networks the power input e*»i and output E**I stiU 
remain invariant. 

This is true since across each coil still the same difference of 
potential E may be assumed to exist in all interconnections, as shown 
in Fig. 16.4 where three coils are arranged in four different all-mesh 



Fig. 16.4. —Various Types of Interconnections of Three Coils into Three 
Meshes (the same £ Existing Across the Same Coils) 


networks. (The manner of rearranging the voltages E will follow 
automatically from the equations to be developed presently.) It 
should be noted that a voltage E impressed in series with an impedance¬ 
less coil is in series also with several other coils, hence the invariance 
of E**I is not so apparent. 

(6) Similar reasoning applies to an all-junction network. When 
four electrical concepts e, i, E, and I are associated with a network 
instead of two (E and I) then with any impressed voltages and currents 
all networks may be considered as all-junction networks and with any 



Fig. 16.5.—Various Types of Interconnections of Three Coils into Three 
Junction-pairs (the same i Flowing Through the Same Coils) 


interconnection of the coils the power input e**i and output E**I still 
remain invariant. 

This is true since across each coil the same current i may be assumed 
to flow in all interconnections as shown in Fig. 16.5. (It should be 
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noted that current i impressed across an admittanceless coil flows 
through several coils, hence the invariance of e**i is not readily 
apparent.) 

(c) Summarizing, in interconnecting n coils into various types of 
networks, the power input e*'i and output E**I can be made invari¬ 
ant as 

e*.i = e*''i' 16.1 

E*-I = E*'.r £a/- = 16.2 

(e + E)*-(I + i) = {ea + £«)(/“ + i-) = .. . 

(e' + E')*-(r + iO 

under all manner of interconnection of the coils by introducing four 
electrical quantities e, i, E, and I in place of two (e, i or E, 1) and 
keeping any three of the four quantities unchanged across each coil 
while the interconnections are changed. In interconnecting n coils, 
the value of n (put of 4n) electrical quantities (or any n linear combination 
of them) is variable. 

In general, every network may be considered as an all-mesh net¬ 
work or as an all-junction network, or as an orthogonal network, and 
so on, depending on what components of i and E are assumed as vari¬ 
ables. In particular: 

1. All i are variables: all-mesh. 

2. All E are variables: all-junction. 

3. Some E and some i: orthogonal. 

4. Some i are variables: mesh. 

5. Some E are variables: junction. 

VU. THE EQUATIONS OF VOLTAGE AND CURRENTS 

(a) Although along each reference axis two types of voltages e and 
E, and two types of currents I and i occur—some of them being known, 
some of them unknown— Ohm's law is satisfied by the resultant currents 
and voltages at each instant. Consequently: 

1. The equation of voltage of orthogonal networks is, by considering 
the latter cls alUmesh networks, 

E + e-z.(i-f-I) + 16.4 

2. The equation of currents of orthogonal networks is, by considering 
the latter as all-junction networks. 


i-H-y.(E + e) 


*« + /»- + e-fi) 


16.S 
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In setting up the equations the components of e and I are all 
assumed to be known, while those of i and E are partly known and 
partly unknown. Along each axis only one variable quantity (an i or 
an E) may exist. However, in manipulating the equations any n of 
the 4n quantities may be unknown. 

The effect of considering a known impressed voltage arbitrarily 
a component of £ or of e (depending whether or not in establishing the 
network the terminals of the generator are assumed as junction-pairs) 
is simply to redistribute the known voltage components among B and 
e, leaving z unchanged. Similarly the effect of considering a known 
impressed current arbitrarily a component of i or of I (depending 
whether or not in establishing the network the coil connecting the 
two junctions is assumed as two coils in series) is again simply to 
redistribute the known current components among i and I, leaving 
Y unchanged. 

(6) In general, each vector has as many components as there are 
reference axes. The two vectors Ca and Ea (or and /") cannot be added 
since then each component 6i the resultant vector divides into two 
parts, one part being known, the other being unknown, and to solve 
for the unknowns, the resultant vector must be decomposed into its 
known and unknown component vectors. 

Vm. STEPS IN SETTING UP THE EQUATION OF VOLTAGE 

(a) The equation of voltage of an orthogonal network is established 
by considering the latter as an all^mesh network in which all junction- 
pairs have been closed with apparent coils. 

Just as in all networks previously considered, the response quantities 
i' and E' are assumed along n arbitrary axes, while the impressed 
quantities e' and I' along the same axes are calculated by a transforma¬ 
tion from e and I of the primitive network. 

Since the apparent coils do not appear in the primitive network, all 
known impressed quantities associated with apparent coils have to be 
considered as known response quantities i' and £'. (That is, they 
cannot appear in I' or e' that are derived from I and e of the primitive 
network.) 

The n reference axes are arbitrarily assumed along the various coils 
with the precaution that all apparent coils must be assumed as reference 
axes. 

(fc) When the network diagram corresponding to an actual physical 
set-up has been established, say that of Fig. 16.7, the following desig¬ 
nation is used for the known quantities (assuming primed quantities 
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to refer to the actual network and unprimed quantities to the primitive 
network): 

1. All known voltages in series with coils are denoted by e. 

2. All known voltages in series with an impedanceless branch are 
denoted by E\ (Previously they have also been denoted by e.) 

3. All known currents impressed across a coil are denoted by I. 

4. All known currents impressed across an admittanceless branch 
are denoted by i'. (Previously they have also been denoted by I.) 

{c) Its primitive mesh network shown in Fig. 16.6 now also con¬ 
tains four quantities instead of two, namely, two voltages in series, 


iM* iM** tsr iM" 



Fig. 16.6. —General Form of the Primitive Mesh Network 

e and E, and two currents i and I. The components of e are the known 
voltages impressed in series with each actual coil in the network, and 
the components of I are the known currents impressed (or withdrawn 
by the loads) across each actual coil in the network. 

(d) The non-singular transformation tensor C of an orthogonal net¬ 
work is set up in exactly the same manner as in case of any other aU-mesh 

network shown in Section XIIB, Chapter 
IV. In setting up the relation i = C«i' 
no attention is paid to whether or not 
the components of i' are known or are 
variables. 

(«) Once C has been established, then 
the new components of the impedance 
tensor z' of the network are found by 
Crz«C. 

The new components of the response 
quantities are partly known and partly 
unknown. In particular: 

(A) The components of i' are assumed in the following manner: 

1. Along the axes across actual coils, they are zero (known). 

2. Along the axes across admittanceless coils, they are usually 
known. 

3. Along all the other axes (meshes) they are usually unknown. 
(That is, along the junction-pair axes they are known; along the 

mesh axes they are unknown.) 



Fig. 16.7. —Designation of 
Known Currents and Voltages 
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(J5) The components of E^ are assumed in the following manner: 

1. Along the actual coils they are zero (known). 

2. Along the impedanceless coils they are usually known. 

3. Along all the other axes Gunction-pairs) they are usually 
unknown. 

(That is, along the mesh axes they are known; along the junction- 
pair axes they are unknown.) 

The new components of the impressed quantities are calculated 
from those of the primitive network. In particular: 

(C) The components of e' are calculated by e' = Cj-e, where the 
components of e are usually known. 

iP) The components of I' are calculated by I' = C “ ^ I, where the 
components of I are usually known. 

When the junction-pair axes are assumed across the same coils 
along which currents I are impressed, then the components of I' are 
already known without any calculation. 

(In the networks of Fig. 16.4 the components of E' are not assumed 
but are calculated from E of the primitive mesh network by E' = CrE. 
This procedure is followed in establishing Fig. 16.4 to show how E' of 
the various networks is established, keeping E across each coil un¬ 
changed and thereby keeping the power invariant. In all other net¬ 
works of this chapter E of the primitive network may be calculated 
from the assumed E' of the actual network by the reversed step 
E = Cr^-E'. This calculation is not made, though, since it is not 
needed in the analysis of the actual network.) 

(/) In the final set of equations E' + e' = z'*(i' -f I'), there are as 
many current variables i' as there are meshes and as many voltage variables 
E' as there are junction-pairs. The total number of variables is the same 
as the number of actual coils. 

The apparent coils of the actual network do not appear any more as 
coils, hence they do not increase the number of reference axes. Their 
effect is to introduce known components of E' and i'. 

IX. EXAMPLE OF AN ORTHOGONAL NETWORK 

(a) Let the equation of voltage of the orthogonal network of Fig. 
16.8a be established. The currents and voltages shown on it are all 
known. Some of the voltages and currents are impressed across 
apparent coils, hence they are denoted by £' and i' instead of e and i. 

There are five coils and three meshes, hence there are two junction- 
pairs. One of the junction-pairs has to be assumed at the junctions of 

the other is arbitrarily assumed across coil Z«i. The equivalent 
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all-mesh network is shown in Fig. 16.9, in which the two junction- 
pairs appear as additional apparent coils. 



(a) Given network 

Fig. 16.8.—Orthogonal Network with Impressed e, I, E' and i' 


(6) Its primitive mesh network is shown in Fig. 16.8fc. The com¬ 
ponents of its geometric objects are 

a b c d f 



The network is assumed to be asymmetrical so that Ze/ is not equal 
to Zfe- The components of e and I are all known. The components of 
i and E are of no interest in the calculation of the new network, since 



Fig. 16.9. —Ekiuivalent All-mesh Net- Fig. 16.10. —Currents in the Coils 
work of the All-mesh Network 
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i' and E' are not derived from them but are assumed arbitrarily (just 
as in mesh and in junction networks). 

(c) The transformation matrix of the all-mesh network of Fig. 16.9 
is established by assuming first five new current-variables i' as shown 
on the figure. Three of the new currents are assumed to flow in the three 
apparent coils. 

With the aid of Kirchhoff’s first law, the currents flowing in the 
individual coils are established as shown in Fig. 16.10. 

Equating the old and the new currents flowing in each coil 


i^ = - i®' + i’p' + 

{c = 

id = _ ih' 

V = i®' + i^* + i^* 



a' 

b' 

p' 

q' 

r' 

a 

1 





b 

1 


1 

1 

1 

C - c 


1 


-1 


d 


-1 




f 

1 

1 

1 




16.6 


The coefficients of the new currents give the non-singular trans¬ 
formation matrix C. * 

(d) The contravariant response quantities of the network are 



Along the junction-pair axis p' the component is known to be zero 
and along the original apparent coil q' the impressed current is 
known. Hence, the contravariant variables are those existing along the 
three original meshes, namely, i®', and x*''. 

The covariant response quantities are 



/ 

a 

b' 

p' 

q' 

r' 

E' = 


0 



Er> 


Along the mesh axes a' and b' the components Ea» and Ev are known to 
be zero, and along the original apparent coil r' the impressed voltage 
Er» is known. Hence, the covariant variables are those existing along the 
two original junction-pairs, namely Ep» and Eq». 

The total number of variables (unknowns) is five, one existing 
along each reference axis. 

(e) Once the non-singular transformation tensor has been set up, 
the geometric objects z', and e^ of the new network can be established 
automatically. 
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The new components of the impedance tensor are found by C«• z • C as 

a' 

b' 

' P' 

q' 

r' 


a' b' p' q' r' 


Zao+ 266 + 2 // 


Zbb-^-Zff 

Zbb Zfe 

Zbb 

^cf+Z/f 

Zee +Zc/ 4 -Z<W 4 -Z/c +Z// 


1 

N 

1 

0 

Zbb^Zff 

Z/c+Z/y 

Zbb-\-Zff 

Zbb Zfe 

Zbb 

Zbb Zcf 

1 

V 

N 

1 

Zbb —Zef 

Zbb "f"^cc 

Zbb 

Zbb 

0 

Zbb 

Zbb 

Zbb 


(/) The new components of the impressed voltage vector e' are 
by C«-e 

a' b' p' q' r' 


= I 


All these components are known. 

To find the impressed current vector I', the inverse of C has to be 
calculated by solving the set ©f equations 16.6 for the primed quantities as 


a b c d f 



All these components are known. 

(g) The equation of voltage of the network is 

F + e' = Z'.(i' + I') I Eu' + ta' = Za'f (r + in 16.11 

All the components of e' and I' are known while the components of E' 
and i' are partly known and partly unknown. The equation cannot be 
solved for the unknovms in its present form. 
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X. THE “ORTHOGONAL” EQUATIONS OF VOLTAGE 

(a) In order to solve the equation of voltage of orthogonal net¬ 
works, it is necessary to subdivide it into two invariant equations along 
the mesh and junction-pair axes. Hence dividing e into ei + 02 , etc. 
(see Section II, Chapter IX), the ^^orthogonaV' equations of voltage are 
(leaving out the primes): 

El + ei = Zi.(i' + r) + Z 2 -a 2 + P) 

E2 + ©2 = Z3 • (i' + I') Z4 • (i“ + I^) 

16.12 

iSm + em = 2mn (i" + /") + (t* P) 

£« + «* = Z*n {i^ + /") + Zuv (t" + ^) 


These equations may be subjected to various types of manipulations. 
(6) The following special cases may be distinguished: 

1. If no known voltages are impressed in impedanceless branches, 
then El = 0. 

2. If no known currents are impressed (or load connected) across 
two junctions that are not connected by a coil, then P = 0. 

That is, in the absence of apparent coils the above equations become 


ei=Zi-(ii+r)+Z2-P 
E2+e2=Z3 • (iHP)+Z4-F 


em = Zmn(i" + /’‘)+ZmvP 


16.13 


The variables are and E 2 . 

3. If all load terminals are selected as new junction-pairs, ^hen no 
mesh impressed currents exist and = 0. 

With all three cases present, the equations become 

©1 = Zl»i + Z2*I Cm = Zmni” + ZmvP 

E + ©2 = Z3-i + Z4-I £u + = Zuni^ + 

The variables are i and E. 

4. If known impressed voltages occur only around closed meshes 
and not around open meshes, then ©2 = 0. 

Hence, if no apparent coils exist and if all known impressed voltages 
occur around the closed meshes and all known impressed currents across 
the junction-pairs^ then the orthogonal equations of voltage reduce to 

Cm ~ "f" 

■Eh = Zuni^ "h ZypP 


e = zi*i + Z 2 -I 
E = Z 3 «i + Z 4 »I 


16.15 
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The variables are i (the mesh-currents) and E (the junction-pair 
voltages). 

(c) If the unknowns are the mesh currents i' and the junction-pair 
differences of potential E 2 , the unknown may be found from the first 
orthogonal equation alone as 

Zi-P = El + ei - Z2-(i2 + 12) - zi-V 

i' = *r'-[Ei + ei - Z2.(i2 -f- r-*)] - r I6.16 

Substituting the value of into the second orthogonal equation, 
the unknown E 2 is found without any calculation of inverses as 

Ba - 28- (i' + I') -f Z4- (i* + I*) - C2 16.17 

It may also be expressed in terms of known impressed quantities 
Ell ei, e 2 , and V alone as 

E 2 == Z3*Zf^«(Ei + Cl) — 02 + (Z4 — Z3»Zf ^•Z2) • (i^ + P) 16.18 

(d) It should be noted that although there are as many unknowns as 
there are coils (five)^ still the matrix of Zi whose inverse has to be cal¬ 
culated has only as many rows and columns as there are closed meshes. 
No other inverse has to be calculated in finding the unknowns. 

It should also be noted that, even though for the solution of the 
mesh currents only as many equations are needed as there are meshes, 
still it is necessary to consider the presence of the junction-pairs in 
order to find Z 2 needed in finding ii. That is, knowledge of Zi (that 
can be found by a singular transformation tensor C by ignoring the 
junction-pairs) is not sufficient to find when impressed currents I 
also exist. 

For the special case of equation 16.15, the unknowns are found by 
i = zf^*(e — Z2*I) 

E = Z3-i + Z4*I 16.19 

E = Z3-Zf^*e + (Z4 — Z3-Zf'*Z2)*I 

XI. “ACTIVE” JUNCTION-PAIRS 

(a) When some of the junction pairs have no currents I' impressed 
upon them and if knowledge of their difference of potential E' is not 
needed, the presence of those junction-pairs may be ignored in setting 
up z and only as many junction-pairs are considered as have known 
r or needed E^ Or if the impedance tensor z^ has already been estab- 
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lished containing all junction-pair axes, each time a junction-pair is 
ignored the corresponding row and column of z' may he cancelled^ until 
finally z' has as many rows and columns as there are meshes. However, 
no rows and columns of z' can be eliminated that refer to a mesh axis since 
that eliminates a variable. 

That is, in case of orthogonal networks the number of equations to 
be set up may be less than the number of coils. In general, as many 
equations of voltage are set up as there are meshes and active^' junction- 
pairs. An '‘active’* junction-pair will be defined as one in which the 
impressed current /' or voltage E' is known, or in their absence the 
difference of potential £' has to be calculated for some reason. 

(ft) An orthogonal netw’ork in which all reference exes are con¬ 
sidered (hence it has a non-singular C) will be referred to as a ''com¬ 
pletely orthogonal network" or a ''complete network." The expression 
“orthogonal network” will be used whenever two types of variables 
exist (or two types of impressed quantities) without assuming that 
C is non-singular. 

Hence, in general, in an orthogonal network as many reference axes 
are assumed as there are meshes and "active" junction-pairs, and the 
network is analyzed as a mesh network with a singular C. 

In many problems, especially in problems of synthesis, all networks 
have to be considered as completely orthogonal networks, irrespective of 
the type of impressed quantities, in order to establish for them a non¬ 
singular C. When each network is defined by a non-singular transforma¬ 
tion tensor C, it is an easy routine procedure to pass from one network to 
any other network in the search for a 
desired performance, without using cut- 
and-try methods for finding the connection 
diagrams. 

XII. NUMERICAL EXAMPLE 

(a) Let it be assumed that the im¬ 
pedances of Fig. 16.8 have the numerical 
values shown in Fig. 16.11. Also the 
impressed coil voltages e and impressed 
currents I have the values shown. The 
unknown quantities are the mesh cur¬ 
rents i' and the junction-pair voltages 
E', that is, the unknowns are the two 
mesh currents and i^’ and the previous three junction-pair volt¬ 
ages Ep^, Eg*, and Er*. No known i' or E' is impressed. 

It should be noted that, although the network supplies currents to 



Fig. 16.11.—Given Orthogonal 
Network 
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two outside loads connected across Zaa and Zee* still only one of the load 
terminals is assumed as a junction-pair. The other two junction-pairs 
do not involve the loads themselves. Such a selection of junction- 
pairs may be required in many types of problems. 

(6) If the network is considered as an all-mesh network (Fig. 16.9) 
the geometric objects z, e, and I of its primitive mesh network are 



16.20 


(c) The new components of the geometric objects z', e', and I' for 
the all-mesh network are found by substituting the components of z 
into equation 16.7 and finding e' = Cre and I' = by equations 

16.6 and 16.9, giving 


a' b' p' q' r' 



(d) To solve for the unknown components of i' and E', each vector 
is divided into two components and z' into four components along the 
mesh (a', b') and junction-pair (p', q', r') axes as 



Because of the absence of apparent coils, the known components of 
F and (namely and E 2 ) are all zero. 
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By equation 16.16 the unknown (since Ej and F' are zero) is 



The unknown differences of potential E 2 are by equation 16.17 


Ei - z^(i^'+ n + zi-P'- ei 



(a) Current distribution (ft) Voltage distribution 

Fig. 16.12 


(e) The correctness of the results may be checked by putting the 
numerical values of the currents and voltages on the network as shown 
in Fig. 16.12. They must satisfy the two laws of Kirchhoff that all 
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currents around any junction are zero and all voltages around any 
closed meshes are zero. (It should be noted that in coil Zaa flows 
= 0.25 + 2 = 2.25; similarly for all other coils.) 


xm. STEPS IN SETTING UP THE EQUATION OF CURRENT 


(a) The equation of current of orthogonal networks is established 
by steps similar to those used in setting up the equation of voltage, 
with the difference that the dual quantities are interchanged. 

The equation of current i + I = Y • (E + e) of orthogonal networks 
is established by considering them as all-junction networks by opening 
each mesh and producing thereby apparent coils. For the known quanti¬ 
ties, the same notation is used as if it were an all-mesh network as 
shown in Fig. 16.7. 

When some of the meshes have no voltages e' impressed around 
them, and if knowledge of some of the mesh currents i' is not needed, 
their presence may be ignored. That is, in general^ as many equations 

of currents are set up 
ib+ib ic^^e i*'+Ln as there are junction- 

pairs and ''active'' 
meshes by considering 
it as a junction net¬ 
work with singular 



Fig. 16.13. —General Form of the Primitive Junction • 

Network (6) Their primi¬ 

tive junction network 

shown in Fig. 16.13 also contains four quantities, the known e and I 
and the unknown i and £. 

Its transformation tensor Ci~^ is set up in exactly the same manner 
as in any other all-junction network, shown in Section Vlft, Chapter 
XIV, with the precaution that all apparent coils (that is, the opened 
mesh axes and the admittanceless branches with known impressed 
currents) are also assumed as new reference axes. In setting up the 
relation E = no attention is paid to whether or not the com¬ 

ponents of E' are known or are variables. 

(c) Once Cf ^ = A has been established then Y' is found by A*-Y-A. 
Also the known and unknown components of the variables i' and E' 
and of the known quantities e' and I' are established in exactly the 
same manner as in all-mesh networks shown in Section VIII. 

(d) The final equation of current is 


i'+ r = Y'.(E'+ e') I Y-'O'(£/>' + «/»') 16.25 
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The components of e' and I' are known; the components of E' 
and i' are partly known and partly unknown. 

In the set of equations there are as many variables i' as there are 
active meshes, and as many variables E' as there are junction-pairs. 

The “orthogonal” equations of currents are 

11 + II = Yi.(ej + E,) -f Y-’.(e, + E 2 ) 

12 + p = Y3.(e, -1- E,) -f- Y^.(e2 -f E 2 ) 

, 16.26 

i” -f /”> = -I- E„) -h -j- E,) 

i“ -t- 7“ = + £„) f £.) 

These equations may be subjected to \’a. ious types of manipulations. 

When no apparent coils exist, Ej and are zero. When impressed 
voltages exist only around the meshes, then 02 = 0, and when impressed 
currents exist only across the new junction-pairs selected, then I‘ = 0. 
In the presence of all these special cases the orthogonal equation of 
current reduces to 

i = Y*»e -f Y^'E i” = -f Y""’E„ 

16.27 

I = Y3.e + Y^.E 7“ = -1- F“''£„ 

The variables are i and E. 

(c) If the unknowns are the junction-pair differences of potential 
E 2 and the active mesh currents i', the unknown E 2 may be found from 
the second equation as 

Y^-E2 = i^ + V - Y3.(ei + El) - Y‘.e2 

E* = (Y<)-C[F + - Y»-(ei 4 El)] - e* 16.28 

Substituting the value of E 2 into the first orthogonal equauon, 
the unknown i* is found without any calculation of inverses as 

i‘= Y‘.(ei4-Ei)-f Y'-fej-hEj)-I‘ 16.29 

It may also be expressed in terms of known impressed quantities as 
ii = Y2.Y<-»-(i2 + 12) - II -I- (Yi - Y2.Y^->-Y»)-(ei + Ei) 16.30 

Here again the tensor Y^ whose inverse has to be calculated has only 
as many rows and columns as there are junction-pairs. 

In the special case of equation 16.27, these equations simplify to 
E = (Y4)-i.(I - Y3.e) 
i = yi.e -f Y^-E 

i = Y2-Y<-‘-I -f (Y» - y2.Y<-».Y3)-e 


16.31 
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XIV. SUMMARY OF STEPS 

(a) Summarizing, if an orthogonal network contains fewer meshes 
than junction-pairs, then (if possible) its equation of voltage should be 
established by assuming it as a mesh network; and if it contains fewer 
junction-pairs than meshes, then its eciuation of current should be 
established by assuming it as a junction network. With these assump¬ 
tions the amount of inverse calculations is : duced. Of course, other 
considerations may prevent such assumptions; sometimes the network 
impedances alone may be known, or the admittances, and so on. 

(&) In finding z of an orthogonal network it should be remembered 
that: 

1. The presence of these junction-pairs that are not active may 
simply be ignored and the network analyzed as a mesh network having 
a singular C. 

2. The presence of meshes can be ignored only with the aid of the 
reduction of formulas of Chapter X after z' has been established. 

(c) In finding Y of an orthogonal network it should be remembered 
that: 

1. The presence of inactive meshes may be ignored and the net¬ 
work analyzed as a junction network having a singular Cr^ 

2. The presence of junction-pairs may be ignored only by the use 
of reduction formulas, after Y' has already been established. 

XV. THE NON-SINGULAR C OF ANY NETWORK 

(a) When a non-singular transformation matrix C is set up for a 
completely orthogonal network, whenever a junction-pair axis is not 
needed the corresponding column of C may be dropped. All junction- 
pair axes may be left out so that C finally has as many columns as 
there are meshes, representing the familiar singular transformation 
matrix of a mesh network. For instance, if the junction-pair axes 
p', q', r' of Fig. 16.3 are not needed, the transformation matrix of 
equation 16.6 reduces to 



Additional columns cannot be dropped without destroying the network. 
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When the non-singular Cr‘ is set up, the columns corresponding to 
the mesh axes may be dropped until the 



Here also no additional columns may be dropped. 

That is, it should be remembered that: 

1 . In setting up z, the presence of inactive junction-pairs may be 
ignored. However, none of the meshes may be ignored. 

2. In setting up Y, the presence of inactive meshes may be ignored. 
However, no junction-pairs may be ignored. 

As extreme cases, the ignoring of all junction-pairs establishes the 
z of a mesh network, and the ignoring of all meshes establishes the 
Y of a junction network. 

{b) To keep the physical picture clear, in ignoring the presence of 
inactive junction-pairs or meshes it must be remembered that any 
singular {rectangular) transformation matrix of a mesh or junction net¬ 
work given in the earlier chapters represents only a part of a non-singular 
{square) transformation matrix that can be established for any mesh or 
junction network by simply supplying the missing orthogonal axes, either 
by considering the junction-pairs closed or by considering the meshes open. 

It is shown in equation 16.16 that, in order to find the mesh currents 

it is sufficient to find the inverse of Zi only. Also, if no impressed 
currents I (and i“) exist, the value of Z 2 is not needed. Now the value of 
Z\ needed can be found from z of the primitive network with the aid 
of the singular C in which the junction-pair axes are missing. That is, 
the justification of using in the analysis of mesh networks a singular C 
is that, for finding the mesh currents the values of Z 2 , Z 3 , and Z 4 in 
equation 16.16 are not needed, only those of Z\. And the Y may be found 
even in the absence of the junction-pair axes in C. 

Similar justification applies for the use of a singular Cj ^ in the 
analysis of junction networks, in which only the value of Y*^ needs to 
be calculated with its aid. 
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(c) Since any network may be looked upon as a completely 
orthogonal network if it is assumed to contain four electrical quantities, 
it is possible to find the components of the impedance or admittance 
tensors z' or Y' of any network of n coils by starting with the known 
components of 2 or Y of any other network of n coils, instead of those of 
the primitive networks. The reference network may have any number of 
meshes and junction-pairs. Both networks must be analyzed, however, as 
complete networks. 

The primitive network is used as a reference network because: 

1 . It is easy to set up the components of its geometric objects. 

2 . It is easy to set up the transformation tensor relating the new 
network to the primitive network. 

id) In order to find the transformation matrix changing a particular 
network 1 to network 2, even then it is often simpler to introduce the 
primitive network as a reference network. Let: 

1 . C? change the primitive network to network 1. 

2 . C 2 change the primitive network to network 2. 

3 . C 2 change network 1 to network 2. 


Then by virtue of their group property 

C?.Cj = Cl 


16.34 


From this the transformation matrix changing network 1 to network 


2 is 


c\ ■ (C;)-LcJ 


16.35 


where C? and Cl are the transformation matrices of the two networks, 
using the primitive network as their reference network. 

(e) It should alvso be remembered that the singular transformation 
tensor C 2 used in neglecting magnetizing current is also part of a non¬ 
singular transformation tensor that divides the actual currents into 
hypothetical **load” currents and ''magnetizing'' currents as shown in 
Section XII, Chapter VI. 


XVI. TRANSFORMATION OF ANY TWO NETWORKS 

(a) As an example to show that any w-coil network may be used as 
a reference network for the analysis of any other w-coil network, con¬ 
sider the five-coil network of Fig. 16.16a (reproduced from Fig. 16.8) 
containing two meshes and three junction-pairs whose tensors have 
already been set up in Section IX. Assume that its five coils are inter- 
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connected to form another network with three meshes and two junction- 
pairs shown in Fig. 16.16f>. The problem is: 




Fig. 16.16.—^'rransforniation of Networks 

1 . To set up a C' changing the first network to the second network. 

2 . To find e", I", and z" of the second network from e', I', and z' 
of the first network given in Section VI with the aid of C'. 

The method of analysis is the same as when the primitive network 
is used as the reference network. 

(6) Assume both networks as five-mesh networks by considering 
the junction-pairs as apparent coils. Then 



Fig. 16.17. —Changing to All-mesh Networks 


1. Assume the five new variables i" of the new network, two of 
them along the junction-pairs, the remaining ones along the meshes 
as shown in Fig. 16.17i. In the old network three junction-pairs and 
two mesh variables are assumed as shown in Fig. 16.17a. 
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2. Write along each coil of both networks the currents flowing 
through them with the aid of Kirchhoff's first law, as shown in Fig. 
16.18a and b, 

3. Equate the old and the new currents flowing in each coil of 
Figs. 16.18a and b as 

- f/" 

16.36 

- + i"" 


This set of equations can always be rearranged so that only one old 
current occurs on the left-hand side of each equation as 






a" 

b " 

c " 

d " 

f " 



1 

1 

a' 

1 

-1 

0 

-1 

-1 

*»'= 

1 

r 


b ' 

0 

-1 

-1 

-1 

0 




C' = p' 

-1 

1 

1 

2 

1 

= 

1 

1 

1 

- id " 

q ' 

-1 

-1 

~l 

-1 

0 




r' 

1 

1 

-1 

0 

0 


16.37 


The presence of the integer 2 should be noted. 

4. The coefficients of the new currents give the transformation 
matrix C' changing the network of Fig. 16.18a to that of Fig. 16.186. 



(c) The new components of the impedance tensor of the new net¬ 
work are by Ci*z'*C' = 
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a'' b" c" d" f" 



The new components of the impressed coil voltages are by 

C;-e' = e" = 

a" h" c" d" £" 

+ «e —^a 4- ““ «/ —^b +- 16.39 

The vector I" may be found by calculating first the inverse of C'. 


XVII. A CHECK ON THE TRANSFORMATION 


The correctness of C', z", e", and I" of Fig. 16.166 may be checked 
by deriving them from the primitive network instead of from Fig. 
16.16a. 


The transformation matrix C" of Fig. 16.86 (by using its primitive 
mesh network) is: 



This matrix C" must be the product of C of equation 16.6 and C' of 
equation 16.37 or C*C' = C". That is 



16.41 


The two matrices 16.40 and 16.41 are the same. 











434 


ORTHOGONAL NETWORKS 


The impedance matrix is 


b" 

Ct'^Z'C" = c" 
d" 

r 

16.42 

This matrix checks with equation 16.38. Also C, -e = e" = 
a" b" c" d" f" 

e'' = Ca —en + ej — 6/ —eh 4* “«a 4“ —ea 16.43 

This 1-matrix also checks equation 16.39. 

Hence it does not make any difference what n-coil network is used as 
the reference network for the calculation of any n-coil network. The final 
n-matrices and equations are the same, irrespective of the starting point. 

XVIII. THE EQUIVALENCE OF ALL n-COIL NETWORKS 

(a) Now that it has been shown that it is possible to establish a non¬ 
singular transformation matrix C®/ between any two w-coil networks 
no matter how many meshes, junction-pairs, and sub-networks each 
one has, it follows that the six “n-matrices’’ associated with each 
network, namely, e(a), E{a), i(a), /(«), 2(a)(^, and F(a)(/ 5 ), are not independ¬ 
ent of one another, but are different sets of components along different 
reference frames of six entities, or “geometric objects’’ namely, of 
ea, Ra, i**, Zafi, and 

These great varieties of n-matrices are bound together into the 
six entities by the group of non-singular transformation matrices 
because of the fact that each of them may be found from any of the 
others solely by using some particular C®' and no other n-matrix. 
The components,of all transformation matrices of this group contain only 
integers This group may be called the '"connection group.** 

Similarly the various equations of performance of all n-coil networks 
are not independent, hut can be transformed into one another with the 
aid of Ca'. Hence, if the various types of equations have once been 
established for the primitive network (or for any other network), 
similar equations can be established for all asymmetrical, active net¬ 
works by a routine transformation. 
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It is however emphasized that no groups of transformation matrices 
have as yet been established between networks having different num¬ 
ber of coils. Such groups will be introduced in connection with the 
synthesis of networks. 

{b) To summarize, in investigating the characteristics, the equa¬ 
tions, or the behavior of networks, it is not necessary to deal explicitly 
with one particular network; it is often possible to deal with all anal¬ 
ogous networks at the same time by setting up invariant equations. 
This is possible only because of the existence of a group of non-singular 
transformation matrices that can change the equations of perform¬ 
ance of any w-coil network to that of any other w-coil network. The 
transformation matrices that may be established between all possible n-coil 
networks from a group {the connection group), since they satisfy the four 
group conditions (Section III, Chapter XI), namely: 

(1) The product of any two C-s is also an element of the group; 
that is if C 2 changes network 1 to 2 and C 3 changes network 2 to 3 
then their product 

C l _ /^1 

2*^3 ^3 

changes network 1 to 3. 

( 2 ) The associative law holds: 

(cj-cl)-cj = ci-(ci.cl) 

That is, several successive transformations may be performed in any 
grouping. 

(3) A network remains unchanged by transforming it with the 
unit matrix I. 

(4) Each transformation matrix C has an inverse C“^ so that it is 
possible to reestablish the equations of the original network from 
those of the new network with the aid of C ^ 

It should be remembered that the existence of this group of C 
implies that four electromagnetic quantities (e, E, i and I) are asso¬ 
ciated with every network and not just two (e, i or E, I). 
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INTERLINKED ELECTRIC AND MAGNETIC NETWORKS 

L THE MAGNETIC AND DIELECTRIC NETWORKS 

(а) In setting up the equations of performance of networks, say 
C = z«i, no attention was paid to the components of the various 
geometric objects. It was understood that they can be constants, 
functions, linear operators, etc. 

Now let a certain special form of z and Y be investigated in greater 
detail. Let their matrix be symmetrical, that is, let the network be 
stationary and symmetrical, and let it rontain only lumped resistances, 
inductances, and elastances. The problem of this chapter is to express 
the z and Y tensors of these special networks in terms of more funda¬ 
mental tensors. 

(б) In the study of such networks three different types of continuous 
paths will be distinguished, each contributing its share of design con¬ 
stants in establishing z and Y. These are: 

1. The paths described by electric charges. These paths will be 
called the ''electrical network." 

2. The paths described by magnetic flux lines, to be called ''mag¬ 
netic network." 

3. The paths described by dielectric flux lines, to be called "dielec¬ 
tric network." 

Each of these networks is built up of "coils" and "junctions" 
(0-cells and 1-cells). (In rotating electrical machinery these three 
types of networks are generalized to include electric, magnetic, and 
dielectric "layers" (2-cells) also. In addition there are also the 
mechanical networks to be considered in the analysis of rotating machin¬ 
ery, or of other electromechanical systems.) 

{c) Now, an electrical network consisting of interconnected continuous 
copper conductors will be considered to have no other design constants 
besides resistances rafi representing the opposition offered by the net¬ 
work to the flow of the electric charges. The inductances of the coils 
lafi are due to magnetic flux lines that do not travel along the conductors 
as the electric charges do, but follow entirely different paths lying outside 
the continuous copper conductors. Similarly, the elastances Sa^ are 
due to dielectric flux lines located partly in condensers (in discon¬ 
tinuities introduced in the conductors). The condensers will not be con¬ 
sidered as part of the electrical network, since the electric charges do not 
travel along the discontinuities. 
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(d) Hence, when it is assumed that the impedance tensor Zap of a 
network of coils contains other design constants besides resistance 
Tap, then it is tacitly assumed that underlying the electrical network there 
are other networks interlinked with it, namely, magnetic and dielectric 
networks, whose presence, however, has been masked by the artifice of 
endowing the individual coils with self- and mutual inductances and 
elastances. 

However, the components of Zap, namely, the self- and mutual 
inductances and elastances of the individual coils, may be changed by 
interconnecting the component members of the underlying magnetic 
and dielectric networks in a different manner, without changing the 
interconnection of the electrical network itself; hence in establishing 
the design constants Zap of the electrical network the study of the inter¬ 
linking magnetic and dielectric networks is necessary. 

On their own right, magnetic and dielectric networks also occur in 
electrical engineering studies, without interlinking with electrical net¬ 
works. As independent networks their engineering importance is far 
less, however, than that of electrical networks. Their analysis as 
independent networks has been covered in the previous chapters. 

II. EQUATIONS OF PERFORMANCE OF ISOLATED MESH NETWORKS 

(a) If isolated electric, magnetic, or electrostatic fields are con¬ 
sidered, the relations between the field intensities (impressed quantity) 
and the resultant flux densities (response quantity) along a direction 


assumed at each point of a stationary 
respectively 

homogeneous 

medium are 

1. In the electric field: e = ri or 

II 

17.1 

2. In the magnetic field: h = pb 

b = iih 

17.2 

3. In the electrostatic field: e — sd 

II 

17.3 


The various symbols are defined in Table 17.1. 

TABLE 17.1 



Electrical 


Material 

e 

Electric field intensity 

r 

Resistivity 

h 

Magnetic field intensity 

P 

Reluctivity 

e 

Electric field intensity 

s 

Elastivity 

i 

Current density 

g 

Conductivity 

b 

Magnetic flux density 

n 

Permeability 

d 

Electrostatic flux density 

S 

Dielectric constant 
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(b) In a stationary non-homogeneous medium a field intensity act¬ 
ing in one direction produces flux lines that have components in other 
directions also, hence the proportionality factor between the two 
quantities cannot be a scalar. Considering the impressed and response 
quantities at each point as vectors, the constants of the medium become 
tensors of valence two in place of scalars, and the above relations in a 
non-homogeneous medium become 


1. 

Ca = raffi^ or 

f 

II 

17.4 

2. 

A“ = 

ha 

17.5 

3. 

= SaffdP 

= c^e. 

17.6 


The position of the indices follows from considerations to be intro¬ 
duced later. 

(c) In network studies, instead of considering the field intensity 
at a point, its line integral between two points (a junction-pair) or 
around a closed circuit (a mesh) is considered. Also instead of con¬ 
sidering the flux density at a point, its surface integral over the cross- 
section of a coil is considered. 

A network with several meshes or junction-pairs may be considered as 
a non-homogeneous field in which only a finite number of directions may 
be assumed (in all other directions the field is zero). 

With such interpretations, equations 17.4 to 17.6 remain unchanged, 
representing the equations of performance of the three types of mesh 
networks, each type being an isolated network. 

(d) First the study of isolated magnetic and dielectric networks 
is undertaken; afterward the effect of their interrelation with electrical 
networks is studied. 


m. MAGNETIC NETWORKS 

(a) A magnetic network consists of magnetic conductors (usually 
iron and air) and their junctions as shown in Fig. 17.1a. The analogous 
electrical network is shown in Fig. 17.16. Such magnetic networks 
play an important part in multiwinding transformers, rotating ma¬ 
chines, measuring instruments, etc. The design constants are the 
reluctances p“®, p“, etc., of the various magnetic members or their 
permeances paa, P66, etc. There are no mutual reluctances p®* or 
permeances pafr between the individual members, just as there are no 
mutual resistances between the individual coils of an electrical network. 

The magnetic network can also be considered as a mesh, or as a 
junction, or as an orthogonal network, depending on the point of view. 
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(6) The superimposed electromagnetic quantities are of two 
types: 

1. Magnetizing forces A", usually produced by currents flowing 
in coils wound around the magnetic paths at isolated points (m.m.f.’s). 

Permanent magnets also have a magnetizing force; however, they 
will not be considered at this point. 

2. Magnetic flux lines ba. 

Each of them may be an impressed or a response (quantity. 



(a) Magnetic network (6) Its electrical analogue 

Fig. 17.1 


{c) In their physical action m.m.f.’s are analogous to voltages and 
flux lines to currents. In particular: 

1. In a mesh network m.m.f.’s h are impressed at various points 
and flux lines b appear around the closed meshes in response, analo¬ 
gously to impressed e and response i. 

2. In a junction network flux lines B are impressed across the 
junction-pairs and m.m.f.’s H (or rather differences of magnetic pi>ten- 
tial) appear in response across the junction-pairs, analogously to 
impressed I and respxjiise E. 

Because of certain interdependence existing between the vectors of the 
electrical and magnetic networks in an interlinked system {to be shown 
in Section VIlie) the flux lines linking the various coils are represented 
as a covariant vector ba, while the physically analogous current is a 
contravariant vector i®. Similarly, the m.m.f. of a coil is a contravariant 
vector A® while the physically analogous voltage is a covariant vector ea- 

Corresponding to this change, the reluctance tensor is p®^ (physically 
analogous to ra/j), and the permeance tensor is pa/j (physically analogous 
to y®^.) 

The various equations of performance are analogous to those of 
electrical networks, except that the position of the indices is inter¬ 
changed. That is: 
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1. For mesh networks the equation of m.m.f. is 

h = p-b I A”' = 17.7 

2. For junction networks the equation of tlux is 

B = |t-H I Bu = PuJB 17.8 

3. For orthogonal networks the equations of m.m.f. and flux are 
respectively 

H + h = p-(b + B) //“ + h^ = + B^) 17.9 

b + B = Hl-(H + h) ba + Ba = 17.10 

Since the covariant and contravariant indices of physically analo¬ 
gous quantities are interchanged, the same dualism exists between 
electrical and magnetic networks as exists between mesh and junction 
networks. 


IV. EXAMPLE OF A MAGNETIC MESH NETWORK 

(a) Let the network of Fig. 17.2 be given in which an electrical 
network is interlinked with a magnetic network, and let the perform¬ 
ance of the electrical network be found. 

In all electrical network problems hitherto considered it has been 
assumed that the self- and mutual inductances of the individual coils 

(z of the primitive network) are known. 
In the present example it is assumed, how¬ 
ever, that only the individual reluctances 
of the magnetic members are known. 
Hence in order to find the performance of 
the electrical network it is necessary first to 
remove all electrical interconnections and to 
find the self- and mutiml inductances {per¬ 
meances) of the individual coils (shown again 
in Fig. 17.3a) from the individual reluc¬ 
tances of the magnetic members. Similar 
cases occur in all multiwinding trans¬ 
formers. 

The problem of finding the self- and 
mutual permeances (or inductances) of the 
individual coils placed on a magnetic network is analogous to finding 
the self- and mutual admittances of the individual coils of an electrical 
network after the coils are interconnected into several meshes, shown in 


u 

ft 


U 


m 


Fig. 17.2—Interlinked Elec¬ 
tric and Magnetic Network 
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Section VIII, Chapter V. That is, the calculation is made in two 
steps: 

1. hinst the self- and mutual reluctances of the magnetic meshes 
are found from those of the individual magnetic members. 

2. 'I hen the self- and mutual permeances of the individual magnetic 
members (or of the coils wound around them) is found. 

In this section the first step is calculated. The second step is 
calculated in Section XIII. 

(6) The electrical network analogous to the magnetic network of 
Fig. 17.3a is shown in Fig. 17.3c. Their analysis follows parallel 



(a) Magnetic network (c) Equivalent electrical network 

(b) Its primitive network (d) Primitive electrical network 

Fig, 17.3 


The primitive magnetic mesh netwwk is shown in Fig. 17.36. Its 
reluctance tensor is 



17.11 


g 
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The components of this tensor, representing the reluctances of the 
various paths, are usually calculated by a field method. Instead of 
reluctances p®® . . . of course permeances Haa . . . may be used where 
p®® = l/paa, etc. 

In the magnetic network with every m.m.f. is asvsociated a magnetic 
reluctance member which may have zero reluctance; and with every 
reluctance is associated an m.m.f. whose value may be zero. As a 
consequence the primitive magnetic mesh network contains an equal 
number of electric and magnetic members. The inlrcxiuction of addi¬ 
tional coils and reluctances is analogous to the introduction of addi¬ 
tional voltage ea alongside an impedance Zaa and an additional 
impedance alongside a voltage, so that in the primitive electrical 
network an impedance Zaa is always associated with a voltage ea 
alongside of it. 

The impressed m.m.f. vector is 


h 



a 

b 

c 

d 

/ 

g 


1 ^ 1 


0 

hf 
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(c) Since there are three meshes, any three of the flux lines may 
be assumed as variables as shown in Fig. 17.3a. The flux lines pcissing 
through each individual magnetic reluctance are also shown. 

The equation of transformation bm = C^bm> or b is 

established by equating the old and the new fluxes passing through each 
magnetic reluctance p®®, p^ as 


ba ba* 


II 

•o 

+ bb> 

be - 

bh' + bi 

bi = 

bh' 

bf = 

bb» 

6.= 

6c 



a' 

b' 

c' 

a 

1 



b 

1 

1 


c 


1 

1 

cr^ = A = 



— 

d 


1 


f 


1 


g 



1 
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The coefficients of the new fluxes give C,“^ 

If is replaced by A, then all the formulas of the electrical mesh 
network may be used for the magnetic and mesh network by replacing 
in them (expressed in direct notation) C by A. 

(d) The new components of the reluctance tensor p' are found by 
Arp*A and those of by Arh as 
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a' 

b' 

c' 

a 

p- 



b 


pw 


c 

p-A = 

d 



p" 


7" 


f 




g 



p“ 


17.14 


\n' 

a' 

b' 

c' 

a' 

p““ + p“ 

p‘‘ 

0 

= V 

p“ 

pM 4- pCc 4. 

p" 

c' 

0 

P" 

p« 4. p« 


17.15 


h' = - 


//«I -f y I //" + 


17.16 


{e) If the impressed m.mf's are assumed to be known, then the flux 
lines existing in the meshes are found by b' ~ - Ji'-h'. 

If the three components of b' have been calculated, the flux lines in 
the individual reluctances are found by b = A-b'. The magnetic 
potential drops (m.m.f.) across each individual reluctance are found by 
he = p-A*b', where P'A has already been calculated in equation 17.14 
so that 


a 

b 

c 

d 

f 

g 

p®®6a/ 

p'’\ba- + h,,) I 

p«(ft(,' + ftcO 


0 



V. DIELECTRIC NETWORKS 

(a) A dielectric network consists of electric conductors and insu¬ 
lators (say copper and air) forming paths for the electn^static flux 
lines. They play important parts in all electrical apparatus subjected 
to high voltages. 

The design constants are the elastances s„ay Sbb, etc., of the various 
members, or their inverse, the capacitances etc. They are 

assumed to be concentrated in the air gap between the conductors. 
They are practically alw^ays calculated as field problems. There are 
again no mutual capacitances between individual members. 

The dielectric network may also be considered as a mesh, junction, 
or orthogonal network. 

(b) The superimp^osed electromagnetic quantities are: 

1. Electromotive forces Ca. They are the same that accelerate the 
electric charges in an electrical network. 

2. Electrostatic flux lines d® (also called “displacement”). 

Instead of saying that +3 electric charges are placed on point A 

and — g on point B, it will be said that d electric flux lines enter point 
A and leave point B\ that is, d electric flux lines flow from point A to 
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point B through whatever paths they encounter between A and J5. 
If so desired, electric charges q and electrostatic fluxes d may he inter¬ 
changed in the following. 

Each of these may be an impressed or a response quantity. 

(c) There is a dualism between a dielectric and magnetic network, 
but there is no dualism between a dielectric and an electrical network. 
That is, the electric flux lines d® (or charges g“) and the physically 
analogous current i® are both contravariant vectors. 

The difference between an electric and a dielectric network lies in 
the manner in which time enters into their equation of performance. 

(d) The various equations of performance for the three types of 
dielectric networks are analogous to those of electrical networks. 
That is, 


Mesh: 

1 

II 

CO 

mnd** 

17,18 

Junction: 

D = C-E 

Z)“ = C^^E, 

17.19. 

Orthogonal: 

1—► E+e = s«(d+D) 

1 

■Ea +«a = 

17.20 

1—(d+D)=C-(E+e) 

d»+Z>« = C»'»(£fl+ep) 

17.21 


In these equations d may be replaced by q. 

(e) In engineering problems magnetic networks usually appear as 
mesh networks, while dielectric networks usually appear as junction 
networks. 

An electric charge appearing at a point is equivalent to electric 
flux lines entering that point as if it were a junction point of several 
dielectric members. That is, the magnetic flux lines appearing in engi¬ 
neering problems {produced by electric currents) are considered as closed 
lines, while the electrostatic flux lines are considered as open lines. (They 
start at a positive charge and end at a negative charge.) Or magnetic 
flux lines form closed meshes, while dielectric flux lines form open 
meshes. 

Similarly in magnetic networks the impressed m.m.f.'s are usually 
concentrated at a point in series with each magnetic member; on the 
other hand, in dielectric networks the impressed differences of potential 
are usually applied across the dielectric members, not in series with 
them. 


VI. EXAMPLE OP A DIELECTRIC JUNCTION NETWORK 


{a) Let the dielectric network of Fig. 17.4a be given, consisting 
of four conductors A, B, C, and D (say the four electrodes of a tube. 
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or the three conductors of a transmission line and the ground, etc.)- 
There are three meshes and three junction-pairs, say A-D, A-C, and 
A-B. (Junction A may be the ground.) Let flux lines enter the 
junctions and leave at junction A. (That is, let electric charges be 



(a) Dielectric junction network 




(h) Its primitive junction 
network 


Fig. 17.4 


placed on conductors C, and D, assuming conductor A as the 
ground.) The differences of potentials appearing across any two 
conductors are to be investigated. 

(b) The capacitance tensor of the primitive junction network of 
Fig. 17.4i is 


X r 

« \ 
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17.22 



Fig. 17.5. —Differences 
of Potential 


The three differences of potential assumed are £p, Eq, and Er shown 
in Fig. 17.5, where are also shown the differences of potentials appear¬ 
ing across each member. 

Equating the old and the new differences of potentials appearing 
across each member 
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El = 

Ep> 


Ei = 

-Ep. 

+ £r 

£3 = 


— £,' + £r 

£4 = 

E,. 


Es = 


£.- 

£6 = 


Er> 



17.23 


(c) The capacitance tensor of the network is by A^C-A = C' 


QU'V' 


P' 



P' a' r' 


Cl + 62 + Ca 

-Cl 

— C 2 

-Cl 

Cl -h C 3 -f- Cs 

-Cj 

— C 2 

-c» 

C 2 + C 3 + Cb 


17.24 


In the equation of flux the flux lines across the 

junction-pairs are given as 





DV 




D*-' 


17.25 


(It is not necessary to find them by D"' = D^C^-) 

The unknown differences of potential across the junction-pairs are 
found by £v' = that is, by finding the inverse of as 



p' 

S' 

r' 


Spp 

Spq 

Spr 


Spq 

Sqq 

Sqr 

r' 

Spr 

Sqr 

Srr 


17.26 


(d) Multiplying S by A as A*S«At gives the self- and mutual 
elastances of the various condensers while interconnected as 
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6 
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so that where D® is the impressed flux lines (chargees) 

across each condenser and is the difference of potential appearing 
across each condenser. 


VII. INTERRELATED NETWORKS 


(a) The three types of networks, namely, the electric, magnetic, 
and dielectric networks, in most problems are not isolated from one 
another, but are interrelated in some way. In network studies the 
following two types of interrelation may be considered: 

1. The electric and dielectric networks are interconnected with each 
other, so that a physical contact exists between them as shown in 
Fig. 17.6. 




Fig. 17.6—Interconnected Electric and Fig. 17.7—Magnetic Network Interlinked 
Dielectric Networks with Electric and Dielectric Networks 


2. The magnetic network is interlinked with both the electric and 
the dielectric networks, so that no physical contact exists between 
them (Fig. 17.7.) 

(&) It is emphasized that these are sharply defined, limiting cases. 
There are many other possibilities. For instance, the magnetic iron 
path itself may form part of the electrical network. But then a new 
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problem arises; that is, in that case a distinction has to be made between: 
(1) the material particles forming the underlying network (the material 
network); (2) the superimposed electromagnetic quantities that also 
form a network (the geometrical network). 

That is, the network formed by the superimposed electromagnetic 
quantities (the network of '"chains'") is different from the network formed 
by the underlying material network (the network of "cells"). In stationary 
symmetrical network problems these two types of networks coincide in their 
entirety, but not so in rotating machinery. 

It should be noted that in a dielectric network the path of the 
electric charges is discontinuous, since the charges are not assumed to 
pass between the two plates of the condenser. That is, in a dielectric 
network both the material paths and the geometrical paths of the electric 
charges are discontinuous. Hence for the present purpose it can be 
assumed that a dielectric network is the same as an electrical network 
having discontinuities. 

How^ever, a magnetic network is fundamentally different from an 
electrical network since no electric charges flow along it or exist upon 
it. It is the '‘dual** of the dielectric network. Theoretically there ought 
to be a magnetic network in which magnetic charges flow and produce 
dissipation of heat serving as the “dual” of the electrical network. 
There appears to be no such magnetic phenomenon, however. 


Vni. INTERRELATED ELECTROMAGNETIC PHENOMENA 

(a) Just as the three types of physical networks are interrelated, 
similarly the electromagnetic phenomena superimposed upon them (ea 
and i®, A® and ea and d®) are interrelated. These interrelations are 
given by the field equations of Maxwell. The interlinkage between the 
magnetic and dielectric networks is ignored in this volume. 

(b) Considering a single mesh of each type of network only, when 
the electric circuit is wound N times around the magnetic core, then 


Nb = <t> — flux linkage (vector-potential) 17.28 

Ni = m = magneto-motive force 17.29 

In terms of these new quantities the interrelations between the 
three types of meshes are 


1 . 

2 . 


magnetic 

electric 


electric 

magnetic 



w = A 



17.30 

17.31 

17.32 


3. 


dielectric —» electric 
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(c) When several electric and dielectric meshes are interlinked with 
magnetic meshes, the number of interlinkages being represented by the 
tensor N containing the number of turns of each (oil, then the above 
relations become for mesh networks 


1. magnetic—> electric: 

2. electric magnetic: 

3. dielectricelectric: 
w'here 



m = h 




m"* == 



<|> = Nrb = K.bn 

m = N*i w*" = 


17.33 


17.34 

17.35 

17.36 

17.37 


(d) The flux-linkage vector may be expressed in terms of the 
current vector i as 

<|> = N<*b = = Nf'jJi'm =■ 17.38 


If the inductance tensor is defined in terms of the permeance tensor 


as 



1 - N£-HfN 



tmn — f^pq^m^n 

17.39 

then the flux-linkage vector is 

in terms of the inductance tensor 


^ = i-i 



= /mnf” 

17.40 


The inverse relation may be written as 

i = I == 


17.41 


IX. THE SELF- AND MUTUAL-INDUCTANCES 

(a) Knowledge of the self- and mutual permeances of the 
magnetic meshes as calculated in Section IV is only the first step in 
calculating 1 of the individual coils. It is necessary to go a step further 
and to calculate the self- and mutual permeances of the individual 
magnetic members, that gives by equation 17.44 the self- and mutual 
inductances of the individual coils that interlink the individual magnetic 
members. 

The step from the mesh permeances to the coil permeances is 
exactly the same as the step from mesh admittances to coil admittances 
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shown in Section VIII, Chapter V. That is, if the mesh permeance 
has been calculated by taking the inverse of p', then the coil perme¬ 
ance, by equation 5.30, is 


^ = cr'-K-c-* 


|ic = 


* _ 

Mmn ”■ 


17.42 

17.43 


(b) If only the self- and mutual reluctances p of the primitive 
magnetic network are known, then after interconnecting the magnetic 
mesh network by = A, the self- and mutual permeances of the 
individual coils on the magnetic network, by equation 5.29 (if the 
electric circuits are not yet interconnected), are 


= A*(A,-P*A) i-A, 

v^c = cr‘-(c->.p.c;‘)->.c-i 


If the individual coils have different number of turns, represented 
by the diagonal turn-tensor N = iVJj, then the self- and mutual in¬ 
ductances 1 may be found from the permeances p-c by equation 17.39. 

(c) Hence, the self- and mutml inductances 1 of the primitive electric 
mesh network are found from the reluctances p of the primitive magnetic 
mesh network by 


1 = Nr [A-(Arp-A)-L At].N 


17.45 


where A = Cj"^ shows the manner of interconnection of the magnetic 
network and N represents the number of turns of the coils of the primi¬ 
tive electrical mesh network. There are as many rows and columns in 
1 as there are coils. 

When several of the reluctance members have no coils on them, the 
corresponding rows and columns in 1 automatically drop out by the 
use of N. 

(d) Considering the example of Fig. 17.3a, its reluctance tensor 
has already been calculated in equation 17.15. Its inverse, the per¬ 
meance tensor, is 



a' 

b' 

c' 

a' 

f*aa 

Mafr 

t*ae 

p' = b' 

fiab 

Mbb 

f^be 

c' 

Mae 

Mbc 

Mcc 
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Multiplying it by the transformation tensor 


A (given in 
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equation 17.13) twice in succession, the permeance tensor of the 
individual coils, by A-ji'-At, is 


a 

b 

c 

d 

f 

g 


a b c d f g 


Maa 

Maa 4- tiab 

yab 4" Mac 
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yab 

Moc 

Atoa+Ma6 
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The turn ratio tensor is 
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Hence the self- and mutual inductances of the four windings are by 


N,.|ic-N = 

a c i g 


a 

(Wa)^Maa 

fta^ciyah 4” Mac) 

^u^/yab 

flaggy ac 

c 

«oWc(Mab 4- Moc) 

Wc^(m 66 + 2fX6c 4- Mcc) 

»cW/(m 66 4- M6c) 

ncngiybc + Mcc) 

f 

fla^fyab 

ncflfiybb 4" M6c) 

(nf)^ybb 

nfUgfibc 

g 

Wo^gMac 

Wc«i;(m6c 4- Mcc) 

njtlgybe 
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X. BASIC AND DERIVED VARIABLES 


(o) In the equations of an electrical network two types of variables 
have been introduced: 

1. The contravariant variable i = t” used in mesh networks. 

2. The covariant variable E = ii. used in junction networks. 

When magnetic and dielectric networks link the electrical network 

two additional sets of variables are introduced: 
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1. The contravariant variables q = q"*, representing the electrical 
charges in mesh networks. 

2. The covariant variables ♦ = representing the flux linkages in 
junction networks. 

(6) The previous variables i and E may be derived from the 
additional variables q and ♦ by differentiation, as i"* = dq'^jdt and 
Eu = d^u/dt, hence 

1. g”* and 4>u may be called ''basic variables'' 

2. i*" and Eu may be called "derived variables" 

It should be noted that the basic variable is not </>« but ^u, a concept 
different from since one refers to a junction, the other to a mesh 
network. Similarly the other basic variable is g”* and not 0”. 

The equations of performance of networks may be expressed in 
terms of these four types of variables in different combinations. 

XI. DUAL QUANTITIES 

(а) It was shown in Section I, Chapter XIV, that the concepts of 
"mesh" and "junction-pair" are dual concepts and all quantities asso¬ 
ciated with them are also dual to each other. In the previous chapters 
the following dual tensors were introduced: 

1. Impressed quantities: ® I = /** 

2. Response quantities: i = i^ ^ Eu 

3. Network constants: z = z^nn —►¥ = F"® 

4. Transformation tensors: C = CS' — 

(б) In the presence of interrelated electric, magnetic, and dielectric 
networks the following additional dual tensors occur: 

f<l> = -»Q = <2“. 

5. Response quantities: 

[q = g"* = q>-. 

6. Electrical constants: r = G = G“*. 

7. Magnetic constants: 1 — K = 

8. Dielectric constants: s = C = 

Also the following dual scalars occur: 

1. Kinetic energy = T F = potential energy. 

2. Rate of heat loss = Z) —^ Z>' = rate of heat loss. 

3. Power input = P —♦ P' = power input. 
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If the '‘impressed” current I is interpreted as “withdrawn” current 
(current supplied to outside loads) then P' is a power output. 


Xn. THE EQUATION OF VOLTAGE 


(a) The equation of voltage e = z-i of an interconnected electrical 
and dielectric mesh network linked by a magnetic network becomes 
by equations 17.4, 17.18, and 17.33 


d6 

e = r-i + — + s-q 
at 


= fmni" + “j; h 17.50 

at 


The electrical network contributes r*i, the interlinked magnetic net¬ 
work d^jdt, and the interconnected dielectric network s-q. By Kirch- 
hoff’s law the voltages add up around a mesh. ^ 

In terms of the derived variable i (since <|> = 1-i and Q = / '^dt), 
the equation of voltage of mesh networks is ^ 


di C 

5 = r-i+l --7 +s- / idt 
dt j 


^ m — r mni^ “1” I 


di^ 

mn ,/ I mn 

dt 


/*• 


'dt 17.51 


e = r-i + l/)-i + (8//>) -i = rw'" + + (w//>)*" 17.52 


(6) Hence, the impedance tensor z assumes the following special form 
for stationary symmetrical networks 


z = r + 1 


d r 


dt Zmn — r mn Imn , 

at 


■f 


Z ^ T + lp + s/p 


*mn ~ ^mn “f" ^mnP 4" ^mn/P 


dt 17.53 


17.54 


The electrical network itself contributes r, the magnetic network 
\p and the dielectric network s/p, 

(c) In terms of the basic variable q the equation becomes 


17.55 




representing as many second-order differential equations as there are 
meshes. 

This equation is analogous to the equation of voltage of a single coil 
having resistance f, inductance /, and elastance s, namely to 
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except that, in accordance with the First Generalization Postulate, 
each scalar is replaced by an appropriate »-matrix, and in accordance 
with the Second Generalization Postulate each n-matrix is replaced 
by a geometric object of valence ». 

(d) In an orthogonal network E and I appear also, so that the 
equation of voltage of an orthogonal network (using spin indices) is 

(E+e) = (r+lp+s//>). (i+I) 17.57 

The equations of this Section, used in the routine analysis of net¬ 
works, represent also the explicit form of the dynamical equations of 
Lagrange with contravariant variables, as will be shown in Section XVI. 


xm. THE EQUATION OF CURRENT 

(a) The equation of current I = Y*E of an interconnected electrical 
and dielectric junction network linked by a magnetic network becomes 
by equations 17.4, 17.35, and 17.41 

I = G-E + ^ + K-* I /“ = + ^ + 17.58 


The electrical network contributes G*E, the interlinked magnetic net¬ 
work K*§, and the interconnected dielectric network dQldt. By 
Kirchhoff’s law the currents add up at a junction. ^ 

In terms of the derived variable E (since Q = C*E and i = / Ed/) 
the equation of current of junction networks is ^ 


1 = G*E -f- C» 


dE r 


+ C“* 




I = G-E + C/>-E + (K/p)-E 


+ (K--/p)E^ 17.60 


(fi) Hence, the admittance tensor Y assumes the following special 
form for stationary symmetrical networks 


T-G + c| + K.y. 
Iy-o + c^ + k/pI 


F- = G" + C" + X- J dt 17.61 
I y»» = G“» + c“»p + K^’/p I 17.62 


The electrical network itself contributes G, the dielectric network 
C^, and the magnetic network K/p. 
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(c) In terms of the basic variable i the equation becomes: 


I = C."^|+G 


It 


+ K.* 


/“ = C’ 






+C“« 


17.63 


representing as many second-order difTert'ntial equations as there are 
junction-pairs. 

This equation is analogous to that of a single coil 


I = 




+ G~ + K^ 
at 


17.64 


with each scalar replaced by an appropriate geometric object. 

[d) In an orthogonal network e and i appear also, so that the equa¬ 
tion of current of an orthogonal network (using spin indices) is 


i + I = (G-f-C/>-fK//)).(E + e) 


-f- C^^p-^K^^/pUEfi-^es) 

17.65 


The equations of this Section, used in the routine analysis of net¬ 
works, represent also the explicit form of the dynamical equations of 
Lagrange with covariant variables, as will be shown in Section XVI. 


XIV. THE EQUATION OF POWER 

(a) If the equation of voltage 17.52 is multiplied by i, each term 
represents a power 

i-e = i-r-i + i-lp*i -f 

Cmi^ = rmni”'i^ + lmn(pi^)i^ + 5 mn t”* 

Since i = dq/dt = pq, therefore the equation of power is 

i-e = i*r*i + + />(^q-s*q) 17.66 

= rn,JH^ + p{\ln.niH^) + p{\smnq^q^) 17.67 

where 

1. i-e == P = total power input into the electrical mesh network. 

2. i-r*i = D = rate of heat dissipation in the electrical network. 

3. i«l-i/2 — T = kinetic energy stored in the magnetic network. 

4. q*S'q/2 = K = potential energy stored in the dielectric net¬ 
work. 

Hence the equation of power of mesh networks is 

dT dV 
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(b) Multiplying the equation of current 17.60 by E 
E*I “ “f“ E«C^*E “f“ E*Xl/^*E 

£,/“ = G“«£«£, + C“*(/>£,)£, + £" 0 £,) £« 17.69 

Since E = d^/dt = pi, therefore the equation of power is 

E*I = E'G*E + /)(2E*C*E) + 17.70 


£„/“ = G“«£«£. + 

where 

1. E*I = P' = total power input into the electrical junction net¬ 
work. 

2. E-G'E = D' = rate of heat dissipation in the electrical network. 

3. E-C*E/2 = F' = potential energy stored in the dielectric net¬ 
work. 

4. ♦•K*§/2 = r' — kinetic energy stored in the magnetic net¬ 
work. In terms of P', D\ F', and P' the equation of power of junction 
networks is 


dr dV' 


XV. QUADRATIC AND HERMITIAN FORMS 
(a) The various expressions for power and energy 



E.G-E = Z)' 

r„ni”i’‘ = D 


17.72 

II 

*-K-4 = 2r 

lmni”i’' = 2T 

X“'4>»4>, = 2r 

17.73 

q*s-q=2r 

E-C-E = 2F' 

Smnq”q” = 2V 

C“'£.£. = 2F' 

17.74 


are all quadratic forms. On the other hand, the total power input, 
i-e = P and E-I = P' are linear forms. 

When the components are complex numbers, the corresponding 
quadratic forms change into bilinear forms as 

i.r-i* = Z> E*.G.E = P' r,T.r,i^i- = D 17.75 

i-l-i* = 2r **-K-* = 2r hni^i^ = 2T K^^iuiv = 2r 17.76 

q-s-q* = 2F E*-C.E = 2F' Sjnnq^q-^IV C-£u£i^ = 2F' 17.77 

that is, the conjugate of one of the variables is taken. 

Since the components of r, I, etc., are real numbers, r = r* and so 
on. Because of this property of the coefficients of the six bilinear forms. 
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the latter are called ''hermitian forms/* The value of a hermitian 
form (a scalar) is always a real number and not a complex number. 

When any of the transformation tensors C of this volume are used 
for stationary, symmetrical networks, all these six quadratic (or 
hermitian) forms also remain invariant under the transformation in 
addition to the two linear forms, 

(b) It should be emphasized that the assumption of the invariance 
of the power input is far more general than those of the invariance of 
the various quadratic forms, since in asymmetrical networks in general no 
quadratic forms exist, their z or Y tensor being asymmetrical, but a linear 
form does exist. 


XVI. THE DUAL EQUATIONS OF MOTION OF LAGRANGE 

(a) The explicit forms of the equations of Lagrange, equations 
17.52 and 17.60, that are used in the study of networks, may be 
brought to their implicit forms given by Lagrange by replacing the 
expressions containing tensors of valence two r, 1, etc. with equivalent 
expressions containing only scalars and vectors. These implicit 
equations however are not in a suitable form for the routine calcula¬ 
tion of the large variety of systems. 

Let in the equation of voltage 17.52 the following substitutions be 
made (remembering that r, 1 and s have symmetrical matrices in all 
reference frames and are not functions of the variables or of time). 


where 


1 ^ 
2 ^ di 


F = dissipation function = = D/2 


\p-i = p\-i 




. 1 dq s-q dV 

,,p., ^ 

In terms of these scalars and vectors the equation of voltage 
17.52 becomes 


17.78 


This form of the equation of voltage containing the scalars, T, V, and 
F is a special case of the equation of motion of Lagrange expressed in 
terms of the two contravariant variables q” and i”. 


d dT 

a(-7) af 

* dt ai 

dq ^ di 


d dT a(-V) OF 
dt oi^ a?" ai" 
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(b) Similarly in the equation of current 17.60 let the following 
substitutions be made 

1 dE‘G'E dP' 

G-E =-= - “ 

2 dE dE 

where 

F' = dual dissipation function = ^E-G-E = D'/2 


C^ • E — pC • E 




E/^*E 


^ ^ 1 di-K i 

Ki =- 

2 d* 


ar 


In terms of these scalars and vectors the equation of current 17.60 
becomes 


I ^ 

dV' 

d(-r) dF' 

^ dt 

d£ 

d^ ^ dE 


iZ.' - KzIH j. ^ 

dl dEu di>u dEu 


17.79 


This form of the equation of current is a special form of the equation 
of motion of Lagrange expressed in terms of the two covariant variables 
and £«. 


{c) The dual equations of motion may be given a more symmetrical 
form by defining: 


Lagrangean function: L = 

T- V 

17.80 

Dual Lagrangean function: L' = 

V - T 

17.81 

In particular in terms of coniravarianl variables 



L - - q-s*q)/2 | L = (/«„*”•*" — 

Jmng"2")/2 

17.82 

and in terms of covariant variables 



U = (E-C-E - *.K-*)/2 1 U = (C“'E„E. - 


17.83 


In terms of the Lagrangean functions L and L' the dual equations 
of motion become 


17.84 


ddL dL dF 

“ dt di”^ dq”^ di”' 


d dU dV dF 
dt dEu dEu 


d dL 

dl. aF 

* dt a\ 

dq di 


d dL' dU dF 
dt dE dE 


17.85 
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Hence the dual Lagrangean equations of motion give either the equation 
of voltage of ^'mesV' networks or the equation of current of 'function^' 
networks, depending whether contravariant variables, q^ and i^ or 
covariant variables, 4»u dnd ore assumed. 

It should again be emphasized that the contravariant and covariant 
variables are independent of one another, the first appearing in the 
meshes, the other in the junction-pairs of a network. 



CHAPTER XVIII 


THE METRIC TENSOR 

1. NETWORKS WITH ZERO DESIGN CONSTANTS 

The fact that in stationary networks z or Y can be subdivided into 
three component tensors allows the introduction of new types of design 
constants (consisting of ratios only) and new types of equations. Before 
introducing new types of design constants let networks without design 
constants be considered in passing. Such networks play important 
part in relays, switches, control equipment, etc. 

The simplest electrical network consis'ts of a number of intercon¬ 
nected branches having zero resistances as shown in Fig. 18.1 for five 
branches, along which no voltage drops exist. The only electrical 
concepts associated with it are the currents flowing through the net¬ 
work. By tonsidering Fig. 18.1 as an all-mesh network it is possible 
to set up for it with the aid of Kirchhoff's First Law a non-singular 
(square) transformation tensor C*', in which all abstract properties of 



Fig. 18.1.—Network with Zero Fig. 18.2.—Network with Zero 

Impedances Admittances 


the network are codified. The theory of this simple network is the 
theory of 

Its dual network consists of a number of interconnected conduc¬ 
tanceless branches as shown in Fig. 18.2 having no currents in the 

460 
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branches. The only electrical concepts associated with it are the 
voltages appearing across the junction-pairs. It is possible to set up 
for it with the aid of Kirchhoff’s Second Law the inverse transforma¬ 
tion tensor C"', codifying all abstract properties of the network. 

Elementary topology studies the properties of these types of networks 
with which no design constants are associated. The network is completely 
characterized by its transformation tensor. 

Geometrically, a network with zero design constants (but with a 
is equivalent to a space in which neither the “magnitude” nor the 
“direction” of vectors introduced into it is defined. 

II. THE BASIC INVARIANTS 

(a) The first step in endowing a network with design constants 
consists of introducing resistances r = rmn, so that their equation of 
voltage as a mesh network is e == r*i. 

When an underlying magnetic network links the electrical network, 
the coils are endowed by additional design constants, the inductances 

di 

I = /mm SO that its equation of voltage is e = r*i + 1 • •j' 

dt 

When the electric mesh network is interconnected also with a 
dielectric network, it acquires still another set of design constants, 
the elastances s = 5mn$ so that its equation of voltage becomes 

e = r*i + l*pi -f (s/p)*i = 1 • ^ 

dr at 

(b) The three independent types of design constants of the net¬ 
work, namely: (1) the resistance tensor r = fmn, (2) the inductance 
tensor 1 = /mn. (3) the elastance tensor s = Smm are called the **basic 
invariants^' of the network. They determine the “structure” of the 
network. 

The superimposed electromagnetic quantities are variables, in 
particular let it be defined arbitrarily: 

1 . q == g*" is the basic variable. 

2. i = i*" is a derived variable. 

3. e — is a parameter. 

There is also the independent variable /. 

All the other invariants of the mesh network are derived from these 
basic invariants by differentiation, or by combination with each other or 
with the variables. 

Although in the general case the components of the structural basic 
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invariants r, 1, and s are functions of the variable i, in this volume it 
is assumed that their components are all constants. Also in the general 
case basic invariants are not necessarily tensors. 

(c) One of the purposes of tensor analysis is to derive other in¬ 
variants from the given basic invariants and the variables of a geo¬ 
metrical or physical system. There are numerous ways of deriving 
invariants from the basic invariants. For instance, deriving new 
invariants from basic invariants by differentiation is shown in Section 
IV. Chapter XV. 

Another way of deriving new invariants is by forming products of 
basic invariants and variables. Such geometric objects are called simul¬ 
taneous invariants.'' Simultaneous invariants are, for instance, the 
four scalar “forms’* 

p = i-e. D = i-r-i, T = i-l.i/2 and V = q-s-q/2 

id) A junction network possesses the dual invariants of those of a 
mesh network. From its equation of current 

d'^i d§ 

I = G-E + C^-E + (K//>)-E = C • - .7 + G •-- + K.§ 

dr dt 

its basic invariants are: 

1. The conductance tensor G = 

2. The susceptance tensor K = 

3. The capacitance tensor C == 

Its variables are: 

1. § = 4>« is the basic variable. 

2. E = is a derived variable. 

3. I = /“ is a parameter. 

Its simultaneous invariants are the same as those above except 
defined in terms of the junction basic invariants and variables, namely 
P' = E-I, D' = E-G-E, r = i-K-i/2 and V' = E-C.E/2. 

ra. GENERALIZATION OF THE “PER UNIT” SYSTEM 

(a) In studying many physical phenomenon or geometrical relation 
or building any engineering structure, one of the first steps in simplifying 
the problem is to eliminate from view the concept of ''magnitude" in some 
way. If possible small-scale models are built, or the problem is 
expressed in terms of ratios of quantities instead of the actual quantities 
themselves, etc. 
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(6) The first step in introducing ratios into the problem is to select 
some convenient magnitude of voltage, current, etc., as unity and 
express all similar quantities as their ratio. F'or instance the full-load 
current may be denoted as “T* unit of current and all other currents 
are expressed as a fraction or multiple of the full-load current. Similar 
units may be selected to express the voltages, the reactances, etc. 

Instead of calling the reference quantity it is also customary 
to call it “100 per cent** and express all ether quantities as its per¬ 
centage. This is the so-called “per unit*’ system used in electrical 
engineering problems. 

By the use of such ratios two apparatus of different magnitude 
may be compared with each other, to see which one of them has, say, 
larger or smaller percentage of short-circuit reactance or of resistance, 
and so on. 

All formulas of this volume are equally valid if all quantities are 
expressed in this type of a ^*per unit*' system. That is, it does not make 
any difference as far as the formulas of this volume are concerned in 
what units the components of the various geometric objects are measured. 

{c) This first step is not quite satisfactory since it does not correlate 
the magnitude of quantities of different types like that of resistances 
and reactances. A second step is made in the design of apparatus by 
expressing its performance in terms of ratios of two different types of 
quantities, such as r/X = resistance/inductance. In comparing two 
apparatus in terms of such ratios the ratios are a measure of the 
quality of the apparatus in regards to efficiency or cheapness, etc. 

{d) Tensor analysis supplies a systematic procedure by which the 
performance of physical systems is expressed in terms of ratios of two 
different types of design constants, instead of in terms of their actual 
values. That is, tensor analysis supplies a routine procedure by which 
the actual ''magnitudes'* of physical quantities can be made to disappear 
from the picture and reappear again at will. During disappearance their 
place is taken by those ratios of the physical quantities that play a 
deciding role in the analysis. That routine procedure is called the 
"raising and lowering of indices." 

IV. THE METRIC TENSOR a^n 

(a) The basic invariant that plays the central role in the disappear¬ 
ance and reappearance of the concept of “magnitude*’ is the induc¬ 
tance tensor 1 = Imn representing the self- and mutual inductances of 
the various meshes. Because of its role, the inductance tensor Imn is 
called in tensor ancUysis the "metric tensor" and is denoted by Umn (in 
geometrical tensor literature by gmn-) 
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The metric tensor Omn represents the additional characteristics acquired 
by the electrual network owing to its linkage with an underlying magnetic 
network. It ks a symmetrical tensor of valence two. (It may be men¬ 
tioned that in the presence of permanent magnets the inductance tensor 
Imn is not symmetrical, since the linkage is unidirectional, no flux lines 
linking the magnet, and it cannot be assumed as the metric tensor amn-) 
For instance, the metric tensor of a two-winding transformer 
(Fig. 18.3) is 


18.1 


Fig. 18.3. —Two-winding Transformer 
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In mechanical problems the moments of inertias and the products of 
inertias of the various masses may form the components of a metric 
tensor. 

(b) It is one of the few tensors of valence two whose inverse is 
denoted by the same base letter as (Other tensors are, for 

instance, whose inverse is C“', also the unit tensor whose inverse 
is /f.) The inverse of that of the two-winding transformer is 



L./D 

-M/D 

-M/D 

LpID 


where D = LpL, — AP, Since the short-circuit inductance of the prim¬ 
ary winding is Lp = Lp — AP/LpL», therefore D — LpLp = L,L,'. 
Also, if the leakage coefficients are \p = M/Lp and X« = the 

inverse metric tensor is 


\ m 

w\, P 




— X*/ 

i/ii 


(c) Since inductances are proportional to permeances (equation 
17.39 and the inverse of a permeance is a reluctance), it may be said 
that: 

1. The metric tensor amn represents the self- and mutual permeances 
of the underlying magnetic network measured with all coils of the 
electrical network open-circuited. 
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2. The inverse metric tensor represents the self- and mutual 
reluctances of the underlying magnetic network measured with all 
coils of the electrical network short-circuited. 

Expressing it in another way: 

1. In measuring the components of the metric tensor (imn the 
magnetic flux lines follow paths with the maximum possible permeances 
(Fig. 18.4a). 



(a) Magnetic paths with maximum (6) Magnetic paths with minimum 
permeance permeance 

Fig. 18.4 

2. In measuring the components of the inverse metric tensor the 
magnetic flux lines follow paths with the minimum possible permeances 
(Fig. 18.4J). 


V. THE RAISING AND LOWERING OF INDICES 

(a) The metric tensor amn has the following important properties: 

1. If an upper {contravariant) index of any tensor is multiplied by 
the metric tensor amm the upper index becomes a lower (covariant) index. 
For instance 

K^^.ank = or A'r^^a,^ = 18.4 

All the other indices of the tensor and its base letter remain undis¬ 
turbed. The indices also keep their proper order as 

K”:n%^akr = K^'nrp^ 18.5 

where the third upper index k became the third lower index r. Similarly: 

2. If a lower (covariant) index of any tensor is multiplied by the 
inverse metric tensor a*"", the lower index becomes an upper index. I.e. 

or i^amn^in 18.6 

These rules for changing the indices are not valid for geometric 
objects, only for tensors. (It should be remembered that the indices of 
n-matrices are neither covariant nor contravariant, and these rules 
have no meaning for them.) 

Several indices may be raised and lowered in one step as 

= Kr.Vpl 


18.7 
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(i) Tensors that have the same base letter and the same number 
of indices, but in different position, are called **associated tensors'' 
(Section IV, Chapter VIII.) Hence, associated tensors can be changed 
into each other with the aid of the metric tensor, 

(c) If one index of the metric tensor itself is raised the mixed 
metric tensor is the unit tensor That is 

amna^ = = I = = /^ 18.8 

As a consequence, two dummy indices, one an upper, the other a 
lower index, may interchange their position as 

jRmni* = 18.9 

since R^ni^ = RmhlU'' and = a^^anp 

hence = {Rmk<i^^){anpi^) = Rm^ip = Rm^'in 


VI. ASSOCIATED TENSORS OP THE DESIGN CONSTANTS 

(a) The three design constants or basic invariants of a mesh net¬ 
work are defined as twice covariant 2-tensors r^n, dmnf Smn- If they are 
multiplied by the inverse metric tensor they become mixed 2-tensors, 
namely 


ffnna^ * ri* 


18.10 


Omna 


,nk _ jk 


18.11 


Smna^^ = Sm^ 


18.12 


(6) The mixed resistance tensor contains such ratios as: 


resistance ^ * , r -« - 

— --r~:—;- = == ^ = decrement factor 18.13 

short-circuit inductance L 

For a two-winding transformer 


m 


1/4 

Xp/ Lp 

— X ,/Lf 



rp/Lp 

Xp(rp/ Z»p) 


r./L‘, 


-' 18.14 

In terms of ^'decrement factors" Bp, the mixed resistance tensor is 

P s 

pC 


fir 



— Xp5p 

—’X*4* 



18.15 
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If a coil with resistance r has no mutual inductance with other 
coils, its short-circuit inductance is the same as its own inductance L 
and the corresponding^ term in is rjL, 

(c) The mixed elastance tensor 5 ^” contains such ratios as: 


elastance _ S 

short-circuit inductance L' 


J 

CL' 


= V = frequency factor 


18.16 


If a coil with capacitance C has no mutual inductance with other coils, 
the corresponding term in is 1 /LC, 


Vn. ASSOCIATED TENSORS OF THE ELECTROMAGNETIC QUANTITIES 

(a) If the current vector i^ is multiplied by the metric tensor 
flinn, it gives the flux linkage vector 



18.17 


Hence, the flux linkage vector <j'n may also be written as a covariant 
current im- Similarly, the current vector i^ may also be written as a 
contravariant flux linkage 




18.18 


In mechanical problems **velocity'' v^ and '"momentum" Mm (mass 
X velocity) are in the same relation as “current'* and “flux linkage” 
are in electrical problems. That is, v”' = ilf’" and Mm = Vm- 

ip) If the impressed voltage vector em is multiplied by the inverse 
metric tensor, it gives 




18.19 


There appears to be no concept in electrical engineering usage corre¬ 
sponding to e^. Its components contain expressions such as e/L'. 
It represents the acceleration of the electric charges. 

In mechanical problems "acceleration" a”* and "applied force" fm 
(mass X acceleration) are in the same relation as e”* and em are in elec¬ 
trical problems. 

Similarly there is no electrical equivalent to qn = q”^(imn- (How¬ 
ever, in junction networks both £“ and Qu have a physical inter¬ 
pretation, on the other hand and have none, as will be shown in 
Section XV.) 
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Vm. THE MIXED EQUATIONS OF PERFORMANCE 

(a) The equations of voltage of stationary symmetrical nesh 
networks 

em = (fmn + Lnp + Smnlp)i^ 18.20 

may be expressed in terms of mixed tensors by interchanging the posi¬ 
tion of the two dummy indices n giving 

= (^m“ + I^P + S'f^/p)<t>n 18.21 


That is, if in the equation of voltage the current i”^ is replaced by the 
flux linkage 0m as the variable, then only two types of design constants, 
namely decrement factors 6 and frequency factors u, occur in the equations. 
That is 


•li" *= -f -f 


18.22 


The new is found from the usual z^n by multiplying it by the inverse 
of the inductance of metric tensor. 

(6) Two special cases are of interest: 

1. If the dielectric network is absent 




18.23 


Its matrix contains the differential operator p only in the diagonal 
components as in 


X n 
m \ 

a 

h 

C 

a 

5aa 4* P 

Sab 

Sac 


Sab 

Sbb + P 

She 

c 

Sac 

Sbe 

Sec + P 


18.24 


This matrix is called the "'characteristic matrix,'" and its differential 
equation em = is called the "characteristic equation" or "secular 
equation." A very extensive literature is available in the theory of matrices 
on the properties and methods of solution of these types of differential 
equations. 

2. If the resistances can be neglected, as they can in oscillatory 
circuits, the mixed impedance tensor becomes 

C = np + S-nT/P 


18.25 
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and with no impressed voltages the differential equation of the oscillatory 
system is 


0 - 


18.26 


containing in each of its diagonal components. It is a “character¬ 
istic equation.’* 

(c) Instead of replacing the current i*" by the flux linkage c#)m as 
the variable, the mixed design constants could have been introduced 
by replacing e^ by e”^ by multiplying every term of the equation by a^^ as 


^ = 2 V = (r*n + l\p + 5?n//>;i" 


18.27 


(d) It is the best procedure to set up the mixed impedance tensor 
2 ^**first for the primitive mesh network, then transform it for the actual 
network. The transformation formula of zjf is 


2' = Cr*-cr‘ 





IX. ADVANTAGES OF THE USE OF THE MIXED TENSORS 

For design purposes and for numerical calculations it is advan¬ 
tageous to change the equations from Zmn to zif* or from F"”* to F?m, 
that is from resistances, inductances, and capacities to ratios, namely 
to decrement factors d and frequency factors v. The advantage of their 
use is manifold: 

1. Their value for a given type of apparatus vanes little from one 
design to another, from small to large apparatus, etc., hence the final 
numerical answer can be estimated more easily, fewer mistakes are 
made in placing decimal points, etc. 

2. The same results are valid for several apparatus of different 
sizes. 

3. When the amount of copper or iron or insulation is varied, 
the mixed design constants vary proportionally. 

4. These ratios are little affected by saturation. 

5. In plotting graphs and curves for the quick determination of 
the performance of a line of apparatus of various sizes, the mixed design 
constants are the most logical parameters to use since their number is 
less than the number of usual design constants. 
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6. In finding the roots of the algebraic equations in p to solve the 
differential equations, the roots are functions of the mixed design con¬ 
stants only, 

7. In graphical performance calculations the loci can be easily 
determined if mixed design constants are used for its construction. 

It is possible to replace the mixed design constants developed in the 
previous sections by new and fewer design constants. Their study, how¬ 
ever, is not undertaken here. 

(The rest of this chapter covers geometrical representations and 
may be left out without disturbing the developments that follow.) 

X. THE UNIT ELLIPSE 

(a) When a metric tensor is introduced, both the current vector 
and the flux linkage vector 0m may be denoted by the same base letter 
i or 0, expressing the fact that both current i^ and flux linkage im are 
two different representations of one and the same physical entity i. The 
question now is: What physical entity does the base letter i represent? 
It should be recalled that in Section III, Chapter VIII, this same 
question was left unanswered. 

In order to answer that let first a geometrical representation of the 
metric tensor amn be given by assuming a plane with a rectilinear refer¬ 
ence axis and a current vector on it as explained in Chapter VIIL 
It should be understood that the representation of the current vector i'^ as 
lying in an n-dimensional ordinary space {affine space) is not correct for 
networks^ it is too general, as explained in Section XI, Chapter VIII, 

but it will serve the purpose 
of explaining the geometrical 
concept of magnitude,'* 

Hence let a current vector 
be given, say 

\ w 

a b 

« 1.34 0.772 18.29 

On the plane of Fig. 18.5 
Fig. 18.5 ^The Contravariant Vector it is represented by assuming 

any two lengths OA and OB 
along axes a and b as unity, then measuring OM = 1.34 OA along 
axis a and ON = 0.772 OB along axis 6, determining thereby point X 
by a parallelogram. The length OK represents the given current vector 
i*", since its components OM and ON are 1.34 and 0.772 respectively. 
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(6) The question now arises: What is the ^'magnitude*' of vector OK 
(or what is the ''distance” between points 0 and K)! Theoretically, 
it is permissible to associate with vector OK any arbitrary number and 
call it its "magnitude” (or the “distance between points 0 and -K”). 
Practically, however, the following mechanism is established to attach 
"magnitude” to any vector drawn on the plane with point 0 as its origin. 

Draw any arbitrary ellipse on the plane with its center at 0. By 
definition, any contravariant vector drawn from, the origin 0 to the ellipse 
has unit ''magnitude'' If the vector does not touch the ellipse, its 
"magnitude” is measured with this unit. 

For instance, on Fig. 18.6 the magnitude of vector OK is OKjOP = 
1.73, where point P is the intersection of vector OK with the ellipse. 



That is, in every direction a different length serves as the unit of "magni¬ 
tude," and the same vector OK has a different magnitude if it is rotated 
around the origin, since it cuts off a different length from the ellipse 
along each direction. 

In an n-dimensional space the ellipse becomes an « 1 dimensional 

ellipsoid or a "quadric surface.” 

{c) This elaborate definition of the "magnitude” of a vector (or 
"distance” between two points) reduces to tin- usual definition in the 
special case when (Fig. 18.7): 

1. The axes are at right angles to each other. 

2. The two measuring vectors OA and OB are equal. 
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3. The ellipse is a circle. 

4. The circle passes through points A and B, 

•(d) It is emphasized that there is no relation between the measuring 

vectors OM and ON assumed and the 
ellipse assumed \ they are entirely in¬ 
dependent of each other. The assump¬ 
tion of the measuring vectors deter¬ 
mine the '‘components” of i*”, and 
the assumption of the ellipse deter¬ 
mines the “magnitude” of i*". 

It is also emphasized that it is not 
necessary to define the ''magnitude'* of 
a vector when the "components" of the 
Fig. 18.7.—The Metric Tensor in a For instance, in the 

Euclidean Space general case of the impedance tensor 

2mn the metric tensor a^n may not be 
defined, but nevertheless en and i”* have an existence geometrically 
and physically. 

Hence, in using the equations Cm = Zmni”, the concept of "magnitude" 
does not enter into the study at all. 



XI, THE MAGNITUDE OF A VECTOR 

(fl) The unit ellipse, serving as a scale for the determination of 
"magnitude" may also serve as the geometrical representation of the 
metric tensor amn- .That is, if the components of the metric tensor are 
given the unit ellipse can be constructed. If 



then the unit quadric surface is defined as 



18.30 


18.31 


where i^ may assume any values. For the given value of dmn this 
equation is 

0.6(t«)2 + 2 X 0.547 iH^ + 1.32(t^)2 = 1 


If various values are assumed for i* and the equation is solved for i^, 
the point describes the ellipse of Fig. 18.6. Hence the metric tensor 
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amn determines a quadric surface with the aid of equation 18.31 just as a 
covariant vector em determines a plane with the aid of equation 8.3 
~ 1 )* 

(6) If a vector is given^ its ^'magnitude" is defined with the aid of 
the metric tensor as 


(Magnitude of A*")* = 141* = 


18.32 


This formula is a generalization for rectilinear axes of the Pythagorean 
theorem for rectangular axes. 

For instance, if is the vector given in equation 18.29 and shown 
as OK in Fig. 18.5, then the square of its magnitude is A*a*A or 


and 



1.226 


1.752 



18.33 


Hence, the magnitude of is y/^ = 1.73. Fig. 18.6 also gives for 
OK/OP = 1.73. 

Since amtA”" — A^ the magnitude of .4*" is also 


(Magnitude of 4*")* = 141* = 4^4"* = a^^AmAn 


18.34 


XJI. THE POLE AND POLAR OF AN ELLIPSE 


The contravariant vector A”* represents a point K on Fig. 18.6. If 
it is multiplied by flmn, it becomes a covariant vector = -4„, 


0.6 

0.547 

0.547 

1.32 




1.34 

0.772 



18.35 


It is represented by the line ST on Fig. 18.6 whose intercepts are OK 
= 1/1.227 and OH = 1/1.752. 

There is an interesting relation between the line ol Am and the 
point A^. If the point A”' and the ellipse amn ate given^ the line Amis 
found by drawing tangents from point A^ to the ellipse amn- The tangent 
lines are shown as KS and KT. The line Am connects the points of 
contact of the tangent lines. 
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The point K is called the ''pole,'' and the line ST is called the 
''polar'' of the ellipse. If one is given, the other can be uniquely 
constructed. Hence, the point is the "pole" and the line Am is the 
corresponding "polar" of the ellipse amn^ 

In an w-dimensional space (when A has n components) Ofmn IS an 
w — 1 dimensional quadric surface (ellipsoid), .4*" is a point, and .4m is 
an w — 1 dimensional plane, the “polar plane” of the “pole” with 
respect to the quadric surface. When the ellipsoid (tfmn) is given, for 
every point ^4 of the «-dimensional space belongs one, and only one, 
n — 1 dimensional polar plane A «, and vice versa. 


XIII. THE STORED MAGNETIC ENERGY 


(a) The contravariant vector i”^ represents the currents flowing in 
the meshes. Its “magnitude” is 

(Magnitude of i"*)^ == | i 1^ = amni'^i"' = 27* 18.36 


Hence, the square of the "magnitude" of the current vector i”* is equal to 
twice the stored magnetic energy in the network. 

The covariant vector im = </>« represents the flux linkages of the 
meshes. Its magnitude is 


I 0 I* — — 4>mi^ 


18.37 


That is, the square of the magnitude of the flux linkage vector <t>m is 
also equal to twice the stored magnetic energy. 

Hence, the current vector i”^ and the flux linkage vector 4>m are two 
different types of representation of one and the same physical entity, the 
"stored magnetic energy" or "kinetic energy" of the system. 

(b) The fundamental physical entity existing in a network—or any¬ 
where in nature—is "energy." Every form of energy has the property 
that it is measured by instruments in two different manifestations: 

1. As an "intensity factor," like current i”* or velocity v'^, represented 
as the contravariant components of energy. 

2. As an "extensity factor," like flux linkage <t>m or momentum 
Mm, represented as the covariant components of energy. 

The product of an intensity and an extensity factor is energy, that 
is, the product of a contravariant vector and a covariant vector is energy 
like 27" = = v^Mm^ 

Hence when the “components” of the current vector i^ alone are 
known it is impossible to determine how much stored magnetic energy 
those components represent. Their existence points only to the exist¬ 
ence of a physical entity, namely to that of the magnetic energy. The 
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same applies if the flux linkage vector <t>ni alone is known. If, however, 
the metric tensor Umn is also known then from the current vector alone, 
or from the flux linkage vector alone, the amount of stored magnetic 
energy (the ‘^magnitude” of or may be determined. 

Expressed in another way, with many mesh network there is associated 
an actually existing physical entity^ the stored magnetic energy i. This 
entity has two types of components in the network, that can be meas¬ 
ured by two different types of instruments. The contravariant com¬ 
ponents t*" are measured by an ammeter, the covariant components 
in by a flux meter. 

There is no such physically existing quantity in a network as the 
**resultant current vector” or the ” resultant flux linkage f^ector ” There 
iSt however, a physically existing quantity, the resultant stored magnetic 
energy” i, which has ”contravariant components” i”* and ”covariant 
components” in = <l>m- The components of i may assume different 
values as the reference frame varies, but the magnitude of i is inde¬ 
pendent of the reference frame assumed. 

XIV. THE THERMODYNAMICS OF NETWORKS 

(a) For the sake of simplicity let an orthogonal network with only 
stored magnetic energy be assumed, say a multiwinding transformer 
network in which the winding resistances are ignored. 

In any orthogonal network of n coils the k meshes with k impressed 
voltages e may be assumed as input terminals, while the n — k 
junction-pairs supplying n — k load currents I to outside loads may be 
assumed as output terminals. That is, any orthogonal network may be 
considered as a generalized transformer in which the meshes are the i nput 
terminals and the junction-pairs the output terminals. Energy flows 
into the meshes and out of the junction-pairs, and the network serves 
as a device transforming the magnitude, phase, and number of voltages 
and currents. 

Hence an orthogonal network transforms one form of electrical 
energy into another form. 

(i) In an orthogonal network the metric tensor a = fla/j (representing 
the self- and mutual inductances) may assume two extreme values: 

1. When the junction-pairs are open and no current I is supplied 
to the load, a is equal to that of the mesh network ai and it has k 
rows and columns. 

2. When the junction-pairs are short-circuited and no terminal 
voltage E appears across the loads, a becomes 

a' = ai — a2*a4“'*a3 


18.38 
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In the first case the stored magnetic energy in the network is a 
minimum and the flux lines follow paths with the maximum possible 
permeances. In the second case the stored magnetic energy is a maxi¬ 
mum and the flux lines follow paths with the minimum possible perme¬ 
ances. When the network supplies a load the stored energy assumes 
an intermediate value between the two extreme values. The flow of 
energy is taking place at constant temperature (“isothermal” process). 

The minimum possible stored energy is called the '*bound energy*' of 
the network, and the difference between the maximum possible and the 
minimum possible stored energy is called its 'free energy" {pr "thermo¬ 
dynamic potential"). 

Any energy that departs from the system leaves it at the expense of 
the free energy. The “free energy” represents the ability of the net¬ 
work to supply energy to an outside load. 

(c) The "efficiency" of a network to supply outside loads may be 
represented by the single number 

__ free energy _ _ maximum energy — minimum energy . g 

^ maximum stored energy maximum stored energy 

In a two-winding transformer this ratio becomes the “coupling 
coefficient.” Hence, rj also represents the amount of coupling existing 
between the meshes and the junction-pairs. 

{d) These interesting and important thermodynamical consider¬ 
ations are not continued at this point. 

XV. THE DUAL METRIC TENSOR 

(a) In junction networks the previous reasoning may be repeated 
word for word except that the "dual" quantities are interchanged. 

The capacitance tensor plays the role of the dual metric tensor 
that raises and lowers indices of tensors that occur in its equation of 
current. Hence the mixed tensors are 

= II; = K\ 

The mixed conductance tensor represents 

conductance G 

-: - ;; - ^ ^ 

open-arcuit capacitance C 

and the mixed susceptance tensor K\ represents 

_ susceptance _ K ^ 1 

open-circuit capacitance C' LC 


18.40 


18.41 


18.42 
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(6) The contravariant voltage variable 




18.43 


is equivalent to the electric charges so that Eu ^ Qu‘ 

However, now /« = and have no physical inter¬ 

pretation, while in mesh networks e”^ and rjrn have none. 

In terms of mixed tensors the equation of current is 

I- = (G“. + /?P + K\/p)Q^ - 18.44 


(c) The square of the ''magnitude'' of the voltage vector Eu (or 
charge vector is equal to twice the stored electrostatic energy m the 
network 


|£|2 = \Q\2 ^ A^-EuRv - AuvQ^Q'' = £u(?“ =•■ 2 V 


18.45 


Hence the voltage vector Eu and the charge vector are two different 
types of representation of one and the same physical entity, the "stored 
electrostatic energy" or "potential energy " of the system, 

{d) It should be noted that from a theoretical point of view there 
is no reason to prefer the use of a^n = Imn instead of ^4“" = In 
all books on tensor analysis only a^n is considered as the sole metric 
tensor since the dual point of view is not introduced. However, the 
dual point of view in network (and in topological) studies necessitates 
the introduction of a dual metric tensor, as well as other dual concepts 
and equations. 


XVI. “UNDERLYING” SPACES AND “LOCAL” SPACES 

(a) In Chapter VIII the contravariant variable i^ was geometric¬ 
ally represented (as a first approximation) by a point in an w-dimen- 
sional affine space whose projections (measured from a common origin) 
represented the components of i”*. However, when i^ becomes a 
variable dq^jdt derived from a basic variable g"*, then even this 
approximate representation needs further extension. Only the basic 
variable q^ is represented by a vector drawn from the fixed origin to a 
variable point. 

In order to visualize better the representation of the derived 
variable i”*, assume that the point g*" lies on a curved surface, like that 
of a sphere, having a fixed origin from which all components of g”* are 
measured along some curvilinear set of axes. In order to represent 
i^ =5 dq^ldt, assume a tangent plane at point g"* (Fig. 18.8). As point 
g”* moveSt this tangent plane also moves with it. In the tangent plane 
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at each point a set of reference axes may be drawn, each axis being 
tangent to an axis on the underlying curved surface. That is, point 
the point of contact of the plane and the surface, serves as the 
origin of the reference frame on the tangent plane. In the general case 
both surface and plane are w-dimensional. 

( 6 ) Now, the derived variable i^ is represented by 
a point on the tangent plane just as the basic 
variable q”^ is represented by a point on the 
underlying surface. Since point q”' serves as the 
origin of i”*, the origin of 5 ”* is fixed, while the 
origin of i”* is not fixed. As the value of q”^ 
varies, the local space moves on the underlying 
space, carrying along t*”. 

The curved surface, the locus of the basic 
variable is called the ''underlying space” and 
the plane, the locus of the derived variable dq”^ 
or difi^jdt, is called the "local space” or ‘‘tangent 
space.” In network studies the underlying space is not curved but 
flat, so that in two dimensions it becomes a plane and the two spaces, 
coincide. In such a case i”* is represented by a vector drawn between two 
points q^ = OA and q”^ + dq^ldt = OJB, as shown in Fig. 18.9. 



Fig. 18 . 8 .—A Curved 
Underlying Space and 
a Fiat Local Space 




Fig. 18.9 —Vector with Fixed Origin 

Vector i*” with Variable Origin 


Fig. 18.10. —Variation of the Metric 
Tensor from Point to Point 


As the value of q^ changes to OA\ i”^ changes to A^B\ 

(c) The variable point q”^ serves as origin not only to dq^ or to 
dq^jdt but to every other tensor defined. In other words, all tensors 
previously introduced are assumed to lie in the tangent space whose point 
of contact with the underlying space varies as q'^ varies. 

For instance, the center of the ellipsoid representing the metric 
tensor a^n also moves with point q'^ as shown in Fig. 18.10. If ann is 
a function of g*”, then at every point of the underlying space the ellipsoid 
Umn has a different shape. That is, in general the measuring unit of 
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the “length** of a vector not only is different along different directions, 
but it also varies fiom point to point of the underlying space. 

(d) In this Chapter the question was investigated, ''What is the 
magnitude of a vector?" This question called into existence the first 
fundamental invariant of Tensor Analysis, the “metric tensor”, 

Since the position of all vectors changes as g”* changes, also a vector 
such as AB on Fig. 18.9, moves to A'B\ The movement of vectors 
from place to place brings up the question, "When is the vector A'B' 
parallel to vector AB?" This question calls into existence, the second 
fundamental invariant of Tensor Analysis, the "affine connection" 
ri/j that however is not introduced in this volume. The resistance 
tensor ra^ will also play a part in the definition of parallelism of two 
vectors. 



CHAPTER XIX 


COMPOUND NETWORKS 

I. THE BASIC EQUATIONS OF ACTIVE, ASYMMETRICAL NETWORKS 

(a) After the equation of performance of a network has been set up, 
usually it is subjected to further manipulations. For purposes of 
manipulation the single tensor equation is subdivided into two, three, 
four, or more tensor equations depending on the problem at hand. 
In particular the following subdivisions are made: 

1 . The equation of voltage of a mesh network e = z-i is divided as 

©1 = + Zi 2 *i^ + Zi 3 *i^ zin'i^ 

62 = Z2rP + Z22-P + Z23*i3 + •*• Z2n*i« 

63 = Z3i*i^ + Z 32 *i^ + Z33*r^ . Z3n*i^ 19.1 


Cn = Znl*i^ + Zn2*i2 + Zn3*i* + . . . Znn*i” 

This set of n tensor equations is analogous to the set of n ordinary 
equations representing the equation of voltage of an »-mesh network. 

2. The equation of current of a junction network I = Y-E is 
divided as 

V = yii.Ei + Y12.E2 + Y13.E3 + ••• yi^.En 

P = Y 2 I.E 1 + Y22-E2 + Y 23 .E 3 + ••• Y2».E„ 

P = Y3i.Ei + Y32.E2 + Y33-E3 + ••• YS'^-En 19.2 


In =: Ynl.Ei + Y"2-E2 + Y^^-Es + ••• Y"«.En 

This set of n tensor equations is analogous to the set of n ordinary 
equations representing the equations of a network with n junction- 
pairs. 

3. The equation of voltage of an orthogonal network E + e 
= z- (i + I) is first subdivided into the orthogonal equations of voltage 

Em + Cm = Zmm*(i*" + I*") + Zmj*(P + 10 

E/ + 6 / = Z/m*(i"* + I”) + Z,y(P + 10 
480 


19.3 
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each of which may be divided into two or more equations as 

+ e«, = Zmiin/Ci”* + I”*) + + I™*) + • • • • 

+ + I'O + + !'«) +- 

E«, + e™, = + I”!) + z,„,„,-(i’"2 + I”^) +- 

+ + I'O + + I'O +- 


E/i + e,-, = Zjimi'fl**! + I"*’) + z,j*,j-(i’"2 -f I”’^) + .... 

+ + I'O + + I'O + — 

E», + ey, = Zy,„,-(i’»« + I™!) + +- 

+ + I'O + + I'O + • • • • 


19.4 

This set of tw + n invariant equations is a generalization of the 
ordinary equations of voltage of an orthogonal network with m meshes 
and n junction-pairs. 

4. The equation of current of an orthogonal network i -f I 
= Y*(E -f e) is first subdivided into the orthogonal equations of 
current 

I« 4 - i" = y'"''‘.(E„ 4- e.„) + ¥”■'•(£, + e,) 

19.5 

!'• -f i' = ¥'"•(£„. -f e„,) 4 Y''.(E, + e,) 
each of which may be divided into two or more equations as 

im. + I«, = + e„,) -4 Y^.^j-fE™^ + e,„,) -)-•••• 

4 - Y^w.-CE,, + e,,) -f 4 e,,) -f-- 

i". 4 I-i = Y’".»'i*(E„, 4 e„,) 4 Y”' 2 '" 2 .(E„, 4 Cm,) 4 • • • • 

4 Y’"j'i*(E,, 4 e,-,) 4 Y’" 2 »i.(Eyj 4 «;,) 4 • • • • 


i'l 4 I'* = Y'l^i'fEm, 4 Cm,) 4 Y'i’" 2 *(Emj 4 6 *.,) 4 •••• 

4 Y' 2 ' 1 '(E,, 4 Cj-j) 4 Y'i '2 •(£,-, 4 ©y,) 4 • • • • 

i'* 4 V* = YA"x.(Em, 4 ©m,) 4 Y' 2 "' 2 *(Emj 4 ©m,) 4 • • • • 

4 Y'Vi-(Ey, 4 ©y,) 4 Y' 2 ^i*(Eyj 4 ©y^ 4 .... 


19.6 

This set of m 4 tt tensor equations is again analogous to the ordi¬ 
nary equations of current of an orthogonal network having n meshes 
and »junction-pairs. 
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(b) T'hese four sets of tensor equations represent the basic equations 
of active, asymmetrical networks, serving as a starting point for their 
analysis and synthesis. Each tensor equation refers to a set of axes 
whose functions remain identical during the analysis. 

It cannot be sufficiently emphasized that these four sets of equa¬ 
tions are not matric equations. They are tensor equations representing 
the performance of a large variety of networks, and not just one par¬ 
ticular network. In the previous pages the mechanism has been estab¬ 
lished by which it is possible to find the components of these tensors for 
any particular network of n coils if they are known for any other network 
of n coils. The various groups of transformations that leave these tensor 
equations invariant are all subgroups of the ''group of linear transforma¬ 
tions" or "affine transformations" Gu. Some of the group of transforma¬ 
tions are defined in Section VI, Chapter XI. 


n. COMPOUND NETWORKS 

(a) A set of tensor equations is analogous in form to a set of 
ordinary equations representing some physical system. In order to 
visualize a set of tensor equations it seems logical to set up physical 
systerrs in which each building block itself is a system and so each of 
its elements is represented by a tensor, instead of a single number. 
Such fictitious physical systems in which each building block represents 
a whole system instead of a single element will be called here “com¬ 
pound systems” (in analogy to “compound tensors” in which each 
component is a tensor instead of a single number). 

In order to represent physically the set of tensor equations of the 
previous section, a fictitious "compound network" is introduced in which 
the self- and mutual impedances of the coils are tensors of valence two 
and the currents and voltages in the individual coils are vectors, instead of 
single quantities. Such compound coils will be drawn with heavy lines 
to distinguish them from ordinary coils. Each compound coil represents 
a whole network. 

The fictitious compound networks, whose equations are given in the 
previous section, are shown in Fig. 19.1 for the case when the number 
of tensor equations is four. That is, in a compound mesh network 
currents and voltages are considered only in meshes, in a compound 
junction-network only across junction-pairs, and in a compound 
orthogonal network the currents and voltages are considered both in 
the meshes and across the junction-pairs. 

Elach compound coil represents a whole network whose reference 
frame may be the actual circuits, or hypothetical axes like symmetrical 
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components. The components of each z may be actual inductances or 
any other hypothetical constants like leakage reactances. That is, 
the individual refereilce axes of each compound coil may be changed 
arbitrarily by an '' individual transformation tensor," without making 
any changes in the compound network. Each compound coil possesses 
its own individual transformation tensor. 



(a) Compound mesh network (6) Compound junction network 





(c) Compound orthogonal network 
Fig. 19.1.—The Three Types of Compound Networks 

The use of compound networks is introduced in order to analyze 
complex networks and to set up, manipulate, and solve their tensor 
equations with the same facility as analogous ordinary networks are 
analyzed. 

(6) Whatever theories, laws, equations, etc., have been developed in the 
previous sections for ordinary networks are all valid for compound net- 
works by simply replacing single quantities by appropriate tensors, and 
single tensors by appropriate compound tensors. 

For instance, it is possible to interconnect compound coils (each coil 
representing a whole network) with a compound transformation tensor 
C in which each component is a tensor of valence two instead of an integer), 
or to use several compound transformation tensors in succession. Or 
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it is possible to eliminate certain meshes or junction-pairs which are 
not needed, or to eliminate magnetizing currents, and so on. The 
method of analysis and the manipulation of compound networks are 
analogous to those of ordinary networks, with certain precautions. 

ra. THE FUNCTIONAL SUBDIVISION OF NETWORKS 

(a) There are several ways of considering a whole network as a 
compound network. The most obvious way is to divide the network 
physically into component parts, that is, to assume the network of 
being built up from small units arranged in shunt or in series. A small 
unit may consist of, say, a three-phase transformer, or a generator, or a 
transmission line, etc. Another, less evident but far more important, 
point of view is to divide the meshes and junction-pairs into smaller 
units according to their functions• 

(&) The junction-pairs of a network may perform various functions. 
In particular: 

1 . Some junction-pairs may serve as terminals for impressed 
voltages E or impressed currents I. Such junction-pairs may be called 
input terminals. 

2 . Some may serve as terminals for loads or outside networks that 
do not appear in the equations or in the network diagram. In that 
case I represents the currents flowing into the loads and E the differ¬ 
ences of potential appearing across the loads. Such junction-pairs 
may be called output terminals. 

3. Some junction-pairs may be under control. For instance, their 
difference of potential E may be maintained constant by a voltage 
regulator or it may follow some other predetermined values, etc. 

4. Some junction-pairs may be subjected to certain changes. A 
coil with impedance Z may be connected across them or their impressed 
voltage may vary or they may be short-circuited, etc. 

5. Some junction-pairs are permanently open-circuited and no 
junction-currents flow through them. The knowledge of the differences 
of potential E appearing across them is often not needed, hence the 
corresponding axes may be eliminated from Y. 

(c) The various meshes of a network may perform analogous func¬ 
tions. However, the function of a mesh usually is not as clear-cut as 
that of a junction-pair. For instance, a mesh voltage Ca may play the 
part of an input terminal voltage only if around the whole mesh (con¬ 
sisting of several coils) one impressed voltage exists (Fig. 19.2a) and 
also if that impressed voltage Ca exists in a branch which is not common 
to other meshes. Similar remarks apply to other mesh quantities 
such as load in a mesh. Fig. 19.26, etc. 
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(d) In the same network any number and type of junction-pairs 
and meshes may occur, differing functionally from one another. As a 
consequence the single tensor equation of performance is subdivided into 
as many tensor equations as there are functionally different types of 
junction-pairs and meshes. 

The functional subdivision of networks is treated in greater detail 
in Chapters XXII and XXI11. In the next few sections certain gen- 



fa) Mesh-voltage as (h) Mcsh-coil as 

terminal voltage terminal load 

Fig. 19.2.—Mesh Quantities as Terminal Quantities 


eral network theorems are developed to reduce the number of tensor 
equations needed in the analysis. 


IV. THE ELIMINATION OF VARIABLES 

(a) The equation of performance of a network is divided into as 
many tensor equations as there are functionally different types of junction- 
pairs and meshes. However, it often happens that some of the junction- 
pairs or meshes are not needed in the analysis. For instance, junction- 
pairs through which no currents I flow, or meshes in which no impressed 
coil voltages e exist, are inactive as far as analysis is concerned and the 
corresponding tensor equations act only as excess baggage during the 
analysis and in the final equations. Such superfluous equations should 
be eliminated first before the analysis begins. 

It should be remembered that, when the equation of voltage (z) is 
set up, the inactive junction-pairs are ignored, but the inactive meshes 
cannot be ignored. To ignore them, the equations themselves have to 
be reduced by the reduction formulas of Chapter X. Similarly, when 
the equation of current (Y) is set up, only the inactive meshes can be 
ignored. The junction-pairs may be ignored only by reducing 

the already established equations. 
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(6) Compound networks and their tensor equations may be simplified 
in the same manner as ordinary networks and their equations. That is, 
their number of meshes may be reduced by a mesh-star transformation, 
their number of junction-pairs by a star-mesh transformation, etc. 
These reductions are performed by eliminating one or more variables 
from their set of tensor equations by the reduction formulas given in 
Chapter X. 

These reductions of superfluous axes should be performed, if 
possible, before the manipulation of the equations is undertaken. 


V. REDUCTION OF COMPOUND JUNCTION NETWORKS 


(a) As an example let a junction network such as Fig. 19.3 contain 
three types of junction-pairs. Across the first set of junction-pairs the 




{b) Two types of compound 
junction networks 



(c) Equivalent r-network 


Fig. 19.3.—Replacement of an Ordinary Junction Network by a Compound Junction 

Network 


voltages El (£i, £ 2 , £ 3 ) are impressed, the second set is connected 
across some loads having a difference of potential E 2 (£4, £5, -Ee, £71 
£ 3 ) across them. The remaining junction-pairs E 3 (£ 9 , Eio, £ 11 ) are 
permanently open-circuited and play no part in the problem, but their 
presence must be considered in setting up the equations of currents. 

Accordingly, the equation of current of the system I = Y*E con¬ 
taining eleven ordinary equations is to be subdivided into three tensor 
equations as 
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V = y^-E, ~ Y2.E2 - Y^.Ea 

P = Y^-Ei ~ YS.E 2 - Y«-E3 19.7 

0 = Y7.Ei - YS-E2 - Y«.E;j 

Assuming the impressed voltage Ei as positive, the differences of 
potential across the load E 2 and across the open junction-pairs E.j are 
negative. Also P = 0 . The input current is I’, and the load current 
is I^. The first tensor equation represents three ordinary eejuations, 
the second represents five, and the third three ordinary equations. 
These tensor equations are valid for any other junction network 
having the same three types of junction-pairs. 

The compound junction network representing the three tensor 
equations is shown in Fig. 19.36 in two different forms. They have 
three junction-pairs {one junction-pair for each equation), hence four 
junctions. The number of compound meshes to be used is immaterial 
since they do not appear in the tensor equations. For purposes of 
analysis the simple compound network of Fig. 19.36 replaces the 
complex actual network of Fig. 19.3'i. (It may be mentioned that the 
single tensor equation I = Y*E is represented by a single open-circuited 
coil having one junction-pair.) 

( 6 ) Now if only the input quantities Ei, I* and the output quantities 
E 2 , are needed in the analysis, then the variable E 3 may be elimin¬ 
ated, thereby reducing the three tensor equations to two. As a result of the 
elimination, the compound junction network of Fig. 19.36 is simplified 
to that of Fig. •19.3c containing two junction-pairs in place of three. 
The coils of the simplified compound network are arranged in a tt. 

(c) The equations of the new netw^ork of Fig. 19.3c are found by 
eliminating E 3 from the third equation of equation 19.7 by the reduc¬ 
tion formulae 14.63 and 14.64 giving 

V = Y^'-Ei - Y^''-E 2 

19.8 

P = Y^'.Ei ~ Y^'.Ez 
where the set of open-circuit admittances are 
yi' = yi — y3.y9-1.y7 
y2' = y2 __ y3.y9-i,Y8 

representing a v-network (a network with two junction-pairs) having 
only input and output terminals. The permanently open-circuited 
junction-pairs have disappeared from the picture. Their place is taken 
by the primed admittances Y^', Y^', Y^', Y"*' representing the self- and 
mutual admittances of the input and output terminals measured with 
the remaining junction-pairs open-dreuited. 


Y3 ' = y*^ — Y^'Y^-^-Y^ 
Y4 ' = y® — Y®«Y^~^*Y* 
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(d) If the superfluous junction-pairs are not permanently open but 
have currents P impressed upon them, their equation still can be 
eliminated and the system reduced to a ir network. However, the 
impressed currents I* and I- change to a new value I^' and P' found 
by the reduction formulas as 


r' = V - 

12' = 12 __ 


19.10 


It should be remembered that, in order to eliminate k junction- 
pairs from a system, it is necessary to calculate the inverse Of a matrix 
Y® having k rows and column. 

The analysis of the simplified equations 19.8 is much simpler than 
that of the original equations 19.7. 

(e) Similar steps are followed if two or more tensor equations are to 
be eliminated instead of one and if the original set contains more than 
three equations. 


VI. REDUCTION OF COMPOUND MESH NETWORKS 

(a) Instead of a junction-network let now a mesh network such as 
Fig. 19.4a be considered containing a set of input meshes with current 
P) and output meshes with current P(i’^ i^) and also a third set 
of meshes with current P(P — i^^) that do not play any part in the 
analysis. The compound network is shown in Fig. 19.46, containing 
three meshes. 

The three tensor equations, representing the set of ordinary equa¬ 
tions e = z • i of all mesh networks with three types of meshes, are 

Cl = Zi«P + Z2*P + Z3-P 

02 = Z4*P + Zs-P + Zo-P 19.11 

63 = Z7*i^ + Zs^P + Z9-P 

The third set of meshes is eliminated by the reduction formula 
10.28 or by the same procedure used with ordinary equations, giving 


where 


ei' = zi'*P + Z2''P 
62 ' = Zs'-P + Z 4 -P 


ei' = ei — Z3-Z9 ^-03 
02^ = 02 Z 6 *Z ^^*03 


Zi' = Zi - Z3'Zj'^*Z7 Z 3 ' = Z4 - Z6*Zi'^*Z7 

^2 = Z2 “ Zs'Z^^'Zg == Z5 — Z6*Z^^*Z8 


19.12 

19.13 

19.14 
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The primed impedances Zi', Z 2 ', Z 3 ', and Za! are the self- and mutual 
impedances of the input and output terminals measured while currents 
flow in the remaining meshes. The new impressed voltages ei' and 62 ' 
involve the voltage 63 impressed in the eliminated meshes. When the 
eliminated meshes contain no impressed voltages, then ei' and 62 ' are 
equal to ei and 62 respectively. 

( 6 ) Similar steps are followed if the original set contains more than 
three tensor equations and if more than one equation is eliminated. 



(a) Given mesh network {c) Equivalent T-network 


Fig. 19.4. —Replacement of an Ordinary Mesh Network by a Compound Network 

VII. REDUCTION OF COMPOUND ORTHOGONAL NETWORKS 

(a) Let an ortliogonal network with say two types of meshes and 
two types of junction-pairs be given as shown in Fig. 19.Sa Their 


(a) Before reduction (6) After reduction 

Fig. 19.5.—Simplification of a Compound Orthogonal Network 

equations are given in equation 19.4 as 

61 = Zi*i^ -f- Z2*i^ + Z3*I^ + Z4'P 

62 == + Z6»i^ + ZtV + Zs-P 

El = Z9»i^ -j- Zio*i^ + Zii«l^ + Zi2*l^ 

E2 = Zi3»i^ -j- Zi4»i^ + Zi6»I^ “F Zi6»P 





19.15 
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(6) Let it be assumed that one of the meshes and one of the junc¬ 
tion-pairs are superfluous for the analysis. Hence, let the second and 
fourth tensor equations be eliminated, leaving only an equivalent network 
with one mesh and one junction-pair as shown in Fig. 19.56. 

It should be noted that the eliminated mesh has impressed voltages 
02 and the eliminated junction-pair supplies a load with — P (or has 
an impressed current I^.) 

Eliminating from the last equation 

p = -ZiV.(Zi 3 -i' + Zl 4 -i 2 + z, 5 .I' - Ez) 

Substituting into the remaining three equations 

ei = (Zl — Z 4 -Zi 8 **Z| 3 )-i' + (Z 2 - Z 4 -Z,V- 2 i|)»i 2 

+ (Z3 - Z4-ZiV-Zi5)*I' +Z4-Z,V*E2 

62 = (Zs - Z8-Z,V-Zi3)*i‘ + (Ze - Z8*Z,V-Zi4)*i^ 

+ (Z 7 - Z8-Z,V-Zl5)-I‘ + Z 8 -Z,V-E 2 

El = (Z9 - Zlz-ZiV-Zls)*!’ + (Zio - Zi2-Z,V-Zi4)*i2 

4- (Zll - Zi2‘ZiV«Zi5hI' + Zi 2 *ZiV*E 2 
li may be written as 

ei = z'l-i* + Z 2 *i 2 + Z3-I‘ + Z4*ZiV‘E2 

62 = Z5*i‘ + Zfl-P + Z^I* + Zs'ZiV-Ez 

El = Zfl'i* + + z5i-I' + Zi 2 -ZiV-E 2 

(c) Eliminating from the .second equation 

= -Zft-' (z5-i' + z'r’V -f- Zs-Zni’-Ez - 62) 

Substituting into the other two equations 

ei - Z 2 *Ze“'-e 2 - (ZfZiV - Z 2 *Z^-’•Z 8 *Z,V)*E 2 

= (zl - zi-z^-*-z.0*i> + (Z 3 - Z 2 -Ze-‘*Z 7 )-I* 

El — zio'Zg-’*62 — (ziz’ZiV — Zio’Za"'•Z8*zffl’)-E2 
= (Zo - z'lo-Z^-'-Zs)-!* + (z'li - zio-Zo-'-Z 7 )-Il 

These two equations may be written as 
e" = z;'-i> + Z 2 -P 
E;' = za-i* + zi'-P 

where the double-primed impedances represent the self- and mutual 
impedances of the retained mesh and junction-pair, measured in the 
presence of the eliminated mesh and junction-pair. Similarly e" and 


19.16 


19.17 
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El are the changed terminal voltages differing from the actual ei 
and El because of the existence of the eliminated 62 and E 2 . 

VIII. TERMINOLOGY OF COMPOUND NETWORKS 

The concept of compound networks in which each coil represents a 
whole network having been introduced, it follows that the whole 
impedance terminology of ordinary networks can be transferred to com- 
pound networks by replacing ordinary numbers with appropriate tensors. 

Some of the impedance terminology hitherto introduced into the 
study of compound networks are: 

1. Self- and mutual impedances Zn, Z12, and admittances 

(also called “driving-point** and “transfer** impedances and admit¬ 
tances in ordinary networks). 

2 . Short-circuit self-impedance zjj (equal to Zu — Zi 2 'Z^ 2 ^*Z 2 i) and 

open-circuit self-admittance Y'^^ (equal to Y^’ — .Y 2 i). 

3. Short-circuit mutual (transfer) impedances ZJ 2 and open-circuit 
mutual admittances Y'^^ existing between several sets of terminals, 
such as given in equations (19.12) and (19.9). 

Other concepts are, for instance: 

4. Leakage coefficients X = (mutual impedance)/(self-impedance) or 
(mutual admittance)/(self-admittance), like Zi 2 *Zn^ or Y^^-Y^’'^ 
They are tensors of valence two in which each component is the ratio 
of two impedances or admittances. 

Such leakage coefficients have already been introduced in equations 
19.10 and 19.13 where it is shown that any impressed voltage e or 
impressed current 1 of a set of terminals may be transferred to another set 
of terminals by multiplying them with their respective leakage coefficients. 
The product represents the open-circuit voltage appearing across the 
second set of terminals. 

For instance, in equation 19.13 the impressed voltage 03 may be, 
transferred to the input terminals as — Z 3 *z^^»e 3 , where Zs-Zg ^ is its 
leakage coefficient. Similarly in equation 19.10 the impressed current 
I3 is transferred to the output terminals as — Y^-Y^-^-Is, where 
Y 6 *Y®”^ is its leakage coefficient. The product represents the short- 
circuit current at the output terminals. 

5. Leakage impedances Zi = Z\\—%i 2 — self-impedance minus mutual 
impedance and leakage admittances Y^ = Y^^ — Y^^^ instance, 
the tensor equations of a symmetrical two-mesh compound network 

01 = + Zi2*i2 

02 = Zl2*i^ + Z22*i* 


19.18 
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may be represented by the T-network of Fig. 19.66 having no mutual 
impedances between the three coils where Zi =Zii — Z 12 and Z 2 = Z 22 —Z 12 
analogously to the equivalent T-network of a two-winding transformer. 


Zir^U 222-2 i2 



(a) Two-mesh network (b) Equivalent T-network 

Fig. 19.6 


IX. THE PHYSICAL SUBDIVISION OF NETWORKS 

(а) In the previous sections a network was assumed to be composed 
of compound coils where the coils differed from one another in func¬ 
tional behavior. Another way of assuming a network to be composed 
of compound coils is to subdivide the network physically into smaller 
component networks, each represented by a compound coil, so that 
the actual network consists of these componenc networks connected 
in shunt or series, etc. 

An example of such a division of a network is a three-phase trans¬ 
mission network built up by a collection of transmission lines, trans¬ 
formers, generators, loads, etc. 

Another example is a vacuum-tube circuit consisting of amplifiers, 
modulators, transformers, static networks, etc., interconnected in 
various wa>'s. Other examples are communication networks consisting 
of sending and receiving apparatus, transmission lines, filters, corrective 
networks, interconnected four-terminal networks, etc.; power drives 
consisting of various types of rotating machines interconnected with 
static networks; also control systems, relay systems, etc. Practically 
all electrical and electromechanical systems can be divided physically 
into numerous smaller units each of which can be analyzed separately, 
then reassembled into the original system. 

Certain general principles are identical for the analysis of all 
complex systems; some of them will be illustrated by a more detailed 
analysis of three-phase transmission systems. 

(б) The method of analysis of compound networks parallels the 
analysis of ordinary networks with the difference that each ordinary quan¬ 
tity is replaced by a tensor, and each tensor by a compound tensor. That 
is, if the compound network is, say, a mesh network, then: 

1. A compound primitive network is set up and its geometric 
objects z, e, and i (compound tensors) are established. 
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2. The current flow in the compound network is established. 

3. A compound transformation tensor C is set up (showing the 
manner of interconnection of the compound coils) by equating the old 
and the new currents flowing in each coil. 

4. The geometric objects of the actual network are established as 

z' = Cj-Z'C, e' = Q-e, i' = z'“^*e'. The individual coil quantities 
are found by i = C-i', = z-C-i', = C-y'-C,*, and so on. 

Of course a compound network may be analyzed as a mesh, as a 
junction, or as an orthogonal network, according to the problem. 

(c) It will be found that the second step, namely the establishment 
of the flow of the currents through the compound network, is not such 
a simple procedure as it is in ordinary networks, since the manner of 
interconnection of the individual coils of each compound coil also 
has to be considered. 


X. THREE-PHASE APPARATUS AS COMPOUND COILS 


(a) In three-phase compound networks it will be assumed for the 
sake of simplicity that Ihe impedance tensor z oj each compound coil 
before interconnection is expressed along the three individual coils (along 
the individual primitive network), that is, each z has three rows and 
columns or its multiple. (Of course, in general compound networks the 
individual coils may be expressed along any arbitrary axes.) An 
individual transformation tensor is also set up for each apparatus to 
change its primitive network to the actual apparatus. 

{b) The impedance tensor of unbalanced three-phase generators or 
transmi.ssion lines or loads may be expressed as 



a 

b 

C 

a 

Zi 

2, 

2s 

z = b 

z* 

Zi 

2? 

c 

27 

z» 

2» 
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(a) Three-phase apparatus (6) Compound coil 
Fig. 19.7 


This tensor in the general case is not symmetrical. As a compound 
network it is represented by a single coil as shown in Fig. 19.76. Some 
special cases are shown in the first column of Table 19.1. 

(c) The impedaiK'e tensors of three-phase multiwinding transformers 
have three, six, nine, twelve, etc., rows and columns, depending on 
their degrees of freedom. Their components may represent actual or 
leakage reactances as shown in Section XI, Chapter XI. In terms of 
leakage reactances the impedance tensor of a two-windings three-phase 




Table 19.1.—Individual Impedance Tensors z of Various Types of Three-phase Coils 
First column— z along phase axes Second column— z along sequence axes 


transformer consisting of three single-phase transformers is, if magnetiz¬ 
ing currents are neglected, 
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That is, each compound leakage reactance has a diagon il mi^trix. If the 
three single-phase transformers are different, the three components 
along the diagonal are also different. 

The impedance tensor of three-phase three-winding transformers in 
terms of leakage reactances is 

1 2 3 

1 


3 



Zl -2 

Zl-3 

ZU2 


Z2-3 

Zl-3 

Z2-3 



each component being a diagonal tensor of valence two. 

When the three phases are on the same magnetic network, mutual 
inductances exist between the phases and the impedance tensor of a 
two-winding transformer is, if the magnetizing current is to be neglected 


1 2 


Zl-l 

Zl-2 

Zl-2 

Z2-2 
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Zc-b 

e. 

a2 

Za~ a 

4-a 
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Za-b 


b2 

Zo-6 


..12 

a.22 

Za-b 


zf-c 

C2 


4-c 

c 

2^2 

Za-e 

0-22 

Zb-e 



In the primitive compound 
network a two-winding three- 
phase transformer is represented 
by two coils and an w-wind- 
ing three-phase transformer by 
n coils, as shown in Fig. 19.8 
and 19.9. 



W 


(b) 


{a) Two-winding three-phase transformer 
(6) Compound two-winding transformer 


Fig. 19.8 



n. 
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(a) 

(а) Three-winding three-phase transformer 

(б) Compound three-winding transformer 

Fig. 19.9 
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(d) When mutual inductances exist between any two three-phase 
apparatuses, say betw^een tw’o transmission lines, their impedance 
tensor in the primitive compound network is 



ai 

bi 

Cl 

a2 

b2 

C2 

ai 

Zi 

Zi 
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^6 
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{e) When three-phase apparatus are represented by compound 
coils, the interconnection of the various three-phase apparatus in 
series and parallel is represented by analogous interconnection of the 
compound coils in series and parallel. The compound nehvork didi^ram 
of unbalanced three-phase systems is identical unth the customary single- 
line diagram of balanced three-phase systems. The slight difference is 
that here the meshes are closed in order to follow' the method of analysis 


of ordinary mesh networks. 


XL THE COMPOUND TRANSFORMATION TENSOR 

(a) First let a simple example be considered in w hich the individual 
coils of each apparatus are not interconnected among themseh es, that 
is, no individual transformation tensors exist (Or rather all individual 
transformation tensors are unit tensors). Such a network is shown in 
Fig. 19.106. Its compound netw'ork and its primitive mesh network 
are shown in Figs. 19.10c and d. 

The indices 1 — 5 of the compound network are compound indices 
(Section 116, Chapter IX), each index representing three individual 
indices. For instance, 1 stands for ai, bi, and Ci. 

The impedance tensor of the primitive network is z = 

1 2 3 4 5 

and its impressed voltage vector 
is e = 

19.24 1 2 3 4 5 

~ 0 0 I 0 I 0 I 19.25 
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(ft) Now let C be established by considering the compound network of 
Fig, 19.10c representing the original network of Fig. 19.10ft. 

The actual compound network has two meshes, hence two new mesh 
currents and F' are assumed. The same current flows through all 
coils in series. Its primitive network is shown in Fig. 19.10rf. 


ffl)\ ffl' 

® m' 




(a) The primitive actual network 



. J A. .. ^ 

(ft) The actual network 




(c) The compound network 


*“0 "“Q 

(d) The primitive compound network 
Fig. 19.10 


Equating the old and the new currents flowing in each compound coil 



19.26 


the coefficients of the new currents represent the transformation tensor C. 
(c) In order to check the correctness of the compound C, let the 
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ordinary C be established also, showing the manner of interconnection 
of the fifteen coils of Fig. 19.10ft into six meshes as 




19.27 


1 




1 




1 


Now C may be subdivided into a compound tensor in which each 
component is zero or the unit tensor I. The compound C shows that the 
systems 1, 2, and 3 are connected in series, also the systems 4 and 6 are in 
series as shown physically in Fig, 19.10c. 

(d) The impedance tensor and impressed voltage vector of the 
whole network are then by CfZ*C and CfC respectively 


1 ' r 


Zll + Z 22 "f Z33 

Z34 

Z34 

Z44 + Z 65 
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The currents are found by i' = = y'«e'. The self- and 

mutual admittances of the individual systems (or compound coils) are 
found from y' by C-y'-Cf. The currents in the individual systems in 
terms of the known i' are found by i = C-i', and the voltages in the 
individual systems are found by z-C-i'. 
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The second row and column of z' may be eliminated by the reduction 
formula leaving 


1 ' 


z' = r 


Zll + 222 + 233 + 234 *(244 -f Zhl>) ^*234 


19.30 


{e) It is emphasized that three-phase networks may be analyzed 
just as any other mesh networks without introducing compound 
tensors, etc., that is, by using three times as many variables. The use of 
compound tensors and networks simply speeds up the analysis, reduces 
the number of variables to one-third, and clarifies the physical picture, 
but it does not reduce the number of final slide-rule operations needed 
to get a numerical answer, except where repetitions occur. 

The great advantage of using compoufid tensors consists of the complete 
freedom allowed for changing the individual reference frame of one or 
more of the three-phase apparatus in a routine automatic manner, with¬ 
out disturbing the rest of the set-up. This question of freedom in intro¬ 
ducing symmetrical components or other three-phase axes will be 
treated in greater detail in the next chapter. 


m THE FLOW OF COMPOUND CURRENTS THROUGH 
COMPOUND NETWORKS 

(а) In this section the way in which the individual axes of each 
apparatus may be changed by an '^individual transformation tensor" 
will be investigated. 

When an ordinary coil zi is connected in series with another coil S 2 , 
the same current i flows through z\ and S 2 , also through the lead con¬ 
necting them. However, with com¬ 
pound coils the impedance tensors Zi 
and Z 2 may be expressed along different 
set of axes, the current i along a third 
set, so that, in Zi, Ci-i (instead of i) 
flows; in Z 2 , C 2 *i flows; and in the 
leads connecting them Cs-i flows as 
shown in Fig. 19.11. A change of in¬ 
dividual reference frame occurs as the 
current enters or leaves certain types of 
compound coils. 

(б) There are two different ways in which a current may enter a coil: 

1. The current is assumed to originate in the coil; that is, it is 
assumed as a new variable starting its course in this coil. 

2. The current enters from another coil through the terminals. 


i ^ _i^ 

—-— 

(а) The flow of onjinary 

current 

Ct.i Ca.t Cs.i 

(б) The flow of compound 

current 

Fig. 19.11 
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Each time a current appears in a compound coil or leaves a coil^ it 
may be subjected to a transformation of axes with the aid of a C. 

(c) Hence a current i acquires an individual C in three cases: 

1. When appearing in a coil as a new variable, the coil has different 
types of axes from those of the assumed current. 

2. When arriving at a coil at its terminals the coil again has differ¬ 
ent types of axes. 

3. When it leaves the coil at its terminals the leads have different 
axes from those of the current leaving the coil. 

That is, a current acquires a C each time it encounters a different 
type of reference frame from its own. 



Table 19.2.—Individual Transformation Tensors C of Various Types of Three-phase 

Connections 

First column—C along phase axes 
Second column—C along sequence axes 
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(d) When it acquires a C as a new variable the C will be called a 
“coil transformation tensor” or ''coil tensor.*' When it acquires a C in 
leaving or entering a coil at its junctions it will be called a "junction 
tensor." (In general, they may be called “individual transformation 
tensors” or “three-phase tensors.”) A more detailed study of these 
two types of tensors is undertaken separately in the following 
sections. 

It should be expressly noted that, as the current i is assumed to 
flow through the compound network, Kirchhoff's laws are satisfied at 
all compound junctions. The coil and junction tensors do not change the 
magnitude of the currents; they change only the individual reference 
frames of each apparatus, and the continuity of the current flow is main¬ 
tained throughout the whole compound network, just as in any actual 
network. 

Hence the only difference between the analysis of ordinary net¬ 
works and compound networks is the manner in which the flow of cur¬ 
rents is established in the network. That is, when i is re[)laced by i, 
its individual reference frame has to be established also with the aid 
of an individual transformation tensor. 


XIII. THE JUNCTION TENSOR 

(a) If a current i' is subjected to a change of axes C-i' as it enters 
or leaves the terminals of a coil, the two terminal junctions of the coil 
will be represented by small 
crosses as shown in Fig. 19.12. 

Examples of some frequently 
occurring junction tensors, shown 
in Table 19.2, are worked out 
presently. It is emphasized that 
there are many other three-phase 
apparatus that require a coil 
tensor. Once these tensors have 
been established for a particular 
apparatus they will not have to be 
calculated again. Whenever the 
apparatus is used in any three- 
phase systems, these tensors are 
picked out of a table and are used over again without any change. 

(fc) The most important example of a compound junction changing 
the reference axes is the junction connecting a delta to the lines. 




c.i t 

- 


c.i 




c.i»U 


(a) Current originates in the coil 




c.l 






? r 

(b) Current enters the coil 
Fig. 19.12.—Compound Junctions 
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If the current in the three coils of the delta is i', then the current 
in the leads is i = where 





{a) Currents in delta 

Ca.I 



(b) Compound delta 
Fig. 19.13. —Delta Connections 
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19.32 


19.33 


changes the currents in the delta to the currents in the line. 

When a compound coil repr-esents a delta-connected apparatus, one 
of the new compound variables should be assumed to originate in the delta. 

(c) It may be assumed that all compound junctions introduce a 
change of reference frame^ but the transformation tensor of an uncrossed 
junction is the unit tensor I. 


XIV. JUNCTION TENSORS AS PERMUTATIONS 


(a) Since a compound junction may intrcxluce a change of reference 
frame C, this change of reference frame may be of a great variety. In the 
previous example C represents an actual interconnection; now another 
example is shown where C represents a permutation. 

In three-phase networks usually corresponding phase-windings are 




(a) Actual (6) Representation 

network 

Fig. 19.14.—Zig-zag Connection 


i 



{c) Componnd 
network 


interocnnected. In multiwinding transformers often the phases are 
innterconected, as shown in Fig. 19.14 for a zigzag connection, where 
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the three coils of the secondary are connected in series with the three 
coils of the primary, but not phase per phase. 

If i' flows through the secondary coil, then through the primary 
coil C, • i' = i will flow, where 
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C, shows the manner of interconnection of the phases. 



(tt) Actual 
connection 



(b) Represen¬ 
tation 


I 



(c) Coiiipouinl 
coils 


Fig. 19.15.—Zig-zag Connection 


(6) Instead of connecting the third phase to the first phase, the 
second phase may be connected to the first as in double-delta shown in 
Fig. 19.15 where 
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If i' flows in the primary instead of in the secondary then the above 
two tensors C, and Cd interchange roles. 


XV. JUNCTION TENSOR OF A GROUND IMPEDANCE 

(a) The compound junction may introduce a singular transforma’ 
Hon reducing the number of axes. (With a delta the number of axes is 
not changed.) An example is a ground impedance, in the absence of 
fault currents. At the star point three outside currents i' are changed 
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to one current! (flowing through the ground impedance) by C^-i' where 



(a) Ground impedance 



(6) Compound coils 
Fig. 19.16.—Ground 



19.36 


It should be noted that with a delta the current i' is assumed to be 
known in the coil of the delta. In case of the ground impedance (in 
the absence of fault currents) the current i' is assumed to be known 
outside the ground impedance. 

(6) It is interesting that a current i' originotmg in a delta becomes 
zero inflowing through a ground impedayice since there its value becomes 
(C^is added when i' leaves the delta and Cg is added when it 
enters the ground as shown in Fig. 19.17) and 

19.37 



since 



(c) A ground impedance and a star are alw’ays connected in series 
in the compound network as shown in Fig. 19.17. The two (ompound 



Fig. 19.17.—Delta Current Through Ground 


coils in series may be replaced by one compound coil whose impedance 
tensor is the sum of the two coils in series. 
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Solving the circuit of the two coils in series (Fig. 19.18) as an 

Zee fell' 


Fig. 19.18.—Grounded Star 

ordinary circuit (or as a compound circuit), z of the primitive network is 
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The transformation tensor is 

a' b' c' 

i- = aH 

= i*' b 1 

c 1 

it = -f -f- gill 

The resultant impedance tensor is by CfZ*C 

a' b' 


Zfxa "f“ Zg 

Zab Zg Zac Zg 

Zba 4' Zg 

Zbb Zg \ Zbe Zg 

Zca 4* Zg 

Zrb Zg j *Z rc 4“ Zg 


Hence a star impedance and a ground impedance may be replaced by one 
compound coil whose impedance tensor is z'. Ihis compound coil repre¬ 
sents an equivalent grounded star without ground impedance, whose self- 






(a) Grounded star (6) Equivalent star (c) Com- 

Fig. 19.19 pound coil 

and mutual impedances have been increased by Zg as the result of the 
presence of the ground impedance as shown in Fig. 19.19. 
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(a) Three ground wires 
t 




E7l L 






Cq.t 


nr 


(&) Compound network of ground 
Fig. 19.20 


(d) When there are 
several ground wires in 
parallel as shown in F'ig. 
19.20a then one of them 
is selected as the ground 
impedance with a junc¬ 
tion tensor C, and the 
rest are considered as one 
compound coil placed in 
shunt with the ground 
imp)edance. 

A new variable with 
components i^ and z® is 
assumed in the shunt 
flowing around in the ad¬ 
ditional compound mesh 
(Fig. 19.206). This shunt 


current is not assumed to flow in the rest of the system. 


XVI. EXAMPLE FOR THE USE OF JUNCTION TENSORS 


(a) As an example of junction tensors consider the network of Fig. 
19.21a containing seven three-phase appatatus. 

The compound primitive network of Fig. 19.216 contains seven coils 
corresponding to the seven three-phase apparatus that are inter¬ 
connected. Its geometric objects are 
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assuming mutual inductance between the transmission line 3 and the 
ground wire 7. 






EXAMPLE FOR THE USE OF JUNCTION TENSORS 


507 


( 6 ) There are three closed meshes in the compound network, hence 
three new currents are assumed. Two of the new currents and 
must be assumed to flow in the delta connected apparatus 1 and 2 , 


while the third current P' 
may be assumed arbitrarily 
in any branch, say through 3 . 
The corresponding nine cur¬ 
rents of the original network 
are shown in Fig. 19.21a as 
i*', t*' in network 1 , 

in network 2 and 
in network 3. It should 
be noted that these nine currents 
are assumed in all the coils of 
the three apparatus. 

The currents flowing in 



all the coils of the compound (®) Three-phase network 


network are also shown in 
Fig. 19.216. They are all 
expressed in terms of the 
three new currents 
and i^', and also in terms of 
the junction transformation 
tensors and C,. In the 
ground impedance Z 7 the 
current component 
is zero. 

(c) Now the transforma¬ 
tion tensor C of the com- 





(ft) Compound network 


pound network is set up by Fig. 19.21 

equating the old and the new 

currents flowing in each compound coil as 



19.43 
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The correctness of this compound transformation tensor C may be 
checked by setting up the ordinary transformation tensor from Fig. 19.21a, 
having 19 rows and 9 columns. 

Strictly speaking, the various and I occurring in the compound 
tensor C are not equivalent to each other, since each of them has different 
compound indices and also individual indices, consequently they ought to 
be distinguished from each other. Since the only operation performed on 
C is multiplication (C itself is not transformed) the distinguishing 
marks may be dispensed with. When, however, each of the C^-s are 
transformed to different types of individual axes it is absolutely neces¬ 
sary to distinguish the C^-s and I-s referring to different apparatus. 
(d) The resultant impedance tensor z' is, by C|**z-C, 



r 

r 

3' 

V 

zi + ClrZi-CA 

0 

CaI*Z6 

z'« r 

0 

Zj + C^i-ze-CA 


y 

Z5*C^ 1 


23 + ^6 + Zo Z37«C, 

4* CjfZaz 4“ CJi-Z7*C£ 


The impressed voltage vector is, by C,**e, 


e' 


0 C^i*e 


19.45 


The currents are found by i' = z'“*-e'. The currents in the indi¬ 
vidual coils are C*i\ and the induced voltages are z*C*i'. 


XVII. THE “COIL” TRANSFORMATION TENSOR 

(a) In the previous example the new variables i^', and r^' 
assumed in the new network flow in their respective windings in the 
same w'ay as in the windings of the primitive network. That is, the 
three components of i^', namely i®', i^\ and i®', flow through the same 
three coils in the same way as t®, i^, and i® flow in the primitive network. 

(b) However, often another set of currents may form the com¬ 
ponents of the new current that is arbitrarily assumed. For instance, 
in an ungrounded star shown in Fig. 19.22 the new current i' that is 
assumed as a variable has only two components i®' and i^' instead of 
the three i®', i^\ i®'. In other words, the new variable i' does not flow 
in all the windings of the compound coil, only in part of them. Hence in 
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the three coils of the compound coil C«*i' = i flows instead of the assumed 
variable i', where 



That is, in selecting the new variables one of them often must be 
the current flowing in the compound coil corresponding to an un¬ 
grounded star, just as in case of a delta. However, in a delta the new 
variable i' flows through all the coils of the delta (and in the same 
order) as in the primitive network, but in an un¬ 
grounded star the new variable i' only covers part 
of the star. Hence, in all the coils of the starC*V 
flows. This same current flows in the leads of the 
star, hence its junctions are not crossed. 

Fio. 19.23.— Open (^) A special case of the ungrounded star is the 

Delta Open delta (Fig. 19.23). It may be considered as 

an ungrounded star whose impedance Zre is zero. 

{d) Another example of a coil tensor is a closed delta in a transformer 
bank. Fig. 19.24, where the new variable i' has only one component 



1 “', hence in the three coils of the compound 
coil = i flows, where 


Ji jS. 

Q Q Q = 



Examples of networks with coil tensors are worked out in the next 
chapter. 

If all networks are considered as complete networks then all coil- 
tensors are non-singular. 
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XVm. NEGLECTING THE MAGNETIZING CURRENT 

(fl) Whatever labor-saving device can be introduced in ordinary net¬ 
works can usually be employed in compound networks also. For instance, 
when compound muitiwinding transformers are included in the com¬ 
pound network, their magnetizing currents may be neglected with exactly 
the same steps as used in ordinary multiwinding transformers in Chapter 
XI, namely: 

1 . The impedance tensor of the compound primitive network z 
is set up, using leakage-impedances Zi _2 for the compound transformer 
as shown in equation 19.21. 

2 . The transformation tensor Ci of the compound network is set 
up, as in the previous section. 

3. The magnetizing currents are neglected by a second transforma¬ 
tion tensor C 2 . 

4. Their product Ci*C 2 gives the final transformation tensor C. 

5. Then C|**z«C gives the impedance tensor z' of the new com¬ 
pound network, and so on. 

(6) The second transformation tensor C 2 neglecting the magnetizing 
currents is set up as follows: 

1 . The equations of constraints are set up as 

ni + • • • = 0 19.48 

in terms of the old currents where ni is a diagonal tensor of valence two, 
containing the number of turns of each coil of the first network, etc. 

2 . The old currents in the equations of constraint are replaced by 
the new currents from i = Ci-i'. 

3. As many of the currents are eliminated as there are equations of 
constraints. 

4. The relation i = € 2 *!' is set up, giving C 2 . 



CHAPTER XX 


SYMMETRICAL COMPONENTS 

L GENERALITY OF THE COMPOUND NETWORKS 

(a) When the impedances of the three-phase apparatus are bal¬ 
anced their impedance tensors may be brought to a diagonal form by 
the sequence tensor C. as shown in Chapter XIII. Hence, when 
balanced three-phase apparatus are connected into a network in a 
balanced manner the resultant z of the network assumes a simpler 
form if the individual z*s are expressed along the sequence axes. 

Now in setting up the compound network of any three-phase system it 
does not make any difference whether the individual three-phase appara¬ 
tus are expressed along the circuit axes a, b, c or along the sequence axes 
0, 1,2. In either case the compound network and its complete analysis 
are the same, only the values of the individual z*s and the individual C’s 
{coil tensors, and junction-tensors) are different for the two types of axes. 
Hence the contents of Chapter XIX are equally valid if the individual 
apparatus are con.sidered along phase axes or along sequence axes. 

(fe) The impedance tensors of three coils (balanced or unbalanced) 
expressed along the sequence axes 0, 1, 2 have already been given in 
Chapter XIII. It is only necessary to develop the z of other types of 
three-phase apparatus and the various coil- and junction-tensors along 
the sequence axes 0, 1, 2 in addition to the phase axes a, b, c. 

It should be noted that once the individual impedance tensor z and 
the individual transformation tensor C have been developed for a particular 
type of apparatus along a particular reference fram then they will not 
have to be developed all over when the apparatus is used again in any 
type of three-phase system. From then on, the apparatus is treated as 
a single compound coil, its internal interconnections being entirely 
forgotten. 

Hence with tables available for z and C, the analysis of three-phase 
systems consists of that of compound mesh (or junction or orthogonal) 
networks, and the particular three-phase reference frame (say sym¬ 
metrical \:omponents or any other frame) disappears from view. Of 
course, they reappear in the routine manipulations, which, however, 
can be performed by anyone unacquainted with symmetrical com¬ 
ponents. 
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(c) When the network is balanced and sequence axes are used for 
the individual apparatus, the resultant compound z' of the whole 
system has several rows and columns, each component being itself a 
tensor with three axes along 0, 1, and 2 as shown in Chapter XIX. If 
the resultant matrix z' is rearranged by putting identical sequence 
axes side by side (that is, all 0 axes side by side, etc.), it is found that 
the tensors containing the same sequence axes are independent of each 
other and do not contain any mutual terms. The equivalent networks 
corresponding to each independent tensor are called '"sequence net¬ 
works'" (The establishment of networks equivalent to a tensor of 
valence two is not undertaken in this volume.) 


II. IMPEDANCE TENSORS ALONG SEQUENCE AXES 


(а) For three unequal coils their z along the phase axes and sequence 
axes are given in equations 13.18 and 13.21 respectively. 

For three equal coils with balanced mutual inductances the equations 
reduce to simpler form. For reference, some of these simpler forms are 
shown again in the second column of Table 19.1. 

(б) With balanced three-phase multiwinding transformers each leak¬ 
age-reactance tensor has a diagonal matrix with identical compo¬ 
nents, if the magnetizing currents are to be neglected. Hence by 
C,Vzp-«*C, 

a b c 0 12 



20.1 


20.2 


In the general case contains complex components along the sequence 
axes. 

(c) For many three-phase apparatus the impedance tensors z along 
the sequence axes are not calculated by C,Vz-C, from those along the 
phase axes, but are determined separately from test or from the design 
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constants of the apparatus. For rotating or static apparatus respec¬ 
tively they usually have the following forms 



0 

1 

2 


0 

1 

2 

0 

-^0 



0 

^^0 



2 = 1 




z = 1 


1 


2 

1 


Zi 

2 





UI. JUNCTION AND COIL TENSORS ALONG SEQUENCE AXES 


{a) Since the jiwctiofi teyisors C, are non-singular (scpiare) they are 
transformed to sequence axes by For the delta and the 

two types of zigzag connection they are given in Table 19.2a. It 
should be noted that a zero-sequence current cannot pass out of a della. 

It is interesting to find that, if the interconnections of three-phase 
apparatus are balanced, the correh[)onding transformation tensor 
expressed along the sequence axes also has a diagonal form. Hence it 
may be stated that: 

1. The sequence tensor C, changes the z of a balanced impedance 
to a diagonal form. 

2. It also changes the C of a balanced interconnection to a diagonal 
form. 

(&) The coil tensors Ce are singular, and the formula Cr*'Cc'C« 
cannot be used indiscriminately. One procedure to transform a singular 
coil tensor to sequence axes is the following: 

1. Express the singular transformation i = C-i' as a set of “equa¬ 
tions of constraint*' containing phase currents. 

2. In the equations of constraint replace all phase currents by 
sequence current.s. 

3. Replace the equations of constraint (containing now sequence 
currents) by the transformation i - C*i*. 

The coefficients give the desired coil tensor expressed along sequence 


axes. 

(c) For instance, let the coil 
(equation 19.46) 



tensor of the ungrounded star be 


a' 

b' 

1 



1 

-1 

-1 
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The transformation i = Cy*i' stands for the following ''equation of 
constraint” 

ia 4 . ib + ic ^ 0 20.5 

Replacing the phase currents by sequence currents 

-4= + i^) + (i® + + at^) + (i® + ai^ + aH^)] = 0 

V3 

or \/3 = 0 . Hence the equation of constraint in terms of sequence 

currents is 

io - 0 20.6 

This is equivalent to the following transformation i == C^-i' 


V r 



This new €« is the sequence equivalent of the phase Cu of equation 
19.46. 

It should be noted that no zero-sequence current can be assumed to 
flow in an ungrounded star (or in an open delta). 

(d) For a closed delta the coil tensors along the phase and sequence 
axes are given in Table 19.2. 

It should be expressly noted that the same number of new variables 
are introduced along the sequence axes as along the phase axes, that is, 
the coil tensors have the same form when expressed along either axes. 
In the usual method of analysis practically always more sequence 
variables are introduced than are actually needed, making the analysis 
still more involved. 

IV. EXAMPLE WITH TWO TYPES OP AXES 

(а) As an example, let z' of Fig. 20.1a be expressed along both types 
of axes. The compound network of Fig, 20.16 and its analysis are the 
same for both types of three-phase axes. 

( б ) The z and e of the primitive network are 

p q r s 

P q r g 

20.8 e « ep j 20.9 
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The transformation tensor is 



20.10 


To neglect the magnetizing current, the equation of constraint is 
set up as 


+ nri' = 0 


20.11 



(a) Given network 



(b) Compound network 


Fig. 20.1 


Replacing the old currents by the new currents from equation 20.10 



The final impedance tensor z' is by C|-z-C 




20.12 

20.13 

20.14 
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0' 

r 

r 

0' 

2tt/Cq r 



z' - 1' 


i/.a + - 2„y., . 

-S/.I 

r 


-sy.i 

3/^ij 


and the impressed voltage vectors are by equation 20.14 


a' 

n(a^ — a)ep 

0' 


II 

n(a — \)ep 

II 

3 (a — (i^)riep 

c' 

n(l — a^)ep 

2' 



V. COMPOUND MULTIWINDING TRANSFORMERS 

(a) Let the network of h'ig. 20.2 be analyzed containing an inscribed 
delta three-winding transformer of Fig. 10..S. The compound network 
contains a compound three-witiding transformer. 




(c) The primitive compound network 
Fig. 20.2 
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The primitive compound network shown in Fig. 20.26 contains 
seven coils. Its impedance tensor and impressed voltage vector are 


m 

P 

s 

2 = t 
n 
k 

q 


m 

p 

s 

t 

n 

k 

1 

2m 









2p-« 

Zp-I 





Zp 


2, -I 





Zp -i 

2« —< 









2n 








Ik 









m 

p 

8 

t 

n 

k 


1 1 

I 

□ 

U 

n 

u 

_j 


20.24 


20.25 


The individual three-phase apparatus z^, etc., may be expressed either 
along the phase axes a, b, c or along the sequence axes 0 , 1, 2. 

(6) In the compound transformer it should be noted that: 

1 . The secondary and tertiary windings z, and Z| are in series. 

2. The compound junctions of the tertiary shows that the phase 
connections are interchanged by C^. 

3. The secondary and tertiary together form a delta, hence the 
crossed compound junctions of the delta (denoted by three crossed 
lines on Fig. 20.26) exist across both of them. 

(c) Since there are three compound meshes, three new variables are 
assumed. The first is assumed in one of the ungrounded stars as 
the second in one of the two coils of the delta, and the third 
F' is assumed arbitrarily. The coil and junction tensors may be expressed 
either along the phase axes or along the sequence axes, depending on the 
components of the primitive compound network. 

Equating the old and the new currents in each coil 





1' 

2' 

S' 

i« = — 


m 

-c. 



= 


P 

Cm 



It 

+ P' 
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i‘ = 

+ 

Cl - t 


Ci 


i» - 

+ + F 
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Ca 

I 

i* = 

+ + i®' 
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Ca 
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i3' 

q 



I 
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(d) The transformation tensor C 2 neglecting the magnetizing cur¬ 
rent of the transformer coils p, s, and t is set up in four steps as 
follows: 

1 . The equation of constraint in terms of the old currents making 
the sum of the m.m.f. around the compound transformer of the 
primitive network of Fig. 20.26 equal to zero, is 


iip-ip + + nrV = 0 20.27 

where n® represents the number of turns of the three primary coils as 



Pi 

P2 

P3 

Pi 

«pi 



np = P2 


«p2 


P3 



Wp3 


20.28 


Similar matrices apply to n, and ni. 

2 . Replacing the old currents by the new currents from equation 
20.26 

np-Cu-i»' + + nrCd-i^' = 0 20.29 

or 

iip-Cu-i*' + (n. + ni*Cd)*i2' = 0 

expressing the equation of constraint in terms of the new currents. 

3. Eliminating 

F = ~(n. + nrC,)-i.np-Cu-i»' = 

In eliminating one of the currents care should be taken that its coe fficient 
have an inverse. For instance, here cannot be eliminated since C* 
(equation 20.4) has no inverse. That is, since has two components 
and has three (as many as there are closed magnetic meshes) 
should be eliminated. 

4. Hence the equations of transformations i' = Ca-i" are 


I" 3" 


ii' = 

il» 

1' 

1' 




Ca = r 

— n 


i3' = 

P" 

3' 


I 


20.30 
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The product of the two transformation tensors is Ci*C 2 = 
1 " 3 " 


V' 

c; = 

3 '' 


{e) The final impedance tensor is by C/*z*C 


m p s t n k q 



cl, 

• 

-n< 






1 



I 

1 

1 


20.31 


m 

— Cn 


P 

C« 


s 

—n 


C = t 

—Cd'ii 


n 

—CA*n 

I 

k 

—Ca'II 

I 

q 


I 


1 " 3 '' 


C|if‘Zp—i• Cjf*11 ■“ iii • •Zp-.|*C,4 Ilf *Zp_«*C^ 

“"CttfZp.,*n -|- Ilf •z,_fC<i*n -f- xif •C^fZ«_fn 

— Ilf ’CAI'Zn 
—Ilf •C^fZk 

-Zn'CA-n - z^-Ca-ii 

Z« + Zi + *« 


Since etc., has a diagonal matrix, its position in a term can be 
shifted. 

The last row and column may be eliminated by the reduction 
formula Zi — Z 2 *z 7 ^*Z 3 , leaving one component, representing two ordi¬ 
nary equations with two unknowns i®' and 

If the currents i' are found, the currents in the individual compound 
coils are i = C-i' and the induced voltages are Cc = z«C*i'. 


VI. FAULTS 

(a) When one or more phases of a transmission line are short-cir¬ 
cuited or grounded at several points through impedances, each fault 



(a) Fault on a network 

Fig. 20.3 






{b) Compound fault 


may be considered as a compound coil connected in shunt across two points 
of the compound network as shown in Fig. 20.3. In the most general 
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case it has a coil tensor C/ and a junction tensor C/y, but in most 
practical cases it is sufficient to assume a coil tensor C/. Each fault coil 
contributes a new variable ij since it introduces an extra mesh into the 
compound network. 

A compound network containing one or more fault coils is analyzed 
just as any other compound mesh (or junction or orthogonal) network. 
That is, as many variables i are assumed as there are meshes, and so on. 
The individual apparatus of faults may be expressed either along actual 
phase axes or along sequence axes. 

(b) In order to be able to substitute several types of faults across 
two points, etc., the impedance tensor of the network may be set up 
without the presence of faults by replacing the fault coil temporarily by a 
generator. The procedure is equivalent to measuring the impedance of 
the network across the fault (or faults) as shown in Section XV, 
Chapter X. Then the impedance tensor of the network is connected 
in series with the fault, substituting different types of z for the various 
types of faults. 

This latter method of attack (oJ calculating the network and the 
faults separately) is used especially when symmetrical components can 
be introduced, namely when the rest of the network is balanced and 
the faults alone are unbalanced. 

VII. THE IMPEDANCE AND COIL TENSORS OF FAULTS 

(а) Each fault may be considered as a three-phase unbalanced 
apparatus connected to the system. As such its individual Z/ is that 
of three isolated coils, some of the coils having zero impedance, as 
shown along the first five figures of Table 20.1. They are special cases 
of equations 13.18 and 13.21 respectively. 

The ground impedance of a fault forms another compound coil in 
series with the compound coil of the fault as shown in Fig. 19.16. In 
order to save labor, the ground impedance Zg may be assumed to be 
incorporated in the three isolated coils of the fault as in Fig. 19.19 so 
that their Z/ also includes Zg in the manner of equation 19.40 as shown 
in the last figures of Table 20,1. On the figures each coil of the fault 
is still isolated; the effect of the ground coil is only to change the self- 
and mutual impedances of those fault coils to which it is connected, so 
that with the new value of Z/ the presence of the ground impedance 
may be ignored. 

(б) The coil tensor of a fault shows the manner in which the fault 
impedances are connected to the network. The coil tensors of the 
various types of faults are shown in Table 20.2 for both phase and 
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sequence axes. In each fault as many new currents are assumed as 
there are actual currents flowing (mostly one actual current exists). 

When the fault consists of a delta, then it should be analyzed as 
any other delta-connected three-phase apparatus. 



Table 20.1.—Individual Impedance Tensors z/ of Various Types of Faults 

First column—z/ alongr phase axes 
Second column—z/ along sequence axes 

Vm. EXAMPLE OF A SINGLE FAULT 

(a) On the network of Fig. 20.4a let a double line to ground fault 
occur on phases h and c. On the compound network the fault is repre¬ 
sented by a shunt coil Z/ across the line. 
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Because of the three meshes three variables are assumed. In the 
fault flows C/-K' (where V has two components and t*'), in the 
delta flows P' (with three components), and in the ungrounded star 
(where i*' has two components i®' and 



Table 20.2. —individual Transiormation Tensors C/ of Various Types of Faults 

First column—C/ along phase axes 
Second column—C/ along sequence axes 


Once the compound network has been established and the flow of 
currents has been mapped out, the rest of the analysis follows closely 
that of any ordinary mesh network, 

(6) The impedance tensor and impressed voltage vector of the 
primitive compound network with five coils are 
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where the value of Z/, from Table 20.2, is 



20.35 


The three-phase impedance tensors Zp and z, have three rows and 
columns, containing the self- and mutual inductances of the three coils 
of each three-phase apparatus without interconnections. 
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where the three-phase transformation tensors Cu, C/, and are from 
Tables 19.2 and 20.1 respectively 



20.37 


20.38 


20.39 


The coefficients of the new' currents give the circuit transformation 
tensor Ci. 

{d) In order to neglect the magnetizing current of the transformer, 
the equation of constraint of the transformer before interconnection is 
set up as 

+ VLr'V == 0 20.40 

Substituting from equation 20.36 the equation of constraint after 
the interconnection is 

+ iir-i*' = 0 20.41 

Kliminating P' 

nr^-n^-Cu-K 20.42 

Hence the equation of constraint is replaced by the transformation 
i' = C2-i" 

= i®" a' 

F = — = —n*K' C2 » b' 

i/' = i/" f 


a" f" 


—n 


20.43 
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(e) The resultant transformation tensor is Ci'C 2 = 



r 

-Cu 


C« 


—n 




—C^'ii 
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p q r f s 

a" 

c; = 

f' 


-c;, 
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-ni*-C*A, 




Cn 



20.44 


(/) The impedance tensor of the whole system is by - z-C 

a" f' 


C||i*Zp*Ci4 — 

- Il|*-Z,_r-Cu + 

-f iij**Ci<*z,-CA-n 

- n,* Cl,.z,.C/ 

- C/rz,-CA*n 



having a 2-matrix with four rows and columns. The axis of a" may be 
eliminated by the reduction formulas of Chapter X, leaving only the 
two fault variables. 

The currents are found by i" = z""**e", where e" == C,**e 


a" r 


e 


// ^ 



20.46 


When the currents i" have been found, the voltages existing across 
the individual coils of each three-phase apparatus are found by 




2 -C-i" 


p 

q 

r 

f 

s 



20.47 


where z*C has already been calculated in equation 20.45. The currents 
in the individual coils are found by ie = C*i". The self- and mutual 
admittances of the individual compound coils are found by C*y"-C|*. 
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IX. PRELIMINARY CALCULATIONS FOR SIMULTANEOUS FAULTS 

(а) Let the network of Fig. 20.5a be given on which two faults are 
assumed to occur at points/i and/ 2 . There are eight closed electric 
meshes and two magnetic meshes in the primitive compound network of 
Fig. 20.5&. Since several types of faults are to be assumed at these 
points the faults are replaced temporarily by three-phase generators e/i 
and 0 / 2 . The method of attack is the same as that for any other com¬ 
pound network. 

After finding z' of the compound network containing six rows and 
columns (two of the eight original variables being eliminated by 
neglecting the magnetizing currents of the two transformers), four 
more rows and columns will be eliminated to leave in z' only the rows and 
columns of the faults fi and £ 2 . The resultant z' with two rows and 
columns will be put in series with various types of fault impedances Z/ 
in place of e/, and e/ 2 . 

(б) The impedance tensor z of the primitive network is 
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20.48 


It should be noted that the branches representing the faults fi 
and f 2 have no impedances, still the corresponding rows and columns 
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are reserved for them. Also a mutual impedance is assumed to 
exist between the two transmission lines t and m. 

The impressed voltage vector is 
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(If a compound network with several simultaneous faults is ana¬ 
lyzed as a compound orthogonal network, then the additional fault- 
generators do not introduce additional apparent coils in the primitive 
network. The fault-generators appear then as components of E' instead 
of the components of e. In either case the resultant impedance ten¬ 
sors z' have the same number of rows and columns.) 




Fig. 20.5.—Multiple faults 

(c) In order to set up the transformation tensor Ci as many new 
variables are assumed as there are meshes, namely eight. Two of them, 
and are assumed to flow through the fault generators (the coil 
tensors C/ will be assumed when the fault impedances will replace the 
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generators). The others are assumed as usual in deltas and in un¬ 
grounded stars. 

Finding the currents flowing through each coil as shown in Fig. 
20.56, the relation i = Ci-i' is set up by equating the old and the new 
currents flowing in each coil as 


{Q = i<i' 
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The coefficients of the new currents give Ci. 

{d) To neglect the magnetizing currents, the equations of constraint 
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of the two transformers in terms of the old currents are 
n,*i« + Hr*!’’ + n,*i* = 0 
n,*i“ + n,*i» + n«*n» = 0 


Replacing the old currents by the new currents 

+ nr-CcA-i'' + n.-(Ui + i*' + i*' + V'x + C.-i"') = 0 
+ it[ + C.-i”*') + + n^-C.A'i’*' = 0 


Eliminating say in the first and i*' in the second equation 

i«' = - n,-‘.[n..CcA-i'' + + K + i»' + if'x + C.-i«')l 

F = - + n„.C.A-i»') - if - 

Substituting i*' into the first equation 

i«' =_ ii,-‘.n,.CcA-i"'-n,"‘*n,-[i>'i+(I-nJ’‘-ii,)-i'’'-n^‘*n»-CcA* 
Defining 

ni = - n,“‘*nr, 112 = - n,"‘*n., na = - 
lU = ns = — ni"**!!., nr = — 


i-'] 


•n.), 


and substituting for and i*' 

= niCcA*i*^^ “h + 113 -|- ii 4 *CcA*t’® 

i*' = ne-i*' + n7*CcA*i^' — — Cy-i”*' 


Leaving the other currents unchanged, the two equations of con¬ 
straint are expressed as a transformation i' = C 2 'i", where 

r" f 2 " V" w" fi" m" 
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{e) The resultant transformation tensor is by Ci-C-i == 

w" U- 

p Ca’Di’C/.^ CA*n2 C^*n3 C^-ni*C,^ I 
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I -f- lib n^-CcA 

I -L ne n; • Cf ^ 
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-c. 


(/) The impedance tensor z' of the network is by C|**Z'C where z 
is given in equation 20.48 
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The impressed voltage vector is by C, *6 = 
r" f2" v'' 
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(jg[) From z' and e' all rows and columns may be eliminated except 
tv and t 2 >> by the reduction formulas of Chapter X. First the order of 
the axes should be changed so that and f y** should be the first two 
axes, as shown, in which case z' and e' may be written as doubly 
compound tensors 


Zrfrf 

Zrf£ 

Zrfu 



d g 
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erf 


20.59 


Eliminating the second row and column by the reduction formulas 
z" = Zrfrf — 2 rf,-z“^»Zrfg 20.60 

e" = Crf — 20.61 


where z" has altogether six rows and columns representing the self- 
and mutual impedances of the network as viewed from the three-phase 
lines at the two faults and e" has six components, representing the 
open-circuit voltages appearing across the two faults, that is, the ecjuiva- 
lent impressed voltages. Hence 


tC fa" 
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X. SIMULTANEOUS FAULTS IN BALANCED NETWORKS 


(a) Whenever Zn and Cn of a network as viewed from the faults are 
separately'calculated, then the network may be represented by a doubly 
compound coil z„ and the two {or more) faults as another doubly compound 
coil Zf in series with it, as shown in Fig. 20.6. 
The impedance of a doubly compound coil is a 
tensor in which each component itself is a tensor. 

(b) The impedance tensor z' of the network 
and the faults may be found from Fig. 20.6 in 
the usual manner as follows: 

The impedance tensor of the primitive network is 


Fig. 20.6.—Multiple 
faults as doubly com¬ 
pound coils 


n f 




z 


n 

f 


20.63 


e 


20.64 




SIMULTANEOUS FAULTS IN BALANCED NETWORKS 533 


The transformation tensor C of the network and the faults is found 
from Fig. 20.6 as 


r 


in = C/-F' 

F = C/-F' 
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The impedance tensor of the resultant system is by Cj -z-C 


— C/£-(Z„ -f 2/)*C/ 


20.66 


and the impressed voltage vector is by C|*-e 



20.67 


where each tensor is a compound tensor exj)ressed along the phase or 
along the secjuence axes. 

These two equations arc valid for the calculation of any number of 
aults. 

(c) In case of two faults these equations become 
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Performing the operations indicated in equations 20.66 and 20.67 


fi f2 
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It should be noted that z' is not a symmetrical tensor> 
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XI. EXAMPLE OF A SINGLE FAULT IN A BALANCED NETWORK 

Let the impedance tensor Zn and also Cn of a balanced network as 
viewed from a fault be 




20.71 


Let the fault be, say, a double line to ground fault as shown in 


Zo “ 
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□ 
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tg 


Fig. 20.7.—Double line 
to ground fault 



*1 3Zg 

Fig. 20.8.—Equivalent circuit 
of the network of Fig. 20.7 


Fig. 20.7. From Tables 20.2 and 20.1 the impedance tensor and the 
coil tensor of the fault are 



0 

1 

2 


1' 

2 ' 

0 

2Z + 4Z, 

-Z - 2Z* 

-Z - 2Z, 

0 

-1 

-1 

z = i X 1 

-Z - 2Z, 

2Z +Z« 


C/- 1 

1 


2 

-Z - 2Z* 

-2+2* 

2Z+Z, 

2 


1 


20.72 


By equations 20.66 and 20.67 z' and c' of the whole system are 


Zo + + 2Z 4- 3Z, 

Zq 4" ^ 4“ 3Zg 

Zo -F Z 4“ 

Zo 4" 4" 2Z 4" 3Z£ 


The equations e' = z'*i' may be represented by the equivalent 
circuit of Fig. 20.8 having two meshes. 
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Xn. EXAMPLE OF A DOUBLE FAULT IN A BALANCED NETWORK 

Let the impedance tensor z, and also e« of a balanced network as 
viewed from two faults be 
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The fault impedances are connected to their network by their coil 
tensors 


li' h* 


C/I 



C/2 



ll' 

l2' 

0i 

0 


ll 

1 


2i 

-1 


O 2 


a' 

I 2 


1 

22 


a 


20.77 


By equations 20.66 and 20.67 (or by equations 20.60 and 20.70), 
z' and e' of the whole system are 
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xni. MIXED REFERENCE AXES 

(a) It was shown that in setting up the compound network for 
three-phase systems it is immaterial whether the individual api)aratu.s 
are all expressed along the phase axes a, b, c or all along the sequence 
axes 0, 1, 2. This difference in the reference a.\es of the component 
z’s is taken care of by the coil and junction tensors, a separate set for 
each type of z. 

(b) However, it is not necessary that all apparatus of the same 
system should be expressed along the same type of axes. The com¬ 
pound network and its method of analysis are valid without any change 
even if the various three-phase apparatus are expressed along different 
types of axes. Some may be expressed along the phase axes, others along 
the sequence axes. Even some of the component z may have tivo types of 
indices, the first set being phase axes, the second being sequence axes, or 
vice versa. 

This difference in the individual reference axes of the component 
z*s is taken care of again by setting up a different set of individual 
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transformation tensors (coil and junction tensors) having two types of 
indices, one of the set being the phase, the other the sequence axes. 
That is, addition to the two sets of coil and junction tensors given in 
'fables 19.2 ajui 20.2 two additional sets need to be set up. In the first 
set the vertical indices are 0, 1, 2 and the horizontal ones are a, b, c; 
in the second set the f)osition of the indices is interclnjnged. A similar 
set of tables may be set up for the z’s of various types of apparatus and 
faults. 

{c) Similarly, it is possible to introduce for some or for all of the three- 
phase apparatus other types of reference frames besides a, b, c and 
0, 1| 2. The solution of the compound network is equally valid for all of 
them. However, the individual impedance and transformation tensors 
have to be expressed along the new individual reference axes. 

It is also possible to replace some or all of the three-phase appara¬ 
tus by iwo-phase or four-phase, etc., apparatus, without changing 
the compound network. 

(d) It is emphasized that, since each compound coil of the com¬ 
pound network may be expressed individually along several types of 
reference frames, therefore each component Zi, Z 2 , etc., of the compound 
impedance tensor z of the primitive compoimd network is a tensor on its 
own right and not a 2-matrix. 



CHAPTER XXI 


MULTIPLE TENSORS 

I. THE CREATION OF MORE COMPLEX ENTITIES 

When a conglomeration of atoms organizes to form a new entity, a 
molecule, by the very process of organization the new entity acquires new 
properties that its component parts, the atoms, do not possess. The 
process of organization, however, continues along several directions 
toward the formation of more complex entities. A group of molecules 
may organize into a colloidal particle, a filterable virus, or a crystal, 
each having properties different from those of the component molecules. 
Colloidal particles may organize into cells, cells into organs, organs 
into plants or animals. 

The organization of a conglomeration of mathematical expressions 
into “geometric objects” and “tensors” of various valence is only the 
first step in the organization of complicated mathematical entities. 
A second step was made in Chapter IX where a collection of tensors 
of the same valence has been organized into a “compound tensor.” In 
this chapter a conglomeration of tensors having different valences are 
organized into entities with more complex structure, to be called 
''multiple tensors^ 

Both "compound tensors" and "multiple tensors" are only links in 
several chains of increasingly complex mathematical entities. These 
mathematical entities represent more complex objective physical entities 
appearing in nature, whose existence can be inferred by measurements 
made along several types of reference frames, 

11 . MULTIPLE REFERENCE FRAMES 

(a) In each problem so far considered only one set of reference 
frames occurred, each reference frame having n axes. The n axes were 
formed by n coils or by n hypothetical axes so that in for instance, 
each of the indices a or jS or 7 referred to all the n axes. In introducing 
compound tensors the n axes were subdivided into several groups so 
that in Au^pt for instance, the index u referred to one of the groups of 
axes, p to another group, and /3 to all the axes. 
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(b) In electrical engineering numerous problems occur in which 

several sets of reference frctnes are used, where a reference frame belong¬ 
ing to one set may contain n axes uhile another reference frame belong¬ 
ing to a second set contains k axes, a third frame may contain h axes, 
and so on. Each set of reference frames has its own transformation tensor, 
so that in AaSrq^ ^cr instance, the transformation tensor of the set of 
axes a, P is C®' while those of pq is The two tensors C®' and Cl' 

represent different groups of transformation matrices. 

As a special case no transformation tensor may be associated with 
one of the reference frames, so that the corresponding indices are 
closed indices as 

Up till now, in each network, with each branch there was assumed to 
be associated only one component of ea or of that is, in each branch 
only one known voltage or one known current was assumed to exist. 
However, in each branch several sets of currents or voltages may exist, 
each influencing the others in various manners. For instance, in each 
branch currents and voltages with several frequencies wi, a >2 • • • Wit may 
exist so that in each branch the current is represented as i^, where p 
assumes the value wi, <02 • • • wjk in succession. If there are n independent 
branches, the current vector is represented as t®*', where a represents 
the brarch in which the current flows and p represents the various 
frequencies. The vector has n X k components. 

When frequency conversion exists in a network represented by a 
transformation tensor then the vector x®^ attracts two different 
types of transformation tensors: 

1 . CZ' interconnects the coils, leaving the frequencies unchanged. 

2 . Cl' changes the frequencies, leaving the coil interconnect-ons 
unchanged. 

That is, t®** is a contravariant tensor of valence one in the a reference 
frame and also in the p reference frame. I.i spite of its two indices x®^ 
is not a tensor of valence two, 

(c) Other examples of systems with multiple reference frames are 
plentiful in engineering. Such, for instance, are rotating electrical 
machines with d-c. and a-c. impressed voltages, or with small oscilla¬ 
tions superimposed upon their steady rotation; transmission lines along 
which several waves with different velocities travel, and so on. 

m. REPRESENTATION OF MULTIPLE TENSORS 

(a) A tensor containing two or more sets of indices (each set referring 
to a different set of reference frames) will be called here a **multiple 
tensor** A base letter may have different number of indices in the 
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different frames. For instance, Za/s***** is a covariant tensor of valence 
two in the a frame, but it is a contravariant tensor of valence three in 
the p frame. The transformation matrices belong to a different 
group from Cl». 

Also a base letter may be a tensor in one frame, a geometric object 
in another, and an »-matrix in a third set of frames. For instance, 
^aipuq) is a vector in the a frame but it is a 2 -matrix in the p frame. 
That is, Aa{p)tq) represents a set of vectors Aa> The a reference 
frame may be transformed to a by but the closed indices are not 
transformed, 

( 6 ) Multiple tensors are represented the same way as ordinary 
tensors shown in Chapter I, Section VII, with the difference that along 
several directions the number of fixed indices is different. For instance, 
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Fig. 21.1.—Various Representations of the Multiple Tensor 


if in there are seven axes in the a frame and five axes in the p 
frame, then the number of components in A"^^ is 7 X 5 X 5 = 175, as 
shown in Fig. 21.1a. 

When the a frame is assumed to be temporarily unchanged, that is 
when a is a closed index as then the tensor is a set of seven 

2 -tensors A^^ arranged in a column (a) as shown in Fig. 21.16. When 
the indices p and q are considered closed indices as then the 

tensor is a set of 5-^ = 25 vectors as shown in Fig. 21.Ic. 

I Similarly the multiple tensor may be represented temporarily 
as a set of 3 * = 27 2-tensors as shown in Fig. 21.2a or as a 

set of 4“ = 16 3-tensors shown in Fig. 21.26. 

{c) Mtiltiple tensors can also be subdivided into component tensors so 
that the multiple tensor becomes a compound multiple tensor. For 
instance, if in the indices a, jS, 7 represent both mesh and 

junction-pair axes, then say the index a may be subdivided into the 
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mesh axes m and the junction-pair axes u giving and 



la) 


A SCT Of k* 2.TENSORS 
^|aK4)(»)p^ 


lb) A SET or k* 3- tensors 


Fig. 21.2.—Representation of the Multiple Tensor 


as shown in Fig. 21.3. Or m may represent the active and i/ the in¬ 
active junction-pairs, and so on. 



W 

Fig. 21.3.—Compound Multiple Tensor 

IV. REPLACEMENT OF COMPLFX NUMBERS 

A simple example of multiple tensors may be introduced in steady- 
state problems, where the components of the various tensors are coin- 
plex numbers. Computation shows that any complex number r + jx 
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representing an impedance may be replaced by a matrix with two rows and 
columns containing only real numbers as 



so that, for instance, the impedance tensor Za^ of an w-mesh network 
with n^ complex components can be replaced by a multiple tensor 
having twice as many rows and columns with all real compon¬ 
ents as 



a 


21.1 


where a and represent the n circuit-axes a and 6, while p and q repre¬ 
sent the two time axes r and i. 

Along each reference frame (mesh or junction-pair) two new hypo¬ 
thetical time axes are now assumed, a real and an imaginary axis r and 
i, so that the voltage and current vectors are expressed in terms of their 
in-phase and out-of-phase components. For insta*nce, if the current 
vector of the two-mesh network is 


a b Rr aj br b, 



the voltage vector e is found by z»i as 



V. MULTIELECTRODS TUBE NETWORKS 

(a) A simple example of networks in which multiple tensors occur 
is a multielectrode-tube network with small impressed voltages Ae or 
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currents AI. Because of the non-linearity of the tubes a voltage of one 
frequency wi produces in each coil currents with several frequencies wi, 
«2 • • • Wn, €Lnd vice versa. In the resultant multiple tensors one set of 
indices m, n^ k • • • refers to the coils in which the currents flow, while 
the other set of indices or, 7 • • • refers to the various frequencies. 
Since in this chapter no frequency transformations are assumed, the 
indices or, 7 • • • are closed indices. 

The equations of voltage and current for mesh and junction net¬ 
works will be developed in the form of a Taylor’s series that is analogous 
to the power series shown in Sections XIII and XIV, Chanter I. The 
non-linear network may be looked upon aho as a mesh, or a junction, or 
an orthogonal network, just as any linear network can. 

First the non-linear equations of a multielectrode tube without the 
presence of the outside linear network are developed. Afterward the 
interconnection of a tube or several tubes with a linear network is 
considered. 

(6) Since the groups of transformation matrices that will be 
used are not functions of the variables, all geometric objects to be intro¬ 
duced. in this chapter are tensors. 

VI. A MORE GENERAL FORMULATION OF THE SECOND 
GENERALIZATION POSTULATE ” 

(a) In order to keep the physical picture clear the non-linear 
equations of a tube will be developed in four steps, assuming: (1) 
one electrode having one current, (2) one electrode having several 
frequencies of current, (3) several electrodes, each having several 
frequencies of currents, (4) several sets of electrodes, each set having a 
different function. 

The step from 1 to 2 introduces a set of closed indices (a), (/3) • • •, 
the step from 2 to 3 adds an additional set of open indices m, n • • • 
(in mesh networks) or u, v — (in junction networks), and the step 
from 3 to 4 adds several sets of open indices. 

Throughout the development, emphasis will be laid upon the 
important fact that, as the complexity of the physical system increases, 
the number of tensors, the form of the equations, and the reasonings 
accompanying them do not change, only the number of the set of indices 
increases. Each increase in the complexity of the physical set-up adds an 
additional set of indices to each base letter. 

That is, whatever theories, laws, equations, etc. are developed for 
ordinary networks are all valid for multiple networks by simply replacing 
single quantities by tensors and single tensors by appropriate multiple 
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tensors. They are equally valid for compound multiple networks by 
replacing each multiple tensor by an appropriate compound multiple 
tensor. 

This statement may be considered as a more general formulation 
of the “ Second Generalization Postulate ” in which the expression 
tensor ” may include compound tensors, multiple tensors and com¬ 
pound multiple tensors of any complexity. 

(ft) Corresponding to the equations of the physical system, Taylor’s 
series is developed in the following steps: 

1 . Functions of real * variables; in one variable and in several 
variables. 

2 . Functions of complex variables; in one set of variables and in 
several sets of variables. 

Afterward the inverse series are developed for the same cases. 


VU. TAYLOR’S SERIES 


Let any equation y = f{x) be given. Its graph is shown in Fig. 
21.4. Suppose that for a given value of x, say xo, the value of y is 



Fig. 21.4.—Graph of an 
equation y « f(x) 


known to be yo» but it is not known for 
any other value of x. Suppose also that 
for the given value of x not only y but 
also all its derivatives are known. 

The problem is whether it is possible 
to find the value of y at another point 
xi in the neighborhood of xo, even though 
the value of y is known only at point xq. 

Taylor’s series gives the value of y at 
point xi in terms of the value of y at xo, 
of all its derivatives at xo, and of the dis¬ 
tance — JCo = Ax, all of which are known, 
provided certain conditions stated in text¬ 
books are satisfied. The value of y at xi is 


dy 1 1 d^y 

W + 4j-» + -A. + -^(to)«+j^(4.)» + 


where all derivatives are taken at point yo- Since only Ay, the change 
in y, is needed, the equation becomes 

21.2 

If the slope of the curve in the neighborhood of yo is constant, the 
curvature and d^yldx^ are zero, leaving Ay = {dy/dx)Ax. 
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VIIL TAYLOR'S SERIES IN AN INVARIANT FORM 


(a) Let each of two variables be a function of two other independent 
variables; that is, let y® ^ f'^iXa.Xh) and 3 ^ =/*(xa,X 6 ). (The position 
of the indices varies in various problems, depending upqn what the 
variables y and x represent.) 

If each of the independent variables changes by an amount Axa and 
Ax 6 , the change in the dependent variables is 
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21.3 


(5) If, instead of two functions of two variables, there are n func¬ 
tions of n variables, then there are n such equations as the foregoing, 
each parenthesis containing n, or terms instead of 2 , 2 ^, or 2 ^. 
In index notation the n equations are written as one invariant equation 


dv”* 




2 ! dXndXk 


^Xn/^Xk + 


1 aV 

3! dXndXkdXb 


^XndXkdXh +•• 


21.4 


where the indices m, n, k, • • • may assume any one of the values a, 6 , 
c, • • •. 

This equation is similar to its scalar form, equation 21 . 2 , except the 
nth power of Ax, that is (Ax)®, is replaced by AXaAXb • • • AXn. 


IX. GEOMETRIC OBJECTS OF HIGHER VALENCE 

(a) In the invariant equation 21.4, Ay®* is a contravariant vector 
and AXtn is a covariant vector: dy”*/dxn is a doubly contravariant 
tensor, as has been shown in equation 15.16, and is represented, say, 
by K*"". 

The expression = (^)d^y^/dxndxk is a tensor of valence three 
where each term is a partial derivative of a component in F*"®. It is 
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represented in each particular reference frame by numbers arranged 
in a cube as shown in Fig. 1.2. On paper for, say, « = 4, it can be 
represented by four matrices, each containing 4^ components by assum¬ 
ing that in the variable index m assumes the fixed indices, 

a, 6, c, and d in succession. One of the four matrices (when m assumes 
the value a) is 
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a*y 

ay 

ay 

QXq bXa 

dXadXi 

dXddXg 
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a*/ 

aV 

ay 

ay 
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bxfdXc 
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a^y 

a®y“ 


ay 

dXridXa 

dKddXt 

dXddXe 

dXddXd 


In matrix in each numerator occurs instead of y®; similarly, in 
the others, y® and y^ occur respectively. 

Instead of m, of course, nor k might have assumed the fixed indices 
a, 6, c, d, resulting in matrices that represent different cuts of the 
original cube, or the same 4^ components might have been arranged in 
two other ways. 

(6) The expression = {^)d'^y”^/dXndXkdXh is a tensor of 

valence four. It has in each particular reference frame n^ components, 
each a partial derivative of a component in with respect to xh- 

On paper (Fig. 1.7) it may be represented by n^ matrices, each with n- 
components, by replacing two of its variable indices by their fixed 
values in succession. For w = 4 one of the sixteen matrices (when 
m = h and n = c) is 



aV 

ay 

Qlyh 

ay 

dXedXadXa 

dXedXadXb 

dXcdXadXe 

dXcdXadXd 

d*y* 

a*/ 

a*/ 

a»3-» 

dXedXbdXa 

dXedXbdXb 

dXedXbdXe 

dXcdXbdXd 

a*/ 

a*y* 

d*y» 


dXcdXedXa 

dXedXedXb 

dXcdXedXe 

dXedXedXd 

a*y» 

ay 

ay 

a»/ 

dXcdXddXa 

dXcdXddXb 

dXedXddXe 

dXcdXddXd 
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(c) In terms of these tensors Taylor’s series can be written 
I Ay" = + ..T 


21.7 


It should be noted that the free index in each term is m. 

(d) The indices for Ay and Ax may be upper or lower indices, 
depending on the problem. Accordingly, the position of the indices of 
the other tensors also varies in the various problems, as is shown later. 
For instance, when the series represents a transformation of the vari¬ 
ables (when Ay*" represents the variables in the old reference system 
and Ax*" in the new reference system, a type of transformation that 
occurs frequently in tensor analysis), both y and x have upper indices 
and equation 21.7 becomes 


Ax*" = y?«Ax** + Jlf?a/jAx«x^ + D*?afiyAxaAxfiAx‘^ 4 - ... 21.8 


X. THE MODULATION TENSOR 


(a) If small voltages are applied at the various junction-pairs of 
a multielectrode tube in addition to the constant battery voltages, the 
small current changes are given by equation 21.7, where y is replaced 
by I and x by £, that is. 


A/" « Y^^AE^ + M^^^AE^AE^ + D^^'^^AEvAE^AE, -f • • • 


21.9 


The 4-tensor introduces currents that cause distortion; hence 
it may be called the ''distortion tensor,'* 

Usually it is sufficient to consider the first curvature of the /-£ 
curve; hence the last term is neglected, leaving the equation of current 
of multielectrode tubes (considering them as junction networks) 


Al ■* Y*AE -f- AE*M*AE 



A/- - Y^^AEv -f M^^^AEvAEu, 


Since the 3-tensor determines the modulation characteristics 
of tubes it may be called the "modulation tensor," If the curvature is 
neglected, it simplifies to A/“ = F“*A£,, which has already been given 
in equation 15.15. The admittance tensor F"*' of nonlinear networks 
may be called the "amplification tensor" 

For any tube 


__ a/** 

Vuv as _ 

dE, 




J^uvwa s 


1 ar-” 

2\dE„ 

1 dAf“»» 
3! dE. 


1 

21 dE,dEt, 

1 32 F" 

31 dE^dE. 


1 

31 dE,dEndE, 


21.11 
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(6) For a pentode the four matrices of the modulation tensor are 
given in equation 21.5 by replacing y by / and x by E. For a screen- 
grid tube the three matrices of the modulation tensor are 


X 

a 

h 

P 


1 dra 

1 dra 

1 ara 

a 

rlaEa 

Ta dEb 

dEp 

2A/“®" = b 

30 ** 

ac^ 

3 (,-“* 



OEa 

dEh 

aEp 





h 




r 

dEa 

SEb 

aEp 

X 

a 

b 

P 


30 *“ 

ac^ 

aa’^ 

d 





3 £„ 

dEb 

dEp 

= b 

1 dn 

l_ an 
aE^ 

1 arb 

f? dEa 

rl dEp 


30 *" 

30 *" 

30 *" 

4} 




r 

dEa 

dEb 

aEp 

\W 





a 

b 

P 


ac^ 

dG^ 

ac^ 

a 




aEa 

dEb 

dEp 

- b 

aG>* 

30 "* 

30 "* 



-.— 

aEa 

1 

dEb 

aEp 


1 drp 

1 arp 

1 dtp 

P 

fp aEa 

rldEb 

~ 4 aEp 


In the absence of grid currents the components of the first two matrices 
Af*** and are all zero. 

Since = |dF“®/3£«, the components of are differentiated 
with respect to the third inde.K, shown above the columns. For 
instance, must be equal to half of the partial derivative of F*' 
with respect to £«• 
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(c) For a triode, the two matrices of the modulation tensor are 




1 flr. 

_ 1 . 

dEg 

dEp 




dC’’‘ 

dE, 

OKp 

1 Orp 

1 Orp 

rl BEp 


21.13 


In the absence of grid current the components of the first matrix 
are all zero. 

(d) The equation of voltage of a tube considered as a mesh neiwork is, 
from equation 21.7, 


where 


Ae z«Ai 4- Ai*h«Ai 




dem 

Zmn — ■ ; 

htnnk 

1 dZmn 1 dHn, 

2 ai’’ 2 di”ai'‘ 


21.14 


XI. COMPLEX TAYLOR’S SERIES 

(a) In this section Taylor’s series will be investigated where the 
variables and the coefficients are complex numbers instead of real 
numbers. 

Let a set of n sinusoidal voltages be impressed across a non-linear 
junction circuit, say a crystal detector in series with an impedance, 
each voltage being of different frequency; that is, let 



each AE being a complex number 

AEi = ZLEi + jAE[ = y/2{Ei cos wi/ — E\ sin wi/) 

Since transformation of the frequencies to other frequencies is not 
intended in this chapter, the closed index a in £(«) shows that the 
components of £<«> are arranged in a row, but no formula of transforma¬ 
tion is associated with the index. 

Owing to the application of the n voltages with n different fre¬ 
quencies, the following sets of currents flow in the non-linear circuit: 
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1. A set of n currents each current having the frequency of 
the corresponding voltage 


\(«) 



\ 

(2) 

(n) 

I j 


... j j 


2. A set of currents each having the frequency of the 

sum of two impressed voltage frequencies, including the case a = /9. 
These currents can be arranged in a square. They are caused by the 
curvature of the £-/ curve. 

3. A set of currents each having the frequency of the 

difference of two impressed voltage frequencies. The two preceding 
matrices are denoted as so that 


\(+/8) 

(«)\ 

(2) 

(n) 

(1) 

«l) 




^j(wi+u>n) 





A/(®)(‘*"^) * (2) 





«n) 





(n) 

^j(«n+wi) 




^jr(«n+wn) 


21.17 


A similar matrix exists for The currents are said to be 

product frequency currents, and is a set of quantities 

arranged in a square. 

4. A set of 4n^ currents arranged in four cubes, each 

having the frequency of the sums or differences of three of the im¬ 
pressed frequencies. 

5. A set of 8w^ currents and so on. 

Only the sets A/^®^ and A/<®^^*^^ are calculated here, giving n + 2n^ 
components of current. 

(fc) The first set of n currents A/^®^ is calculated by the formula 


A/<®) = F<®><<*>A£(^) 


21.18 


where usually is a matrix having only diagonal components, each 
component being calculated for the frequency of the applied voltage; 
hence, in equation 21.18, a == /3. In the most general case, such an 
equality is not necessarily true, however. 

The second set of 2n^ currents is calculated by the formula 


21.19 
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where usually 7 = a, and 5 = /S and M are two four-way matrices. 
Their calculation is shown later. 

The matrix Ai£(Y)A£(a) represents 2n^ complex numbers (two 
matrices) formed by all possible products of the components of A£(y), 
forming sum and difference frequency quantities. 

(c) In multiplying two complex numbers A£i — A + jB and 
A£2 = C +jDt each representing a sinusoidal function of different 
frequencies m and 0 ) 2 , the following must be noted: 

1. The product with wi + W 2 frequencies is found by (A + jB) X 
(C+jD). 

2. The product with wi - 0)2 frequencies is found by (A + jB) X 
iC-jD). 

3. The component complex numbers represent square-root-of- 
mean-square values, and the products represent peak values. 

(d) Equations 21.18 and 21.19 (a 1 -matric and a 2 -matric equation) 
may be combined as 




21.20 


representing n -f 2n^ equations. Since the components of a 1 -matrix 
and a 2 -matrix cannot be added, the various sets of 

currents are kept separate. 


Xn. COMPOUND SERIES 

(a) Assume now that additional sets of voltages with (a zfc /3), 
(adb Pdz 7 ) • • ■ frequencies are also impressed across the system. The 
set of 2n^ voltages with product frequencies then produces a set of 2n^ 
currents of the same frequency 

21.21 

where usually 7 = a, 5 = /3, and the components of are 

calculated at the various product frequencies. The additional currents 
due to the curvature of the E-I curves will not be calculated here. 

The 2-matrix AE(y)(±8) contains 2 n^ complex numbers representing 
product frequency impressed voltages, but they are not formed by 
products of fundamental frequency impressed voltages (as are the 
components of AE(y)AE(8)), being independent of them. 

Hence, if both fundamental frequency and product frequency volt¬ 
ages are impressed, the resultant fundamental and product frequency 
currents are 

A/<-> + A/<-><=t^> + ... = F<-><->A£(,) + + • • • 

^ A£(7)^^I) + • • • 4" • • • 21.22 
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There is a matric form of Taylor’s series for each set of impressed 
voltages, that is, one for AE(a), and another for each set of 

voltages producing an infinite set of currents. Such a series is called a 
compound series. If only fundamental frequency voltages are im¬ 
pressed, the last term of equation 21.22 drops out. 

(5) Conversely, if both fundamental frequency and product fre¬ 
quency currents flow, the resultant fundamental frequency and product 
frequency voltages are 

+ 2(a)(=b^)(7)(±«)A/^'y^^=*=*^ 21.23 

where usually 7 = a, 5 = | 8 , and € = <r. 

(c) The important fact should be noted that the variables A/ are 
not necessarily always arranged in a row to form a 1 -matrix A/^®\ 
Here some of the variables are arranged in squares, and some 

in cubes. In modern matrix mechanics the variables are arranged in a 
square forming a matrix. 

xm. COMPLEX SERIES IN INVARIANT FORM 

(a) Instead of a crystal detector let a multielectrode tube be con¬ 
nected to a network containing coils. If across several junction-pairs 
a set of fundamental voltages A£(a) is impressed, then in each circuit 
several sets of currents of various frequencies flow. 

Here two sets of indices must be introduced: ( 1 ) open indices 
Vt w representing the various circuits of the system a, 6 , c, g, P; and 
(2) closed indices (a), (/3), ( 7 ), representing the various impressed 
frequencies wi, W 2 i • • • Wn. 

In direct notation the open indices are not shown. With both funda¬ 
mental and product fnequency voltages applied along the various 
circuits, the currents (see equations 21.10 and 21 . 22 ) are 

AI(.) + MiaH±P) + ... = + 

+ AE(7)(±a) + 21.24 

The order of the tensors is the same as in equation 21 . 10 , and the order 
of the closed indices is the same as in equation 21 . 22 . 

In index notation 

A/u(i) + 

-j. -j. ... 21.25 
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The order of the “open” indices is the same as in equation 21.10 and 
the order of the “closed” indices as in equation 21.22. 

(ft) The open indices have covariant and contravariant meaning, 
but the closed indices have no such signifrcance; hence, for a more 
compact notation, the position of the closed indices may be changed and 
the previous equation may be written 

A/tJ + +-y?:„.,A£r + + • • • 

+ 21.26 

(c) Instead of writing n^ different 2-tensors to represent the 

procedure in calculation is to write first one 2-tensor Y, with each com¬ 
ponent still containing the closed indices, as thereby the 

operations represented by the open indices are disposed of, leaving the 
variable closed indices. The closed indices thereafter are assumed to 
vary through their own range, each variable closed index assuming the 
range of fixed indices in succession. 

XIV* SPIN INDICES 

{a) If the components of transformation tensors contain complex 
numbers a + jb, it is advantageous to use spin indices instead of tensor 
indices, that is, indices with bars over some of them. The bars over 
some of the indices also help to keep the correct order in multiplying 
several tensors of various valence. Spinor notation is valid, however, 
only if all complex numbers represent quantities of the same frequency. 

Assuming the open indices as fixed indices and the closed ones as 
variable indices (if in one particular circuit all possible currents are 
considered), each complex number represents a quantity of different 
frequency. Hence, the closed indices cannot be spin indices in the 
present analysis. 

Assuming the closed indices as fixed indices and the open ones as 
variable indices (that is, if the currents of one particular frequency in 
all circuits are considered), each complex number represents a quantity 
of the same frequency. Therefore, the open indices may be considered as 
spin indices. 

In terms of spin indices the tensors hitherto introduced are 
r. £^, At", 

(6) Once the position of the bars in «« and i" is determined by the 
invariance of Cmt**, their position in the other tensors automatically 
follows in the equations by the rule that the two dummy indices must 
be dther both barred or both unbarred indices. 
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In terms of spin indices the previous equation becomes 

A/r.) + A/r„H±« + ••• = +... 

+ +... + ... 21.27 

XV. THE INVERSE OF TAYLOR’S SERIES 

In the foregoing sections the different forms of Taylor’s series are 
established. In the following sections their inverse is found. 

Since Taylor’s series is a power series whose inverse has already 
been established in Section XII, Chapter II, for the case of no indices 
and for one set of indices, the calculation is not repeated here. For 


Taylor’s series with one set of indices 


Ae = 2*Ai + Ai'h.Ai 

= 2m«A*" + As«»At»At* 

21.28 

the inverse series is by equation 2.34 


Ai = y*Ae + Ae.m.Ae | 

At" = y^Ae^ + »t"^Ae„Aes 

21.29 

where y = z~‘ | 

y”'” = (2««)-* 

21.30 

m = -y,*(yh).y | 

^mni _ _ 

21.31 


Where a 3-tensor h and a two-tensor y are enclosed in parenthesis as 
(y-h) it will be understood that the free index of h is to be multiplied 
by the second index of y as (y-h) = y^hd/g so that the first index of y 
becomes the free index. It should be noted that in equation 21.31 the 
free index d of h^^^ is multiplied by second index of while the other 
two indices of hajg are multiplied by the first indices of and 
Spin indices automatically take care of this order of multiplication. 

XVI. INVERSE OF THE COMPLEX SERIES 
(a) Let the voltage equation 

^^(€) == “h A(a)(±3)(7)(or) 

+ 21.32 


be given and let its inverse be calculated 

Ai<-J + -f Ae(^)Ae(8) 

+ y(“)(=^^)(^)(^',A6<^H=fc«) 21.33 

where y and m are unknown functions of z and h. 
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SSS 


Following the previous steps, let the second equation be substituted 
into the first. Neglecting higher than second-order terms 


A6(*) + Ae(a)(±i9) — AC(<r) Ae(r) 

Equating corresponding coefficients of Ae on both sides of the equation 

0 = 


Solving for y and m 

y(«)(/*) — inverse of Z{fi)(a) 


y(a)(=fc^)(7)(=fca) =?i„veise of z(^)^ 




21.34 

21.35 

21.36 


where 7 = a and B — p. 

(b) Since in A^(,) = 2 :(<)(a)Ai^‘^^ the matrix usually contains 

only diagonal components (one current producing only one voltage of 
its own frequency), its inverse is calculated in such cases by taking 
the inverse of each component separately. 

Similarly, since in Ae(a)(^/S) “ each current 

usually produces only one voltage of its own frequency (since 7 = a 
and d = /3), the inverse of S(a)(i^^)( 7 )(db^) is calculated by taking the 
inverse of each of its components. 


xvn. INVERSE OF THE COMPLEX INVARIANT SERIES 
(a) Let the set of invariant equations 

^6(0 + eian±fi) = Z(.)(,)'Ai‘'> + Ai‘->''-h(„)(±(i)<^)(j)-Ai“> + 

+ Z(c.)(±<()(7)(±»)* 21.37 

be given and let its inverse be calculated 

^(.) 4. = yWw.Ae,., + Aewm^“><±^>'^>“^-Ae(,„ + 

+ y‘“)<^'«‘»‘±*)-Ae,7)(±,) 21.38 

in which y and m are unknown functions of z and h. 
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Substituting the second equation into the first, 

Ae(o + Ae(a)(=b/j) = 

+ Ae(a) •h(a)(±^)(7)(«) • Ae(p) 

+ Ae(<,)'(Z(a)(±^)(7)(±a)*m^‘‘^^^=*=*^^‘^^ ''0 • Ae(„) 

+ Z(«)(±/j)(7)(±a)-y^^^^=^*^^‘^'' '-Aetocio 
Equating corresponding coefficients of Ae 

1(0 = z<o(»)-y‘'’‘'’ 

0 = y<‘'’'’‘*’*h(a)(±/))(T)(»)’y‘*’‘'’ + (Z(o)(±3)(t)<i»)‘ro^’'’*"*"*’''’*'’) 


Solving for the unknown y and m 


y<“>W ^ 

y(a)(±<»)(->)(±*) ^ 

„(«)(*/.)(»(«= _y(0(r).(y(<.)(±«(.)(±0.hj^,j^^,^,,(^j).y(«)(« 


21.39 

21.40 

21.41 


(6) In spinor notation the last equation, by changing the position 
of the closed indices and using spin indices, is 


^nmk 

^(o)(=b^)(7)(a) ■ 


~ ^ ( ± fi) («r) (=fcOy ft) iy)yf^) ( 3) 


21.42 


(c) It should be noted that in the last equation representing the 
most complete invariant form, the same number of base letters occur 
as in equation 2.43 representing the simplest possible scalar form. 


xvm. SIMPLIFICATION IN TUBE CIRCUITS 

In thermionic tube circuits the previous multiple tensors assume 
special forms and the following simplifications may be introduced. 

(a) For a tube without any outside network and 

contain only real numbers; hence the closed indices may be removed 
from them, for their components are independent of the frequency of 
the terminal voltages AE. The equations of the tube (or tubes) are then 

Ae(a) + Ae(a)(±/j) = z-Ai<«> + Ai<“>-h* Ai<^> + z.Ai<«> 21.43 

AI(«) + ^ Y.AE(a) + AE(«,-M.AEoj) + y.AE(«)(±/i) 21.44 
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considering them as a mesh or as a junction network respectively. 
As orthogonal networks their equations are analogous. 

The inverse of Y is Z and the inverse of M (from equation 21.31) is 
H = —Z«*(Z*M)-Z. Since Y does not have any closed indices, the 
inverse of M containing Y does not acquire any closed indices by 
multiplication with Y. 

( 6 ) In the impedanc e and admittance tensors of the outside network 
all components are zero unless two of the closed indices are identical. 
For instance, is 


\(/J) 

(a)\ (1) (2) (n) 


(i) 1 1 1 Q 1 

0 


^( a )( fi ) “ (2) I 0 1 1 ^(02 1 

0 

21.45 

<”>0 H 

1 



Hence for the outside network Z(a)(/j) may also be considered as a set 
of n 2 -tensors arranged in a row Z(a) 



21.46 


Similarly, the inverse of Z(a)(/j), may be considered as a set of 

n 2 -tensors arranged in a row 



21.47 


For the outside network alone M is zero. 

It should be noted that the inverse of Z(a)(/j) is calculated by finding 
the inverse of each of its component tensors. They, in turn, all have 
identical forms, except for frequencies. 

Also where 7 = a and d = fit 'tttay be replaced by 

each component of the two matrices containing ZJiVw 2 » all 
having identical form, unless calculated for different product fre¬ 
quencies. This simpler notation will be used when tubes are connected 
to the network. 
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The equations of the network without tubes are, with fundamental 
and product frequency voltages or currents impressed 

Ae(a) + Ae(a)(=t/j) = Z(a)(3)* + Z(a)(±/j)(7)(±a)* 21.48 

AI(«) + ^ 21.49 


XIX. mTERCONNECTION OF NON-LINEAR SYSTEMS 

(a) In a tube circuit two physically different types of structures are 
interconnected, namely: the non-linear network containing one or more 
isolated tubes and the linear network connecting the tubes. Both of 
them may be considered as mesh, junction, or orthogonal networks. 

The interconnection of two non-linear networks, or one linear and 
one non-linear network, follows analogously that of two linear networks 
given in Section XII, Chapter V, for mesh networks and in Section 
XII, Chapter XIV, for junction networks. The steps are; 

1 . The geometric objects Y and M (or z and h) of each component 
part are established. Some of them may be zero. 

2. Their respective sums Y==Y^+Y^+*** and M = Mi+M 2 +*** 
represents the geometric objects of the primitive system. 

3. A transformation tensor C or C|”^ is set up showing the manner 
of interconnection of the primitive system into the actual system. The 
terminals of the tubes always form part of the new reference frame, 

4. The new components Y' ard M' (or z' and h') are found by their 
respective transformation formulae. 

(b) The equations of voltage or current of the resultant system 
(leaving out the primes) are 

Ae(a) + Ae(a)(±^) = Z(o)(/5) • Ai^^ 

+ + Ai^«>.h.i^^> 21.50 

^(«) + ^<ar)(±/») == Y<«)0).AE(/„* 

+ + AEf.).M.E,^) 21.51 

In these equations (where h and M still have no closed indices) it is 
assumed that the terminals of the tube {or tubes) are considered as reference 
axes in which Ai flows or across which AE appears. 

(r) Instead of using the above method to find the equations 21.51 
or 21.50, the first term may also be established in exactly the same 

manner as shown in Chapter X K, while M of the resultant system is found 
by multiplying M of the tube by A three times^ changings however^ only its 
indices. The free indices of the modulation term refer only to the tube 
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terminals g and p, while the free indices of the amplification term also 
include other junction-pairs. 

(d) For purposes of manipulations they may be subdivided into several 
tensor equations: For instance, in equation 21.51 three types of junc¬ 
tion-pairs may be introduced: 

1. AEi representing all tube junction-pairs. 

2 . AE 2 representing active junction-pairs with known impressed 
voltages. 

3. AE 3 representing the remaining inactive junction-pairs. 

In this case equation 21.51 is subdivided into three equations, the 
first one containing a term with M. The elimination of E 3 involves 
only the introduction of open-circuit admittances while the 

elimination of the inactive tube junction-pairs Ei involves the finding of 
the inverse of a senes. 

(e) In setting up the equation of voltage as a mesh network it is 
necessary to calculate first the inverse of a series, since Z 2 and h 2 of 
the tube are needed in the equation, while the inverse constants 
y 2 and m 2 of the tube are usually known. 

The calculation of the inverse of equations 21.50 and 21.51 or of 
any subdivision of them containing a 3-tensor introduces closed indices 
for the 3-tensor also. 

XX. SOLUTION OF THE EQUATIONS 

(a) The equation of voltage and currents (21.50 and 21.51) may be 
solved for the unknowns (if some of the impressed quantities are 
known) without subdivision. 

For mesh networks in finding the inverse of equation 21.50 the 
inverse of h would be (by equation 21.31) m = ~yr (y*h) -y if y = 
would contain no closed indices; but since z contains the closed indices 
inverse of h is by equation 21.41. 

XH<«)(±/<)(7)(«) == _y<T'>.(y(a)(i/8).li).y(5) 21.52 

where half the indices of y are dropped according to the simplifications 
of Section XVI. 

Since h is found from the known m by h = equation 

21.52 becomes in mesh networks 

where m is the modulation tensor of the tube before interconnecting it to 
the network and is its modulation tensor after the inter- 

connection. Also z is the impedance tensor of the tube alone and is 
the admittance tensor of the interconnected system. 
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Hence, for mesh networks the inverse of equation 21.50 is 

^i(a) ^ ^ y(«)(4»).^e(^) + 21.54 

giving the fundamental frequency and product frequency current changes 
due to fundamental frequency voltage changes Ae(a) impressed around the 
meshes. It should be noted that no impressed product frequency 
voltages Ae(a)=fc(^) are assumed. 

ip) For junction networks the inverse of the known M is, analo¬ 
gously to equation 21.52, 

H(a)(±^j)( 7 )(a) 21.55 

and the equation of voltage is 

AE(a) + AJ^(a)(±fi) = 2(a)(/})Al^^^ + • H(a)( ±^)(.y)(5) - Al^*^ 21.56 

where are the known impressed fundamental frequency currents. 

(c) I'he multiple tensor (or rather 

contains 4^** 3-tensors m. Since only those 3-tensors in which a = y 
and (i ^ 5 are not zero, there are 2n^ 3-tensors m not equal to zero. 
They can be arranged in two squares each containing n^ 3-tensors, 
one giving a + and the other a — frequency currents. Each 
3-tensor contains currents of the same frequency flowing in the various 
circuits. 

If k of the circuits has an impressed voltage vector Ae(a), each cir¬ 
cuit containing n voltages of different frequencies, each of the possible 
products produces 2n^ product frequency currents in each circuit; 
that is, in each circuit flow 2n^k^ product frequency currents and nk 
fundamental frequency currents. 

XXI. EXAMPLE OF A TRIODE MESH NETWORK 

(a) Let the grid and the plate of a triode be connected in series 
with two coils (Fig. 21.5), and let sets of voltages of various frequencies 

be impressed in the grid 
and the plate meshes. 

In order to find the 
^ ^ ^ j modulation tensor of the 
interconnected system 
by equation 21.53 the 
Fig. 21.5.—Triode Mesh Network following two 2-tensors 

and one 3-tensor have 
to be established. The admittance tensor y of the interconnected system 
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may be found by the method of Section XV, Chapter XV, and Zi of 
the tube alone is given in equation 15.55, so that 



where Det — \(Xg 4" Z^(Tp -f* 


The modulation tensor of the tube mi is given in equation 21.13 as 



(/;) As a first step, the three product matrices of equation 21.53 are 
established. Replacing (a)(=b/3) by (a?) and leaving the closed iadices 
attached to each component of and y^"^ 


g P 


ae0 4- bgp 

+ bhp 

ceg + dgf 

cU 4- dhfi 

g 

P 

aea + hga 

cea 4* dga 

afa + bha 

cfa 4- dha 

g 

p 

e„a +/„c 

^ub +fttd 

«»« + 

gab 4- had 
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Now the value of m is to be found by equation 21.53; that is, by 

_ (zi-y“),*[(y"*zi)*mi]-(zi*y^) = S'(r»mi)*p 21.60 

(c) The center product r*mi is Multiplying the cube of 

w"®" and the square of r,u along the u direction as shown in Fig. 21.6 




f M 




p 


£1 

S 


Fig. 21.6.—Calculation of the Product 


the product of the first row of r gives 



Kk + Lp 

Kl-\- Lq 

Km -f Lr 

Kn Ls 


and the product of the second row of r gives 



(r*mi)p = 

P 


Mk + Np 

Af/-hiVg 

Mm -f Nr 

Mn Ns 


These two matrices form part of the cube r*mi, (The multiplica¬ 
tion may be performed in ways other than that shown.) 

(d) Each of these matrices should be multiplied by s as 



g 

E{Kk -f Lp) + F(Km + Lr) 

E(Kl -h Lj) -f F{Kn -f Ls) 

P 

G{Kk + Lp) -f mXm + Lr) 

G{Kl -f Lq) -h H(Kn + Ls) 


g 


P 

g 

E(Mk -h Np) + F(Mm + Nr) 

E(Ml + Nq) + F{Mn + Ns) 

P 

G(Mk + Np) + H{Mm + Nr) 

G(Ml 4- Nq) -h H(Mn -f Ns) 
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(e) The last two matrices should be multiplied by p as s • (r • mi)g • p, 
giving the component matrices of the final cube as 



g P 


{E{Kk-^Lp)JrF{Km+Lr)\A + 
[E(Kl-\-Li)+F(Kn-\-Ls)\C 

[£(Xife-f-Lp)-fF(Kw-fLr)]«-h 

[E{Kl-\-Lq)-\-F{Kn-^Ls)\D 

[G{Kk+Lp) JCm+ir)]/! + 

{G{Kl+Lq) ■>rH{Kn+U)\C 

[G(Kk + Lp)ll(Km + Lr )) tf + 
[G(Kl +Lq) +mKn+Ls)]D 


With the aid of this matrix the product frequency components of the 
grid current are Ai* = Ae-m<*Ae. 

The other matrix of the cube is s*(r'mi)p-p = 



g P 


lE(Mk-^Np)-\-F(Mm^Nr)]A-h 

lE(Ml+Nq)-i‘F(Mn-{‘Ns)\C 

lE(Mk-\-Np) + F{ Mmi-Nr)]B + 
lEiMl^Nq)+F(Mn-j-Ns)]D 

[G(Mk+Np) +HiMm+Nr)]A + 

[G(Mk+Np)+H{Mmi-Nr)]B-\’ 

lG{Ml-^Nq)-j-Il{Mn-j'N5)]D 


With the aid of this matrix the product frequency components of 
Ai^ are found as Ai" = Ae-m^-Ae. 

The last two matrices m* and m** are components of the 3-tensor m 
giving all the product frequency currents (if w = a it /3) 


Ae(^) 


21.63 


due to the fundamental frequency voltages Ae(a). 

(/) Evaluating one of the eight components of the 3-tensor m, say 
M**", the component in the upper left-hand corner of matrix 21.62 

M' = M{AEk+AFm+CEl+CFn) + N{AEp+AFr+CEq+CFs) 
But 



A 

E == 



Dfi 


2?« 

^'tFpZpf 

P ^gUp^pa 

N = 

rpZgu 

D, 

D„D 



where 


2? == (fg -f Zg)(rp + Zp) - ZpZgUpy^g, Z' = r + Z;w = adb/3 
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Hence, one of the eight components is 

~ .V dr, 2 2,, 7 

fipZfpfi^pa TgflpJ^pa^pfi J 

1 7 7* _L 7* 7* 

Irl deg deg 

ff „ dfp 2 rr r^l dG*r'\ 


21.64 


Each Z is calculated for the frequency of its subscript. If the 
grid voltage is the sum of n voltages of different frequencies, there are 
2n^ different components giving 2n- different plate currents 

21.65 

by allowing a and /3 assume the frequency range 1, 2, • • • n (or wi, 
W 2 • • • «n)- In the equation, p and g are fixed open indices. 

(^) When, similarly to equation 21.63, all eight components of m 
are calculated, for each frequency of current in Ai^"^ = there 

is a cube. Altogether there are 2w- cubes, each cube giving one par¬ 
ticular product frequency current flowing in all the circuit. All the 
currents given by a cube have the same frequency. 



CHAPTER XXII 


THE ANALYSIS OF NETWORKS 

I. TYPES OF NETWORK PROBLEMS 

(a) The problems that occur in the study of networks may be 
classified under two main headings: 

1. Given a network, the performance of the network is to be found, 
namely the various currents, voltages, powers, impedances, etc., of the 
given network. Such problems occur in ^'network analysis'' 

2. Given the performance of a network, the network itself is to be found. 
For instance, it is to be found what values the network impedances 
must have in order that the network should supply constant currents to 
certain loads. Such problems occur in ^'network synthesis." 

{b) The analysis of networks may involve simple or complicated 
manipulations of the tensor equations depending on the problem at 
hand. Simpler types of manipulations are: 

1. Given a network and certain voltages and currents, find the 
currents, voltages, power, etc., in other parts of the network. 

2. A change is made in some of the currents or voltages or imped¬ 
ances of the network. Find the changes in various parts of the network. 

More complicated manipulations are: 

3. The changes are made so that the response of the network at 
some mesh or junction-pair is a maximum or minimum. For instance, 
some impedances may be varied so that the power output to certain 
loads should be a maximum. 

4. The changes to be made depend on the knowledge of the 
unknown results to be attained. 

Even though in many problems the manipulation of geometric 
objects is easily performed, the solution of the equations may become 
unwieldy or impossible, and-approximate or step-by-step solutions 
have to be resorted to. Such cases occur for instance when the absolute 
value or the phase angle of the voltages, currents, or impedances plays 
a part in the analysis. 

All networks will be assumed to be active and asymmetrical, hence they 
may include multielectrode tubes, rotating electrical machines, and 
other linear electrical and mechanical networks. 
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(c) The great advantage of formulating and solving {if possible) 
network problems in terms of tensor equations is that it is possible to 
analyze each type of problem once and for all, irrespective of the number of 
meshes or junction-pairs and irrespective of the manner of interconnection 
of the coils or their mode of excitation. The analysis needs to be performed 
only once and then the final answer may be used for any particular case in 
a routine automatic manner. 

With the ordinary method of analysis both the setting up of the 
equations and the whole method of analysis have to be repeated for 
every single example that may come up in engineering practice. Since 
in ordinary analysis the large number of coils, the great variety of 
interconnections and hypothetical reference axes obscure the problem, 
quite often a different method of reasoning is required even for each 
particular example. In many instances the analysis simply breaks 
down after the first few steps because of mechanical difficulties in 
handling large numbers of equations. 


n. A METHOD OF ATTACK 

(а) The problems of network analysis may be formulated as: Given 
a network, find its performance. Since there is an innumerable variety of 
problems that may arise in network analysis, it is impossible to give 
general methods of attack. In many problems the following steps 
may be taken: 

1. It is determined whether the network is to be considered a mesh, 
or a junction, or a complete network. 

2. The equation of performance of the network is set up. 

3. It is determined how many types of meshes and junction-pairs 
exist, those of the same type performing identical functions. 

4. The equation of performance is divided into as many invariant 
equations as there are types of meshes and junction-pairs, as shown in 
equations 19.1 to 19.6. 

5. The set of tensor equations is manipulated analogously to ordinary 
equations according to the requirement of the problem. 

6. The unknowns, if there are any, are solved for by exact or 
approximate methods. 

(б) In the analysis of compound orthogonal networks it should be 
remembered that: 

1. In setting up the compound z: (I) the presence of inactive 
compound junction-pairs is simply ignored; (II) the inactive compound 
meshes are eliminated by the reduction formulas of Chapter X. 

2. In setting up the compound Y: (I) the presence of inactive 
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compound meshes is simply ignored; (II) the inactive compound 
junction-pairs are eliminated by the reduction formulas of Chapter X. 

Hence, by ignoring or eliminating inactive meshes and junction-pairs, 
the analysis of networks may be performed in terms of active meshes and 
active junction-pairs only, 

(c) Two types of problems will be worked out as examples of this 
method of attack: 

1. Given an impressed quantity, find the response, 

2. Given a change, find the response. 

During the analysis it will usually be found that at the must only as 
many inverse matrices have to be calculated as there are types of meshes 
and junction-pairs. Also each matrix will contain only as many rows and 
columns as the number of axes contained in the corresponding mesh or 
junction-pair group. 

It is emphasized that each type of mesh or junction-pair may contain 
any number of individual meshes or junction-pairs. 

In the manipulation of the equations it must constantly be remem¬ 
bered that even as an intermediate step the inverse of only a square 
2-tensor can be used. They are usually only the diagonal components 
of a compound 2-tensor. 


m. ANALYSIS OF tt-NETWORKS 


(a) Given the input Ei and the output I^, find the input current 
and the difference of potential E 2 across the load. 

The junction-pairs of the network are of three types: (1) input, 
(2) output, (3) inactive, the last comprising all the remaining junction- 
pairs, as shown in Fig. 22.1a. If the inactive junction-pairs are ehmin- 



GivanXi^l* 
Find 5Cj 


(a) Given junction network 
(3 junction-pairs) 


Fig. 22.1 



(&) Reduced network 
(2 junction-pairs) 


ated from the equation of current by the method of Section IX, 
Chapter X, only the input and output junction-pairs remain, shown in 
Fig. 22.16, whose equation is given in equation 19.2 as 

V = Y'l.Ei - Y 12 .E 2 

V = Y^i.Ei ~ Y 22 .E 2 

The primes are left out. 


22.1 
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(b) The load voltage E 2 is found from the second equation as 

Es = Y22 -L(y2LEi - P) 22.2 

by calculating the inverse of a tensor Y-- having as many rows and 
columns as there are load axes. 

The input current I' is found by substituting E 2 into the first 
equation. 

Ii = y“-Ei - Y“.Y22-i.(y2i.Ei - f) 

Ii = (Yii-YiLr^2-LY2i)‘Ei4-Yi“-Y-2-Ll2 22.3 

IV. OPEN-CIRCUIT VOLTAGES 

(a) Given again the input Ei and the output I‘^, find the difference 
of potentials E 3 appearing across several (not all) of the remaining 
junction-pairs. 

There are four types of junction-pairs as shown in Fig. 22.2a: 
(1) input, (2) output, (3) open-circuit terminals, (4) inactive. The 

Given: El,I* 

Find; E3 

(a) Given junction network (b) Reduced network 

(4 junction-pairs) (3 junction-pairs) 

Fig. 22.2 

compound network must have consequently four junction-pairs (or 
five junctions). 

The equation of current I = Y*E of the junction network is to be 
divided into four equations. If the inactive equation is not eliminated, 
the four equations are: 

V = Y*».Ei - Y 12 .E 2 - - Y 14 .E 4 

P = Y21.Ei - Y22.E2 - Y23.E3 - Y24.E4 

22 4 

0 = Y3i-Ei - Y32.E2 - Y33-E3 - Y34.E4 

0 = Y^i.Ei - Y^2 .e2 - Y43.E3 - Y44.E4 

All the diagonal tensors Y^^ Y 22 , Y33, and Y^^ have square matrices, 
and their inverse can be calculated. 

The problem is to find E 3 if Ei and I 2 are known. 
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( 6 ) The first step is to eliminate the inactive E 4 from the last 
equation. 

E 4 = '-(Y^'-Ei - Y<2.E2 - Y'^’-Ea) 

Substituting into the remaining equations 
H = (Y“ - Y'*‘Y** '•Y^')-Ei - (Y'2 - Y‘''-Y“ '•Y'‘-)*E2 

— (Y’^ — Y’'‘*Y'‘'‘ '•Y^*)-E3 

p = (Y^i - y2<-Y<^-i-Y'‘')*Ei - (Y~- - Y2‘-Y" '•Y‘2).E2 

_ (Y23 _ Y2‘.Y’' '•Y'‘2)-E3 22.5 

0 = (Y^' - Y3^-Y^^-'•Y'‘')*Ei - (Y22 - Y3^*Y^-*-'‘Y^2^-E2 

- (Y33 - Y2<-Y'‘ '.Y42)-E3 
If so tlesired they may be replaced by 

p = Y"'.Ei - Y*2'.E2 - Y'3'.E3 
P = Y2>'.Ei - Y22'.E2 - Y23'.E3 22.^ 

0 = Y^l'.Ei - Y32'.E2 - Y33'.E3 

represented by an equivalent double-w network with three junction-pairs 
as shown in Fig. 22.2b. The primeil admittances represent the self- 
and mutual admittances of the first three junction-pairs measured 
with the fourth junction-pair open-circuited, analogously to the admit¬ 
tances of equation 22.1. 

(c) In the last set of equations Ei and I 2 are known and E 3 is to 
be found. Finding E 2 from the second equation as 

Ea = Y22'-’.(Y2 ''.Ei - Y23'.E3 - I-’) 

and substituting it into the third equation 

0 = Y3*'-Ei - Y32'.Y22 '-i.(Y2''.Ei - Y23'.E3 - P) “ Y^S'-Es 

an equation is found containing only the known Ei and I 2 and the 
unknown E 3 . Rearranging 

0 = (Y3>' — Y32'.Y22'-».Y21')"Ei — (Y33' — Y32'• Y22'“ > • Y23')-Ea 

-|.Y32'.Y22'-1 .J2 

Solving for the unknown E 3 

Eg _ (y33' _ Y32’.Y22'-1.Y23')-1.[(Y31' — Y32'. Y22'• Y2'')-Et 

_j. Y32'.Y22'-1,I2] 


22.7 



570 


THE ANALYSIS OF NETWORKS 


(d) In the calculation of E 3 three inverse matrices have to be 
calculated: 

1. First the inverse of containing as many rows and columns 
as there are inactive junction-pairs (E 4 ). 

2. Then the inverse of = Y^^ — • Y^^^ containing as 

many rows and columns as Y^^ has, that is as many as there are load 
junction-pairs. 

3. Finally the inverse of — Y32 '.y22'-i . y 23'^ having as many 

rows and columns as Y^^' = Y^^ — Y"*^ or Y^® has, that is, 

as many as the number of open-circuited terminals. 

V. MESH CURRENTS IN AN ORTHOGONAL NETWORK 

(a) As an example of a problem involving an orthogonal network, 
assume that the current I^' flowing through some (not all) of the 
junction-pairs of a network into outside loads are known as shown in 
Fig. 22.3a. Find all the mesh-currents i**. 

Given: 
rind ;i”’ 

(a) Given orthogonal network (fr) Ignoring inactive 

(1 mesh, 2 junction-pairs) junction-pair 

Fig. 22.3 




Since the voltages do not play any part, the equation of voltage 
E + e = z*(i I) is set up, containing as many equations as the total 
number of meshes and the number of needed junction-pairs. In the 
present case the number of known currents I is the same as the number 
of needed junction-pairs. 

The orthogonal equations of voltage may be expressed from equa¬ 
tion 19.3 as 


0 — 

Ey == ~ Z/y-r 


22.8 


since no impressed coil voltages Cm are assumed. In these equations 
are known and i*” (and Ey) are unknown. The unknown mesh currents 
i"* are found from the first equation 




22.9 


The matrix of Zmm whose inverse has to be calculated has as many 
rows and columns as the number of meshes. A numerical example has 
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been worked out in Section XI, Chapter XVI, containing also impressed 
mesh voltages em. 

(6) Instead of I let E be assumed to be known as shown in Fig. 22.4, 
and let some (not all) of the mesh currents be found. In that case 
the equation of current i + I = Y* (E + e) is set up, containing as 
many equations as the total number of junction-pairs and the number 



(a) Given orthogonal network {h) Ignoring active mesh 

(2 meshes, 1 junction-pair) in setting up Y 

Fig. 22.4 


of needed meshes. (If only a few mesh currents i*” are to be calculated 
then the number of needed meshes is less than the number of total 
meshes.) In setting up Y the inactive meshes may be ignored; only the 
needed meshes are to be considered. 

The orthogonal equations of currents are from equation 19.5 (where 

em = e, = I"* = = Em = 0 


V = Y^^.E, 


22.10 


The currents i’" are found without calculating any inverse matrices, 
(c) Again let I flowing through some of the junction-pairs be known 
and let only some of the mesh currents i”* be calculated. Now the 
meshes are to be divided into two types, while of the junctioFi-pairs 
only the needed ones are used as shown in Fig. 22.5. 






.3 

Given -i 
Find 


i' 


(a) Given orthogonal network 
(2 meshes, 2 junction-pairs) 

Fig. 22.5 



(6) Ignoring inactive 
junction-pair 


Hence in the orthogonal equation of voltage the first equation 
(representing the mesh axes) is divided into two equations as 

Zmimii”* + Zm.m,!’"* - = 0 = Zlfl* + Zl2*i* - Zl3*I 

= 0 = Z21*i‘ + Z22‘i2 - Z23-I 22.11 

Zf,*,!**! + — Z,,y,I'i = E = Z31*i' + Z32*i* — Z33*I 
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where represents those mesh currents about which knowledge is 
needed, the remaining mesh currents, and P the junction-pair cur¬ 
rents as shown in Fig. 22.56. In these equations P is known and is 
to be calculated (E 3 is unknown). 

Eliminating P from the second equation 

P = Z22~^*(Z23*P “ Z21*i^) 22.12 

Substituting into the first equation 

0 = + Zi 2"Z22“'• (Z23*P Z21*i^) — Zi3*P 

Rearranging 


(zii — Zi2'Z22 '•Z2l)*i^ = (Zi3 — Zi2*Z22 ^•Z23)*P 
From this the mesh-currents are in terms of the junction currents P 


= (Zii - Zi2*222*-Z2i)”*-(Z13 “ Z 12 • 232 ^ • Z 23 ) • I* 


22.13 


The two inverse matrices to be calculated have as many rows as 
the number of inactive and active meshes respectively. 

The currents in the inactive meshes may be calculated by equa¬ 
tion 22.12, and the differences of potentials E across the junction-pairs 
may be calculated by substituting the values of and into the third 
equation of 22.11. 

VI. TRIODE CIRCUITS 


(а) It was shown in Section XVII, Chapter XV, that a triode may 
be replaced by a single plate coil with impedance fp in series with an 
impressed voltage /Xp£,, where Eg is the difference of potential appear¬ 
ing between the grid and the filament. Hence when the grid coil is 
eliminated and the number of meshes is reduced by one, its place is 
taken by a junction-pair. With several tubes several meshes are 
eliminated, their place being taken by the same number of junction- 
pairs. 

In replacing the grid coil by ^pEg the number of equations to be set 
up is not decreased since a mesh network is replaced by an orthogonal 
network. However, the rank of the matrix whose inverse has to be cal¬ 
culated is decreased. The rank of this matrix is the same as the number 
of meshes. 

(б) Considering the orthogonal network of Fig. 22.6, its impedance 
tensor z is calculated by temporarily short-circuiting the grid junction- 
pairs. All the other junction-pairs are inactive, and in setting up z 
their presence may be ignored. 
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After z of the actual network as an orthogonal network has been 
established, its meshes may be divided into two types, those containing 
(lEg and the remaining ones. Hence its compound orthogonal network 
has two meshes and one junction-pair as shown in Fig. 22.6, and its 
equation of voltage is 

ei = zn-F -f- Zi2*i2 

= Z2i*i* -1- Z22*i^ 22.14 

-E* = Z31*i> -I- Z32*i2 

Fig. 22.6.—ube Network as an 

the junction-pair current I'^ being Orthogonal Network 

zero. 

It should be noted that there are two impressed mesh voltages, ei 
and p-'Eij (where p* has a diagonal matrix), but only one of them is 
known, namely ei. The other is a function of the difference of potential 
— appearing across the compound junction-pair. 

(c) E^ may be eliminated by substituting the third equation into 
the second as 

+ Z32*i^) = Z21*i^ + Z22d“ 

(K‘*Z31 + Z2l)*i^ + (|t*Z32 + Z22)*i- 0 



Hence the remaining two equations are 

ei = ziid^ + Zi2-i2 

0 = Z2i*i^ + Zjjd- 

where 

Z 21 = l^’Zai + Z 21 and Zj 2 ~ P'*Z32 + Z 22 


22.15 

22.16 


In these two tensor equations the grid junction-pairs are not 
present. The second equation represents the plate meshes, the first 
equation the remaining meshes, some of them having impressed 
voltages. 

From this point the analysis is the same as that of any other com¬ 
pound mesh-network. The meshes represented by the first equation 
of 22.14 may be further subdivided into those containing impressed 
voltages and those that do not, or it may be subdivided into input, 
output, and inactive meshes, or in any other manner. 


VIL GENERAL ClRCmT PARAMETERS 

(a) In transmission-line problems it often occurs that the input 
quantities Ei and (or ei and are known while the output quan- 
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titles E 2 and (or 02 and i^) are unknown. The transmission system 
will be assumed as a junction network. 

In the present problem there are three types of junction-pairs: 
(1) input, (2) output, (3) inactive (Fig. 22.7). Eliminating the inactive 

Given 

rind : Ei.r* 

(a) Given junction network (b) Reduced network 

(3 junction-pairs) (2 junction-pairs) 

Fig. 22.7 




axes by the method of Section IX, Chapter X, the equations of the 
input and output junction-pairs (Fig. 22.7b) are 

V = Y“.Ei - Y 12 .E 2 

22.17 

V = Y^i.Ei - Y22.E2 = F“»En - Y^^E, 


where Ei and are known, E 2 and are unknown. 

(b) Eliminating E 2 from the second equation 

E 2 = Y22-i.(Y2i.Ei - V) 

Substituting into the first equation 

V = Yii-Ei - Y12.Y22 -i.(Y2'-Ei - V) 

Rearranging 

II = (Y“ — Y^2.Y22-1.Y21).Ej ^ Y^2.Y22-1.I2 

In the last equation the unknown is V. Solving for it 
p Y22.Y12~l.pl _ (Y^ — Y12 • Y22 “I . Y21) • El] 
P - Y22.Y^2-1.I1 _ Y22.Y12-1.Y^^*Ei + Y2i.Ei 
Hence the output current in terms of the input quantities is 

j2 _ (y21 _ y22.yl2-l.yll).£j y22.yl2-l.jl 


22.18 


22.19 


22.20 


Since the inverse of Y^2 has to be calculated, Y 12 is a square tensor 
only if the number of the assumed input and output junction-pairs is equal. 

When the compound input and output terminals have different 
number of junction-pairs, equation 22.20 represents for any particular 
network a set of ordinary linear equations in which the number of 
unknowns (the components of I 2 ) is smaller or larger than the num- 
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ber of equations (the components of I^. Such linear equations may 
be solved with the method shown in Section XVI, Chapter X. 

Substituting the above value of P into equation 22.18, the value of 
E 2 is 

E2 = Y22-1.Y21-Ei - Y22-1.(Y2^ - Y22.Y^2-1.Y11).Ei - Y^'^-l.Il 
Hence the output voltage in terms of the input quantities is 

E2 == yi2-1.Yi1.E1 - yi2-1.1i 22.21 

The above two equations may be written as 

E 2 = A*Ei + B-I* Eu = + Buml^ 

22 22 

V = C-El + D-Ii /“ = C'^^Em + 

where the coefficients of the output quantities are called ''general circuit 
parameters'' defined as 
A = Y12 ~i.Yii 

B = -.Y 12-1 22.23 

C ~ Y2i _ y22.yi2- 1 .YU C“”* == ~ 

D = y22.Yi2-i 

It should be especially noted that each general circuit parameter 
has its indices in different positions. 

(c) These parameters are not independent of one another if the 
network is symmetrical. Then Y 12 = Yf\ also Y^ = Y/^ and 

A.D^---B-C^ = Yi2-i.Yii.Y/2"'-Yf^+Yi2-i.(Yf'--Y/^Y/^"-^-Y?2) 

= Y12 - 1 . Yf ^ = I = unit tensor 

That is 



With the aid of these equations the output quantities may be found 
by measurements made at the input. 

For a mesh network similar relations may be derived with z instead 
of Y. 

vra. DISTRIBUTION NETWORKS 

(a) In a distribution network a set of junction-pairs is always 
kept at a constant difference of potential E by mea ns of voltage regu- 
ators. Or rather the absolute value \/£i + of each component 
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El + jE 2 of E remains constant while other quantities vary. The 
corresponding I is zero. 

As a simple example of a distribution network problem, let the 
junction-pairs be divided into three sets as shown in Fig. 22 . 8 . 

1 . One set contains the 
w*. 1 ^ I generators El. The absolute 
value of each component of 
Fmd.fEi, Et unknown, but their 

Fig. 22.8.— Distribution Network phase angles are known. 

(3 junction-pairs) 2. The Other set contains 

the voltage regulators E 2 . 
The absolute value of each component of E 2 is known and their 
phase angles are unknown. 

v3. The remaining junction-pairs with a difference of potential E 3 
are inactive. 

The equation of current of the junction network I = Y-E is divided 
into three tensor equations as 

V = Yii.Ei ~ Y12.E2 ~ Y13.E3 

0 = Y 21 .E 1 - Y 22 .E 2 - Y 23 .E 3 22.25 

0 = Y3i.Ei - Y32.E2 ~ Y33.E3 

(b) Eliminating the inactive E3 from the third equation 

E:, = Y33-i.(Y3i.Ei - Y 32 .E 2 ) 

Substituting it into the second equation 

0 = Y21.E1 - Y22.E2 - Y23.Y33 -i.(Y 3 i.Ei ~ Y32.E2) 

Rearranging, the following relation exists between the generator voltage 
El and the regulator voltage E 2 

(Y21 _ y23.Y33-l.Y3l).£j ^ (Y22 - Y*®-Y*®"LY32)22.26 

The matrix of Y 22 jg ^ square matrix, similarly Y 22 — Y23. Y33 • Y32. 

Solving for E 2 

22.27 

22.28 

representing a relation between the generator voltage Ei and the 
regulator voltages E 2 . The unknowns are the absolute value of Ei and 


E 2 = (Y22 - y2».Y®®-LY®2)'1.(Y21 - Y*».Y»®“LY®^)-Ei 
I E2=Y“'-».Y**'.Ei=Yi*-Ei I 





DISTRIBUTION NETWORKS 


577 


the phase angle of E?. The matrix of Yi' has as many columns as there 
are voltage regulators and as many rows as there are generators. 
Exact method of solution of such equations is not undertaken in these 
pages. 

(c) Approximate solutions may be found in si)ecial cases. For 
instance: 

1 . Let the number of generators be the same as the number of 
regulators. 

2 . Let all generators ancf all voltage regulators be in phase. 

Then since the components of Ei and Eo are real numbers, equation 

22.28 may be solved by using only the yenl part of Yo*, namely where 
Ya* = Y’’ + jY* so that the equation E 2 r “ Y^’-Ei, may be solved as 


Elr = 


22.29 


giving the unknown generated voltages 1 Ei|. 

(d) If it is assumed that the generated voltages only are in phase 
(El = Eir) then the real and imaginary components of E2 ~ E2r + iE2i 
may be found by successive approximations if the absolute value of each 
of their components is known. 

That is, if Ei has only real values, then e(|uation 22.28 may be 
written as 


E2r = 


22.30 


E2. - Y».Ei. 


Now the following steps are made: 

1. Assuming the absolute value of each component of E 2 to be 
equal to its real component in E 2 r, the first ettualion gives Eu. 

2 . Substituting Eir into the second eciuation gives the imaginary 
components of E 2 . 

3 . The absolute value of each component of E 2 and their imaginary 
component being known, from tin* equations (ii)- — {lirY + (^»)“» the 
real value of each component of E 2 may be calculated. 

The more correct values of E 2 r being known, the above steps may 
be repeated several limes, each time getting more correct results for 
E2r d'Ud £2;< 

The generator currents are found by rubstituting the values of 
El, E 2 , and E 3 (given in equation 22.29) into the first equation of 
equation 22.25. 
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IX. CHANGES IN ELECTRICAL QUANTITIES 

(a) When the currents and voltages in a network are subjeeted to 
changes AE and AI, because of the linearity of the system each im¬ 
pressed change produces its own response change irrespective of the 
presence of E and I at the instant of change. This may be seen from 
the reasoning in the case of a mesh network, whose equation of voltage 
before the change is 

e - 2*i 


Changing e to e + Ae and i to i + Ai (leaving z unchanged), the 
equation of voltage after the change is 

e + Ae = z*(i + Ai) 


Subtracting the original equation e = z*i, the equation of voltage 
change is 


Ae = z*Ai 


That is, similar equations apply in the presence of Ae, AE, Ai, and 
AI as in the presence of e, E, i, and I. Hence, the following equations 
are used for the study of changes if the network itself remains unchanged: 


Ae = z«Ai 


(AE + Ae) = *-(Ai + AI) 



Al = Y-AE 


(Ai -f- aI) = Y*(AE -f“ Ae) 


(ft) In the presence of several types of meshes and junction-pairs 
the resultant equations are divided into several tensor equations, analo¬ 
gously to equations 19,1-19.6. For instance, Ae = z* Ai is divided into 


Aei = Zii-Ai^ + Zi2*Ai^ + Zi3* Ai^ + • • • 


Ae 2 = Z 2 i-Aii + Z22-Ai2 -f 223 -Ai^ + ... 22.32 


Aea =-Z3i*Ai^ + 232* Ai^ + 233-Ai® + ... 


(c) The changes may be any amount, large or small. A change, say 
AE, may consist of reducing some of the components of E to zero. 

In non-linear networks, as in multielectrode tube circuits, the 
changes AE and AI may assume only small values. 
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X. CHANGE m A r-NETWORK 

(a) Let a network with three types of junction-pairs be given: 
( 1 ) input, ( 2 ) output, (3) inactive, as shown in Fig. 22 . 9 a. and let two 
types of changes be analyzed: 

Given 
rind 

(a) Given junction network (b) Reduced network 

(3 junction-pairs) Fig. 22.9 (2 junction-pairs) 




1 . Let the load vary. As a result the load current P changes by a 
value AP, while the impressed volt^e Ei remains constant. The 
problem is to find how much the voltage across the load E 2 and the 
input current change. 

Eliminating the inactive axes AE 3 the equation of the equivalent 
r of Fig. 22.96 is 

All yii.AEi ~ Y12.AE2 

22 33 

AP = _ Y 22 .AE 2 

Since the impressed voltage Ei does not change AEi = 0 and the 
above equations become 

All = ~Y12.AE2 
AI2 = ~Y22.AE2 

From the second equation the change in the load terminal voltage is 
aE 2 =-Y^-i-aF 22.34 

Substituting AE 2 into the first equation of equation 22.33 the change 

in the input current is - 

All ^ Yi2.Y“-i.Al2 22.35 

2. Again let the load vary, and now let the input voltage Ei vary 
by AEi and let the load voltage E 2 be maintained constant (AE 2 = 0 ). 
Then equation 22.33 may be written as 



giving the current changes Fig. 22.10.--Given junction network 

immediately. (2 junction-pairs) 
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This last problem may be formulated by asking how much value 
AEi should have in order to maintain E 2 constant for a given AP. 

That is, in the last equation let 
AEi be unknown and AI^ be 
known (Fig. 22 . 11 ). 

If the number of input and 
Fig. 22.11.—Given junction network output terminals is the same, 

(2 junction-pairs) issquare, and the necessary change 

in the impressed voltage is 

AEi = 22.38 

for a given change in load current in order to maintain the voltages 
across the load (E 2 ) constant. 

If the number of input and output terminals is different, the method 
of Section XVI, Chapter X, should be followed. 

XL CHANGE IN THE OPEN-CIRCUIT VOLTAGES 

{a) Let the load current vary by AP while tin* input voltage Ei 
remains constant. What is the change AE 3 across part of the inactive 
junction-pairs? 

There Site four t>pes of junction-pairs as shown in Fig. 22 . 12 ^/. 
Eliminating the inactive E 4 , three types of junction-pairs remain, 

Given! 

Find:AE3 

(а) Given junction network (h) Reduced network 

(4 junctk)ri-p.iii>) (3 junction -pairs) 

Fig. 22.12 

Fig. 22.126, whose equation is given in equation 22 . 6 . Leaving out 
the primes, the same equations for changes are 

AV = Y".AE, - Y'2-AE2 - Y'3-AE3 

AI- -- Y-’'.AEi - Y 22 .AE 2 - Y-’'.AE;j 22.39 

0 ---• Y-<*.AE, - Y2--’.aE2 - Y'-’-.AEj 

(б) In these equations Ap is given and AEi = 0. The pioblem is 
to find AE,-) in terms of AP. 
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Putting AEi = 0 


AV = -Y^^-AE2 - yi'^-AEa 

AP = -Y--AE 2 - Y-'-AEj 22.40 

0 = -Y32.^E^, __ Y‘^‘^.AE3 

Finding AE2 from the second equation 

AE 2 = -Y- '-(Y-'-AE.-t + AP) 

Substituting into the tliird equation 

0 = Y*'^-Y2^--^-CY'^-^.AE:, + AP) - Y^^'^-AE;, 

Rearranging 

(Y:i3 ‘-Y-O-AEs = Y=^2.yi* 2- i.^p 

Hence the change in the open-circuit voltage due to a change of 
load current AI-^ is 


AE 3 = _ y-'*2.Y22-i.y23;-LY'»2.Y2“-LaF 


22.41 


XII. GENERALIZATIONS OF THE “COMPENSATION THEOREM” 

(a) In the previous sections the electrical quantities were changed 
while the network itself remained unchanged. (Of course the load 
supplied by the network may ha\'e changed.) let the impedances 

z or admittances Y of some or all of the coils also change /o z + Az or 
Y + AY, without, however, changing the number or manner of intercon¬ 
nection of the coils. For instance, the self-impedances of some ot the 
coils may change or the mutual inductances between coils, etc. 

Considering the equation of voltage of a complete network before 
the change 

E + e = z-(i + I) 22.42 

let z change to z + Az, and also let all electrical quantities change. 
After the change their equation is 

(E 4- AE) + (e + Ae) = (z + Az)-[(i + Ai) -f (I + AI)] 22.43 

Subtracting the original equation 22.42 

AE + Ae = (z + Az)-(Ai + AI) -4- Az(i + I) 22.44 
so that the equation of voltage change is 

(AE + Ae) — Az*(i +1) =-■ (z 4 - Az)-(Ai F Al) 


22.45 
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That is, if the impedance z of a network is changed by Az, the change 
of impedance is equivalent to impressing on the new system a voltage 
equal to — Az*(i + I)i where (i + 1) are the total currents flowing in the 
system before the change. 

If the impressed voltages £ + e do not change, the last equation 
becomes 

-Az.(i + I) = (z + Az)-(Ai + AI) 22.46 

showing that ail current changes are due to this apparent additional 
impressed voltage. In a mesh network with no impressed current I 
equation 22.45 becomes 

Ae - Az«i « (z + Az)-Ai 22.47 

( 6 ) Similar reasoning applies to the equation of current of a com¬ 
plete network in which also the admittances change by AY. The 
equation of current change is 

(Ai + AI) - AY>(E + e) « (Y + aY)>(aE Ae) 22.48 

In a junction network with no impressed e the above equation 
becomes 

AI - AY-E « (Y + AY)-AE 22.49 

giving the apparent additional impressed current as — AY-E. 

Equations 22.45 and 22.48 are generalizations of the so-called 
compensation theorem" which states that a single impedance change 
As is equivalent to impressing a voltage — Azi, where i is the current 
flowing through z before the change. 

(c) Each of the above tensor equations of change may be subdivided 
into as many tensor equations as there are types of meshes and junction- 
pairs, The network change Az or AY usually occurs only in one type of 
mesh or junction-pair, hence usually only one of the equations contains 
Az or AY, while the others contain only z or Y and, of course, Ai ZiE, etc. 

For instance, in a mesh network with three types of meshes, in 
which only Z 33 changes to Z 33 + AZ 33 f equation 22.47 becomes 

Aei = Zii*Ai^ + Zi2*Ai^ + Zi3«Ai^ 

Ae2 = Z2i*Ai^ + Z22*Ai* + Z23*Ai^ 22.50 

--AZ 33 «F 4* Ae 3 = Z 3 i*Ai^ + Z32*Ai* + (Z 33 + AZ 33 )*Ai^ 

It should be noted that the amount of change Az and Ai, etc.^ may be 
any amount, large or smaU. 
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Xm. CHANGE OF IMPEDANCE 

(a) As a simple example let a compound two-mesh network of Fig. 
22.13a be given, whose equation of voltage is 


ei = + Zi2*P 

©2 = Z21*i^ + Z22*i^ 


22.51 


Let the impedance Z 22 change by AZ 221 as shown in Fig. 22.13ft, 
while the impressed voltages ei and 62 remain constant. The changes 
in currents Ai^ and Ai^ are to be found. 



Given -ikZz2 
Find:Ai\Ai* 


(a) Given mesh network 

(2 meshes) Fig. 22.13 





(5) Addition of AZ22 


The equation of voltage change of a mesh network 22.45 without 
I and Ae, 


— Az«i = (z + Az)* Ai 


22.52 


is divided into two component equations as 

0 = Zii»Ai^ Zi 2 *Ai^ 22.53 


— AZ22*i2 = Z 2 ld^ + (Z22 + AZ 22 ) * Ai^ 

Eliminating Ai* from the first equation 

Ai^ = —Zu^»Zi2'AF 

and substituting into the second equation 

— AZ22*i^ = "" Z 21 'Zfi^ •Zi2* Ai^ + (Z22 "f“ AZ22)"Ai^ 
the change of currents in the changed impedances is 

AP= — (Z22 + AZ22 — Z21-Zn^*Zl2)“^*AZ22-i* 


22.54 


22.55 


Substituting Ai^ into equation 22.54, the remaining current changes are 
AP = Zfi^*Zi2* (Z22 + AZ22 ~ Z21*Zfi^*Zi2)“^ • AZ22*i^ 22.56 

(ft) The value of needed in the calculation of Ai 2 is found from 
equation 22.51 

— Zi2*i2) 

62 = Z21*Zu^«(ei — Zi2*i2) + Z22*i^ 

= (Z22 — Z2i*Zu^*Zi2)“'*(e2 — Z2i*Zn^*ei) 


22.57 
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If this value of i* is substituted into equation 22.55, then Ai* is found 
in terms of the impressed voltages ei and 62 and the impedance change 
AZ 22 CLS 

= — (AZ22 “f* Z22 “ Z21'Zii'•Z12) • AZ22 

•(z22 Z 21 •Zn'*Zi2)”^ • (©2 Z2i*Zii^*ei) 22.58 

Ai^ = — (AZ22 + Z22)"‘** AZ22'Z22 ^*©2 

XIV. LOAD VOLTAGES AND CURRENTS UNCHANGED 

(a) Let a junction network have four types of junction-pairs: 
(1) input, (2) output, (3) load, where the admittances Y change by 
AY, (4) the remaining inactive junction-pairs, as shown in Fig. 22.14. 



(a) Given junction network (4 junction-pairs) 



(6) Reduced network (3 junction-pairs) 
Fig. 22.14 


If the inactive junction-pairs are eliminated, the equations of current 
of the three junction-pairs are 

r = Y^i-Ei - Y»2.E2 - Y»3.E3 

12 = Y2i.Ei - Y22.E2 - Y23.E3 22.59 

0 = Y3i.Ei - Y32.E2 ~ Y33.E3 

In these equations Ei and E 2 (or 12) may be assumed to be known. 

(6) Let it be assumed now that: 

1. Y33 is changed to Y^^ + AY^^. 

2. The input terminal voltage Ei is changed to Ei + AEi, so that 

3. The load voltage E 2 and the load current P should not change, 
that is, AE 2 == 0 and AP = 0. 

The problem is to find how much should AEi be changed for a given 
AY33 in order to keep AE 2 = 0 and AI 2 = 0. 


THE FLOW OF POWER INTO LOADS 


585 


(c) The equation of current change 

AI - AY.E = (Y + AY).AE 22.60 

can be divided into three component equations 

AP = Y“.AEi - Y«3 .aE3 

0 = Y^i-AEi - Y^.AEs 22.61 

AY33.E3 = Y31.AE, - (Y33 + AY>'‘).AE3 

where AEi has to be found in terms of E 3 , whose value is cissumeci to 
be known from equation 22.59. 


Eliminating AE 3 from (he third ecjuatioii 

AEs = (Y33 + aY‘3)-'.(Y'’'.AEi - AY 33 .E 3 ) 
Substituting it into the second equation 

0 = Y2‘-AEi - Y23.(Y33 + AY33) -».(Y3'.AEi - AY 33 .E 3 ) 

0 = IY21 - Y23.(Y33 + AY'‘!')-'-Y31].AEi 

_J. Y23 . (Y33 ^ ^y33) -1 . ^Y33 . £3 22.62 


Hence for a given AY^^ the change in the applied terminal voltage Ei is 


AEi = -[Y*i - Y**-(Y“+AY**)-*-Y»M-*-Y^*-(Y®’ + AY»’)-*-AY®>-Es 


22.63 


where Ea is calculated from equation 22.59 in terms of the known Ei 
and Ea (or P). 

While the matrix of Y®* is square, the matrix of Y^* in general . ? not 
square, hence the matrix in the bracket is not square either. They are 
square only if the same number of input and output junction-pairs are 
assumed. 

When the matrix of Y^i is not square, equation 22.62 represents in 
any reference frame a set of ordinary linear equations, in which the 
number of unknowns AEi is not the same as the number of equations. 
The method of solution of -such equations is given in Section XVI, 
Chapter X. 

XV. THE FLOW OF POWER INTO LOADS 


(a) Let the previous compound network be considered again and 
let it be assumed now that, while the admittance Y^® changes by AY®®, 
the power input into the load E^*!® remains unchanged, although both 
E 2 and I® vary. (The load may consist, say, of synchronous motors.) 
The problem is to find the change in the load voltage, namely, AE 2 
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In the present problem the impressed terminal voltage Ei remains 
constant instead of E 2 and P, hence the equation of current change is 

All = -Y 12 .AE 2 - yia-AEs 

Ap = -Y 22 .AE 2 - Y 23 .AE 3 22.64 

AY 83 .E 3 = -Y32.AE2 - (y®3 + AY33).AE3 

In addition to these equations it is also true that the power input 
into the load before the change E 2 *I^ is the same as that after the change 
(E 2 + AE^*(I^ + AI^). That is, the following equation also exists 

E;-P = (Ej + AE2)-(I2 + AI2) 

Simplif 3 nng, the fourth equation representing power is 

(E; + AE2)-AI2 = -AEj-P 22.65 

The last two equations of 22.64 and the power equation 22.65 con* 
tain three unknowns AE 3 , AE 2 , and AI^. 

(5) Eliminating AE 3 from the last equation of 22.64 

AE 3 = -(Y33 + AY33)-».(Y82.AE2 + AYas-Es) 

and substituting into the second equation 

AI*-Y 22 .AE 2 + Y33.(Y33 + AY33)-I.(Y3*.AE2 + AY33.E3) 

AI2 = -[Y22 - Y23.(Y33 + AY33)“1.Y32]• AE2 

+ Y23. (Y33 + AY33) -1. AY33 .£3 22.66 

This last equation and the power equation 22.65 contain two unknowns 
AE and AI. 

Substituting AI^ from the last equation into equation 22.65 
-(Ez + AE2).{[Y22 - Y23.(Y33 + AY33)-1 • Y32]• AEz 

^ Y23.(Y33 + AY33)-1.AY33.E3} = -AE^I2 

or rearranged, the equation containing AE 2 as unknown is 
AEl-[Y 22 - Y23.(Y33 + AY33)-1.Y32].AE2 
-AE;-[I2 + Y23.(Y33 + AY33)-l.AY33.E3l 
-1-E;-[Y22 - Y23.(Y33 + AY33)-1.Y32].AE2 22.67 

-Ej.Y23.(Y33 + AY33)-1.AY33.E3 = 0 

This is an invariant quadratic equation in the unknown vector AEa* 
Its method of solution is not undertaken here. If only one load terminal 
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exists, AE 2 is a scalar and the above equation is an ordinary quadratic 
equation in AE 2 easily solvable. 

XVL GENERALIZATION OF THEVENIN’S THEOREM 

(a) Let a complete compound network with two meshes and two 
junction-pairs be given as shown in Fig. 22.15a. 

The problem is the following: If a load z (Fig. 22.15c) is connected 
across the open-circuited junction-pairs, with a terminal voltage Eo,, 


53 an) 



(a) Given orthogonal network (b) Reduced network 

(2 meshes, 2 junction-pairs) (1 mesh, 1 junction-pair) 


Given! Cp,Z 
2 Find ! I'' 

(c) Addition of z 
Fig. 22.15 



what is the current I flowing into the load in terms of Eo existing before 
the introduction of the load? 

Assuming the mesh of and the junction-pair of Eg as inactive, 
the network may be reduced to one having one mesh and one junction- 
pair, Fig. 22.155. 

The equation of voltage of the reduced complete network of Fig. 
22.155 is by equation 22.8 (leaving out the double primes) 


Cm — 

E; = Z/m-i*" - 


22.68 


The first invariant equation stands for as many ordinary equations as 
there are active meshes, and the second one for as many as there are 
active junction-pairs. 

(5) Before the introduction of the load (Fig. 22.155) the load 
current is zero and equation 22.68 becomes 

Cm = 


-Eo = z/m-i*" 

Solving the first equation for i"* (the mesh current) 
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Substituting into the second equation the open-circuit terminal voltage 
Eo across the load is 




Cm 


£o 


22.70 


♦ (c) Now let z be introduced as shown in Fig. 22.156*. (That is, 
let impedances with mutual inductances between them be connected 
across several junction-pairs.) The effect of the load z is to make the 
.terminal voltage E across it equal to z*I. Hence in the presence of z 
equation 22.68 becomes 


Cm — Zmm*l*” Zmj*I^ 

22.71 

Z-P = Zym-i^ - ZyyP 

Again solving the first equation for i"* 

i” = + Zmi'IO 2^.72 

and substituting into the second equation 

Z*I^ = Z;m*Zmm*(Cm ”1“ Zm/*P) 
the load current becomes 

(Z “t" Zjj Zym*Zmm*^m/) *P ~ Z/m'Zmm'Cm 


However, from ecjuation 10.7 

Z;; Z/m*Zmm*Zm; “ Z^y 22.73 

repres-eiils the short-circuit impedance of the network measured frotn the 
load. Hence 

(z "f" Zyy) • P = Zy m • Zmm 'Cm 
and the load current is 


r = (Z +z}y)“Lzym-Zmm-em 


22.74 


However, the expression beyond the parenthesis Zym'Zmm-em repre¬ 
sents by equation 22.70 the open-circuit terminal voltage Eo across the 
load, since the mesh impressed-vollage Cm is the same before and after the 
addition of the load z. Hence the current flowing into the load z is 


I - (zH-zi;)“LEo 


22.75 


where z = Impedance tensor of the load. 

Zyy == short-circuit impedance tensor of the network measured 
from the load terminals. 
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Eo — open-circuit terminal voltage across the load terminals 
before the introduction of z. 


The mesh-current i*" is found from the load current I' 
22.72, or by 

Znij*(Z -j- 


by equation 
22.76 


where the first term Ztnm^em represents the mesh currents flowing 
before the introduction of the load. 

(d) Equation 22.75 represents a generalization 
of ThSvenin's theorem that gives a single load 
current I flowing into a single load Z as 





22.77 


Fig. 22.16.—Th6ve- 
nin’s Theorem 


where Zjj is the network impedance viewed from the load and Eo is 
the open-circuit terminal voltage. (Fig. 22.16) 

It should be noted that the networks Zjj and z may be asymmetrical 
networks, also they may contain impres-^ed voltages and currents 
V in the eliminated meshes and junction-pairs. That is, the networks 
are asymmetrical, active networks with any number of meshes and terminals, 
{e) The theorem of this section could have been developed also by 
assuming two compound meshes instead of one mesh and one junction-pair 
and using 


ei = zirU + Zi2*i2 
62 = Z21*F + Z22’i^ 


22.78 


instead of equation 22.68 thereby replacing 02 by — z*F, etc., as shown 
in Fig. 22.17. The results are the same. However, this last method 



(a) Given mesh network 
(2 meshes) 



(6) Replacing e 2 

Fig. 22.17 by -z-i* 


of attack is not so clear-cut since each mesh of 02 must contain only 
one impressed voltage. 


xvn. SHORT-CIRCUIT CURRENTS 

(a) A special case of Th6venin’s theorem, when z = 0, represents 
the short-dreuiting of the open-dreuited junction-pair as shown in 
Fig. 22.18. 
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By equation 21.77 the short-circuit current is 

P - 2fl-*.Eo I 


22.79 


where Eo is the difference of potential appearing across the junction-pairs 
before their short-circuit and zjy is the impedance of the network viewed 
from the short-circuited terminals. 

(fl) Given orthogonal network (6) Short-circuit 

(1 mesh, 1 junction-pair) Fig. 22.18 



The mesh currents during the short circuits are by equation 22.76 


« 


22.80 


where the first term represents the mesh currents existing 

before the short circuit. Hence the additional mesh currents due to the 
short circuits are 


i" = ‘‘Eo 


22.81 


XVin. THE DUAL OF TH6VENIN*S THEOREM 

(o) Every method of reckoning, every theorem may be expressed in 
a dual form by replacing z with Y, etc., as shown in Section I, Chapter 
XIV. 

Instead of the dual of the complete network of Fig. 22.16, let the 
dual of the mesh network of Fig. 22.17 be taken, namely the junction 


Bm. 


I' 


6iv»n:t»,Y 
Find: E} 







(a) Given short-circuit current I* 


Fig. 22.19 


(6) Load Y inserted 


network of Fig. 22.19 having two junction-pairs (after reduction). Its 
equation of current is ^ 


V = - Y 12 .E 2 

V - Y2i.Ei ~ Y 22 .E 2 


22.82 


Now let a load Y be inserted in parallel with the short-circuited 
junction-pair with a short-circuit current I*. The problem is to find 
the differences of potentials E 2 appearing across the load in terms 
of the short-circuit current P existing before the introduction of the 
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load. It will have to be assumed that the input currents I* are the 
same before and after the introduction of Y (just as ei remained 
constant during the introduction of z). 

(6) Before the introduction of Y (Fig. 22.19o) the load voltage E 2 
is zero and equation 22.82 becomes 

r = Y"-Ei 

22.83 

12 = Y21-E, 

Solving the first equation for Ei and substituting it into the second, 
the short-circuit current is 

I* = 22.84 

(c) The effect of the introduction of Y is to make the load current 
I* equal to Y-Ea. Hence in the presence of Y equation 22.82 becomes 

r = Y"-Ei - Y'2.E2 

22.85 

Y-E2 = Y2*-Ei - Y=*2.E2 
Solving the first equation for Ei 

El = Y>’-»•(!» -f Y>2.E2) 
and substituting into the second equation 

Y-E2 = Y2i.Y““'.(r -i- Y>2.E) - Y 22 .E 2 

the load voltage becomes 

(Y + Y2^ - Y2i.Y"-'-Y‘!')-E 2 = Y2>.Y“-i-Ii 22.86 

Y22 _ y2i.yil-l.Yi2 = Y22' 


represents the open-circuit admittance viewed from the load and the 
right-hand side of equation 22.86 is, by equation 22.84, the short-circuit 
current I* existing before the load (since I* is assumed to stay constant). 
Hence the voltage across the load is 

E 2 = (Y+ 22.87 

This equation is the dual of equation 22.75. 

(d) The special ctise, when Y = 0, represents the open-circuiting of 
the short-circuited junction-pair. The open-circutt voltage is 

Ej, = 22.88 

expressed in terms of the short-circuit current existing before the 
open circuit. 




CHAPTER XXIII 


THE SYNTHESIS OF NETWORKS 

I. THE TYPES OF PROBLEMS TO BE CONSIDERS 

(a) In the problems considered in the previous chapter on the 
analysis of networks it was assumed that: 

1 . The design constants z or Y of the individual coils are all known. 

2 . The interconnections C or C*“* of the coils are also known. 

In problems of synthesis one or both of these two conditions are 

not satisfied. In their place some conditions of the performance are 
specified. 

(b) In this chapter three general types of problems will be con¬ 
sidered: 

1 . Given certain desirable performance characteristics (say the net¬ 
work has to supply constant currents I at certain terminals irrespective 
of the loads connected across those terminals), the problem is to find 
the relation that must exist between the impedances or admittances of the 
meshes or junction-pairs of any network in order that the network should 
perform as it is desired. This relation between the components of the 
z's or Ys {also e’s and i’ 5 ) will be called the "criterion of performance." 
Each type of performance has its own "criterion." For many types of 
performance several such criteria have to be established. 

2. When a network is given in which the mesh impedances z' 
(or Y') are known to satisfy the desired “criterion of performance," 
the next problem is to find automatically the impedances (and im¬ 
pressed voltages) of a large variety of other arbitrary networks having 
different interconnections and coil impedances that still have the 
same performance. The impedance (or admittance) tensors z' or Y' 
(also e' or I') of these networks are found with the aid of a new type 
of transformation tensor, the so-called “synthesis tensor" C^. For 
each criterion of performance a separate "synthesis tensor" has to be 
established that keeps the criterion {or sets of criteria) invariant. 

3. If the “synthesis tensor" changing z'l to Z 2 (without examin¬ 
ing the criterion) is known, the next problem is to establish a "primitive 
synthesis tensor" C, changing the Zi (or Y‘) of the individual coils of 
one network to Z 2 (or Y^) of the individual coils of any other network 
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without going through the task of establishing z\ and Z 2 of the resultant 
networks. 

That is, eliminates the necessity of setting up the “criterion of 
performance" of each network, and C<r eliminates even the necessity of 
setting up the impedance tensors 2 ' (or Y') of each network. Hence in 
problems of synthesis it is sufficient to consider: 

1. The self and mutual impedances of isolated coils. 

2. The connection tensors of the networks under consideration. 

The synthesis tensors and C,, lepresent a new type of “groups 
of transformations" that set up a correspondence between networks 
having in general different number of coils. 

(£;) The following examples will be worked out in detail, finding for 
each case the ''criterion of performance" and the ''synthesis tensor": 

1. Keeping the input terminal voltages Ei constant and vaiying 
the outside load Y, how to maintain in any network: 

(a) The load currents constant. 

(i) The input currents constant. 

(c) Both currents and P constant. 

(d) The load voltages E 2 constant. 

(e) The differences of potential E3 across a set of inactive 

terminals constant. 

2. How to keep the input impedances Zi or admittances Y‘ constant 
in any network if: 

(a) The network is passive. 

(b) The network is active with voltages (or currents) impressed 

around some or all of the closed (or open) meshes. 

(c) The network supplies a constant load. 

Of course the variety of examples that occur in engineering practice 
is unlimited. 

Where no misunderstanding may arise, the primes denoting actual 
networks will be omitted. 

n. THE GENERALITY OF THE METHOD OF ATTACK 

(a) By considering every network as a complete network having a 
non-singular C, it is possible to establish new networks having desired 
performance characteristics, without establishing: 

1. The impedance tensor z (or Y) of any of the networks. 

2. The criterion of performance of any of the networks. 
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That is, it is possible to establish a large variety of new networks 
by considering only: 

1. The self- and mutual impedances (or admittances) of their 
individual coils (without ever establishing mesh impedances). 

2. The transformation tensors of the networks showing their inter¬ 
connections C and their synthesis tensor C». 

That is, in problems of synthesis shown, the impedance tensor z of 
networks or any part of them does not need to be established. 

(fi) In all problems of synthesis it will be assumed that the networks 
are active asymmetrical networks, hence they may include vacuum tubes, 
rotating machines running at or oscillating around a constant speed, and 
other linear electrical and mechanical networks. 

(c) In problems of synthesis the question always comes up: Is a 
coil with the necessary impedance or admittance physically realizable? 
Or if it is physically realizable, is it the most economical or is it the 
most practical? These questions are not investigated in detail in this 
chapter. 

Since the method of attack of this chapter is so organized that the 
final self- and mutual impedances defined may refer to individual coils 
if so desired, and also since these individual coil impedances are defined 
in terms of known impedances and of several arbitrary complex numbers, 
or linear operators, any eventual organized method of attack on the 
physical realizability of networks may consider only isolated coils that 
are functions of arbitrary parameters. The analysis need not be com¬ 
plicated by the interconnection of coils, and it need not be limited to 
real parameters. 

(d) It is emphasized that the method of attack shown is not the most 
general possible, even for the cases considered. It represents just one 
out of many possibilities. 


III. CRITERION OF CONSTANT LOAD CURRENTS 

(a) Let a network with any number of meshes and junction-pairs be 
given which is supplied by several generators at a constant-potential 
E. Let the network supply currents I to several outside loads (say to 
a three-phase load) whose admittance Y does not appear on the net¬ 
work diagram. The problem is: What relations must exist among the 
admittances of the network in order that the currents I supplied to the load 
should also be constant, no matter how the load admittances Y vary? 

(b) No matter how complicated the network is, let it be considered 
as a junction network with its junction-pairs divided into three 
functionally different groups (Fig. 23.1). 
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1 . The first group contains all those junction-pairs that have con¬ 
stant voltages El impressed upon them. 

2 . The second group is assumed across the various loads, into 
which V flows and across 
which E 2 appears. 

3. The third group in¬ 

volves the remaining inac¬ 
tive junction-pairs with a 
difference of potential E 3 23.1.—With Ei Constant, to Maintain 

appearing across them. ^ Constant 

Hence if the network is considered j.s a compound junction-network 
with three junction-pairs its equation of cunent is 

V = Y^i.Ei ~ Y»2.E2 - Y^*'.E3 

12 = Y21.Ei - Y 22 .E 2 - Y 23 .E 3 23.1 

0 = Y3i.Ei - Y32.E2 - Y33.E3 



In these equations Ei is constant and 1 ^ is to be maintained constant. 
(c) Eliminating the inactive E 3 from the third equation 
E3 = Y 33 -i.(Y 3 i.Ei - Y32.E2) 

Substituting into the other two equations, it gives 

11 (Y^i — Y^3-Y33 -i.Y3i)*Ei — (Y^2 _ y^'^*Y33'“^*Y32).E2 

23 2 

12 = ^y;2l _ Y23.Y33“1.Y31).Ei - (Y22 - Y23-Y33'-^*Y32).E2 


The load current is a function of the generator voltage Ei that 
is always constant and of E 2 , the voltage appearing across tin, load 
whose value varies with the load. 

(d) Now in order that V should be a function of the constant Ei 
and not of the variable E 2 , it is necessary and sufficient that the coefficent 
of E 2 in the second equation should be zero. Hence if the admittances of 
the coils satisfy the **criterion of constant load currents'* (in which all 
“open-circuit admittances” as in equation 23.2 will in the succeeding 
pages be designated by a double prime instead of a single prime) 


y22" « Y** — y2«-yW”1.y*® = 0 


23.3 


then the constant currents flowing into the loads are 

P - (Y** - Y”«Y”-^-Y”)-Ei ] 23.4 

Since the components of Ei are constant, the components of are also 
constant no matter what the loads are. (If the components of Ei vary, 
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the components of P follow their variation by the proportionality factor 
y 2 i// ) That is, in any network the load currents are constant, if the 
admittance looking from the load is zero. The admittance may 
satisfy this condition either only at one particular frequency, or at all 
frequencies, or along certain frequency band, depending on other con¬ 
ditions to be stated. 

(c) The left-hand side of equation 23.3 is a matrix in each par¬ 
ticular problem. A matrix is zero if each of its components is zero. 
Hence equating each component of the matrix of equation 23.3 to zero, 
the criterion of performance represents a set of relations between the 
design constants of the network that must be satisfied, where k is the 
number of currents that are to be maintained constant 

It may be mentioned that, if the network is considered a complete 
network instead of a junction network, then its admittance tensor 
contains sixteen component Y’s instead of nine, the other seven Y’s 
representing the meshes that are ignored. These extra Y*s may assume 
any value since they do not occur in the criterion anyway. Hence out 
of the sixteen compound tensors of the network fifteen have arbitrary 
values, while one of them, Y^^, must be equal to Y^^ • Y^^ • Y^^. Of course, 

in order to satisfy this last requirement by physically realizable coils, 
three of the other tensors Y^^, Y^^, and Y^^ may not assume arbitrary 
values. 

(/) If, instead of the load currents P, the generator currents are 
to be maintained constant, then the coefficient of E 2 in the first 
equation of 23.2 is to be kept zero. That is, if 

Y12'' := _ y‘-^-Y33-^-Y3‘-^ = 0 23.5 

this becomes the “criterion of constant generator currents” and the 
generator currents are 

V = - Y^3.Y’'^‘*-'.Y30-Ei 

(g) If equations 23.3 and 23.5 are both satisfied, then at all loads both 
and V are constant. 

(A) When only part of the load currents or generator currents are 
to be maintained constant, then the tensor equation of current of 
the network I = Y*E is subdivided into more than three tensor equa¬ 
tions that are to be analogously manipulated. 

(i) It should again be emphasized that all the above equations {and 
those to follow) apply to any asymmetrical network that can be subdivided 
into the indicated number of groups of junction-pairs or meshes. 
Each group may contain any number of junction-pairs or meshes 
from one to infinity. 
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IV. CRITERION OF CONSTANT DIFFERENCES OF POTENTIAL 

(a) Let the difference of potential Es api)e«xring across sotm of the 
inactive junction-pairs be maintainwl constant, while Ej of the retnain- 
ing inactive terminals and E 2 of the load terminals vary as the load 
varies (Fig. 23.2). The impressed voltages Ei are also constant. 



Fig. 23.2.— With Ei Constant, to Maintain Ea Constant 


Dividing the jufction-pairs into four types, their equation of 
current is 

r = Y"-E, - Y‘2.E2 - Y>3 .E.i - Y‘<-E4 

p = Y"' "El - Y 22 .E 2 - Y^s-Es - Y2^-E4 ^ 

0 = Y“-Ei - Y'^-E2 - Y'^’-Es - Y'*'-E4 

0 - Y"-Ei - Y'3-E2 - Y«-E.2 - Y'<-E4 

{b) Eliminating E4 from the last equation 

E4 - Y^^ ‘.(Y“-Ei - Y'--E2 - Y^-Es) 

Substituting it into the third etjuation 
Q _ — Y^'‘*Y^^~i*Y“)*Ei “ ~ Y^'*'Y""**Y^2).E2 

_ (yas _ Y^'-Y^^-'-Y* .-Ea 


The voltage E 3 is constant if the coefficients of E 2 are zero, 
is, the “criterion of constant voltage” is 

I yW" _ y32 _ yS4.yn-l.y« = q 


That 

23.7 


The constant terminal potentials are 

_ ^Y33 _ Y34.y44-i.Y43)-i.(Y^' — Y®**Y^'*• Y^^)‘El 

_ y3’5"-».Y®^''-Ei 23.8 


V. CRITERION OF CONSTANT LOAD-VOLTAGES 

(o) Now let the difference of potentials E 2 across the varmblelo^s 
be maintained constant, leaving some of the loads unchanged. I hat is, 
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let the network be divided into four types of junction-pairs (Fig. 23.3): 

1. Constant potential (Ei) input. 

2. Constant potential (E 2 ) across a variable load. 

3. Variable potential (E 3 ) across a constant load. 

4. Inactive junction-pair (E 4 ). 


CONSTANT L0AO 



Fig. 23.3.—With Ei Constant to Maintain £2 Constant 


{b) Eliminating the inactive junction-pairs by the reduction 
formula the equations of the active junction-pairs are 

V = - Y12".E2 - Y13''-E3 

p = Y2i-,Ei - Y22".E2 - Y23''.E3 23.9 

13 = Y31-.Ei - Y32".E2 - Y33".E3 

Let the value of constant loads be Y so that P = Y-Ea. Substitut¬ 
ing into the third equation 

(Y -f Y33")-E3 = Y31".Ei - Y32".E2 

(c) The potentials E 2 across the variable loads are constant if the 
coefficient of E 3 is zero, that is, the criterion of constant load voltage'* is 

Y-f Y”" =^o | 23.10 

The constant load potentials are 

E 2 = Y32"-i.Y*i"-Ei 23.11 

In order that the inverse of Y32" should exist it is necessary that 

as many constant load terminals should be assumed as there are variable 






CRITERION OF EQUAL INPUT IMPEDANCE 


599 


load terminals. Any coil of the network may be considered as a constant 
load Y by simply considering its two junctions as a junction-pair. 

(d) It is interesting that, in order to maintain constant load cur¬ 
rents I^, the admittance of the network has to be examined frfjm the 
variable load only. However, in order to maintain constant load 
voltages E 2 , the admittance of the network has to be examined both 
from the variable loads and from an equal number of other terminals. 


VI. CRITERION OF EQUAL INPUT IMPEDANCE 


(a) Let a network be given (h'ig. 25.4) In which the input imped¬ 
ances Zi measured from several branches are known. The network 
may, for instance, have some desired impedance characteristics as the 
input frequency varies. It is desired to construct other networks 
that have the same input impedance z„ that is, that have the same 
impedance characteristics through the whole frequency range. 

The meshes of the network are divided into two types: 


1. The input meshes with impressed 
voltage e. 

2. The inactive meshes. 

The presence of the junction-pairs (a 
third group of opened meshes) is ignored. 

(6) The first step is to find the ''criterion 
of performance ” that is, to find the relation 

that must exist among the impedances of the network so that Zi should 
have the original value. 

The equation of voltage is 


Fig. 23.4. —To Maintain the 
Input Impedance Zf Con¬ 
stant 


Cl = zu*i' + 


0 = Z2i*i' + 


23.12 


To find the input impedance eliminate from the riecond equation 
as = —Z 22 '*Z 2 i*i*. Substituting it into the first equation 

ei = (Zu — Zl2'Z22*’22l)‘i* 

The expression in parentheses is the input impedance of the net¬ 
work that has to be equal to the given Zt Hence, the "criterion of 
constant input impedance” is 


Zj = Zu — *W*2****I1 


23.13 
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VU. CRITERION OF EQUAL INPUT IMPEDANCE 
OF ACTIVE NETWORKS 

(a) Let it be assumed that the network has the desired input 
characteristics when impressed voltages 62 exist in some of the previously 
inactive meshes (Fig. 23.S). In this case the given network also has a 
definite equivalent input voltage e that also must remain the same in 

all the other networks. Hence an oddi- 
tional criterion has to be constructed, 
which also has to be satisfied by all 
equivalent networks. 

The equation of the network is 

Fig. 23.5.—To Maintain z* 

Constant in Active Network ei = 

23.14 

62 = Z21-i^ + Z22*i2 



( 6 ) Eliminating from the second equation and substituting into 
the first equation 

01 = zii-i^ + Zi2*z^j^»(e2 — Z2i*V) 

-i -1 . 23.15 

(01 — Zi2*Z22 * 02 ) = (Zll — Zi2*Z22 •Z2l)*i' 


(This equation is the same as equation 10.17.) 

The left-hand side represents the equivalent input voltage of the 
network, which has to be the same in all networks. Hence the addi¬ 
tional ''criterion of constant input voltage'* is 



23.16 


(c) When only part of the previously inactive meshes contain 
impressed voltages, Fig. 23.6, then three groups of meshes are assumed 

01 = Zii-i' + Zi2-i2 + Zi;rF 

Zt 

02 Z 2 i*i* + Z22*i2 + Z 2 :rF 23.17 

0 = Z 3 i-i^ + Z32*i2 -f Z 33 -F ^25.6.—To Maintain z,- Constant 

in Active Network 



Eliminating and by equations 10.33 and 10.34, the two criteria 
are 

23.18 

23.19 

where the primed quantities are short-circuit impedances. 
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Vni. CRITERION OF EQUAL INPUT OR OUTPUT ADMITTANCES 

(a) Let a network be },nvcn (Kip;. 23.7) in which the input admit¬ 
tances Y' and llie output admittances Y*’ are known. The problem is to 



Fig 2^.7 - 'I'o Maintain Y* a»nl Y® Const ait 


construct other networks that have th^ same input and output adniillances 
Y» and Y«. 

The junction-pairs of the network are divided into three types. 

1. The input junction-pairs. 

2. The output junction-pairs. 

3. The inactive junction-pairs. 

The presence of the meshes (an additional j;roup of closed junction- 
pairs) is ignored. 

(b) The first step is to establish the conditions that must exist 
between the admittances of the network in order that Y* and Y'^ 
should be constant. 'Fhat is, the first step is lo find the “criteiion of 
performance.” 

The equation of current of tlie network is 

V = Y^‘-Ei - Y‘“-Ej - Y**'-E3 

12 =. Y-^-Ei - Y--E2 - Y-^-E3 23.20 

0 = Y^^-Ei - Y^2 .e 2 _ Y'^-'-Ea 

Since the load Y‘* is constant I- = Y^^-E 2 . To find the input imped¬ 
ance of the network, let Ej be eliminated from the third equation and 
substituted into the other two, giving equation 23.2 again as 

II = (Y*'-Y^^’Y33-^-Y3n-Ei-(Y^2_YJ3.Y:c3- i.y32).E2 

' 23.21 

Y«*E2 = (Y^‘-Y-‘*«Y=*=*-'*Y-‘^')*Ei-(Y-^-Y23-y’’‘ ’•Y^-)-E3 

These equations may be written as 

II = Y“"*Ei - Y'2''.E2 
Y0»E2 = Y2‘".Ei - Y22''.E2 


23.22 
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Eliminating E 2 from the second equation 
E 2 = (Y0 + 


and substituting into the first 

II = [Y^i" - yi2-.(yo + Y2^")“^-Y21"].Ei 23.23 


The expression in brackets is the input admittance of the network, 
which has to be equal to the given Y*. Hence 'Hhe criterion of equal 
admittance'' is 


y» -- yll" _ yl2".^Y® + y22''^-l,y21" 


23.24 


IX. DEFINITION OF THE “SYNTHESIS TENSOR” 

(а) Let it be assumed that for a given netw'ork (having a non¬ 
singular Cl) the self- and mutual impedances or admittances of the 
individual coils have already been so selected that the network satisfies 
the desired criterion of performance" and consequently it has the 
desired performance. Let it also be assumed that the impedance 
tensor z[ (or Y^') of the network is also known. 

Now let any other arbitrary network C 2 be assumed having different 
number of coils and interconnected in an arbitrary manner. The 
problem is to find (or Y^') of the second network from z\ (or Y^') by 
a transformation so that the second network should behave in exactly 
the same manner as the first network. That is, Z 2 or Y^' of the second 
network is to be found without going through the labor of trial and 
error needed to establish a Z 2 that will satisfy the “criterion of per¬ 
formance.” 

(б) The transformation tensor that changes zi of a given network to 
Z 2 of any other network but automatically keeps the "criterion of perform¬ 
ance" invariant will be called the "synthesis tensor" C^. Instead of 
keeping the scalar e**i invariant, keeps certain other combinations of 
tensors, namely, the "criteria of performance" invariant. 

The transformation tensors used up to now did several types of 
chores. They interconnected coils, changed number of turns, intro¬ 
duced hypothetical currents, and so on, doing several of these jobs in 
one step. The transformation tensor to be introduced now will do one 
other thing', it will change the impedances of the individual coils also, in 
addition to performing other functions, chiefly interconnecting coils. 

Since in the next few sections no primitive networks are considered, 
the primes will be left out. 
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X. ESTABUSHMENT OF THE SYNTHESIS TENSOR 

(a) A synthesis tensor C„ or = A,, will be established for each 
“criterion of performance" separately as a compound tensor by the 
following steps. These steps are determined by the requirement that 
the “criterion of performance” should have the same form before and 
after transforming it by C,. (Instead of transforming the criterion 
itself, it was found to be a quicker procedure first to transform z and 
then to reestablish the transformed form of the criterion.) 

1. The impedance tensor Zi (or Y*) of the first netwoik is set up 
as a compound tensor containing as many rows and columns as there 
are types of meshes and junction-pairs. 

2. A non-singular compound transformation tensor C, (or Cji*') 
is set up, each component being an as yet undetermined 2-tensor. 

3. The impedance tensor Z 2 (or Y*) of the new network is estab¬ 
lished by performing the multiplications C^rZi-C, (or 

4. The “criterion of performance” is set up using the components 
of the new impedance tensor Z 2 . 

This criterion contains the same impedances as (he original cri¬ 
terion; in addition, however, it contains all the component tensors of 
the compound synthesis tensor C,. 

5. Some (not all) of the component tensors of Q, are equated to zero 
or to the unit tensor I (or are changed to some other form) so that all com¬ 
ponents of C, drop out of the “criterion of performance." 

(b) That is, it will be found that, if the synthesis tensor C, assumes 
a simpler form by making some of its components zero or unity, etc., 
while leaving other components quite arbitrary, then after multiplying 
Zi of the network by this special C, the “criterion of performance” 
remains unchanged since all components of C, drop out of sight. Hence 
the impedances of the coils, the interconnection of the coils and the number 
of coils all may be changed by C, without changing the “criterion of per¬ 
formance.” The new network will perform in exactly the same manner 
as the given network. 

Since several of the components of C, contain arbitrary quantities 
(real or complex numbers, or linear operators) there is a large 
number of networks, each with a large variety of coil impedances, that 
have the same performance characteristics. The selection of a particular 
network with a particular coil impedance is determined by physical 
and economic considerations. 
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XL THE SYNTHESIS TENSOR FOR CONSTANT OUTPUT CURRENT 

(a) The admittance tensor of the junction network whose output 
current is to be maintained constant is, from equation 23.1, 



1 

2 

3 

1 

yll 

yl2 

yl3 

Y = 2 

y21 

y22 

y23 

3 

y.3l 

y32 

y33 


It is emphasized that Y of the complete orthoj^onal network con¬ 
tains one additional row and column representing the ignored meshes. 

The “criterion of performance,*’ that is to be maintained invariant, 
is, from equation 23.3, 

- Y^3.Y33-i.y32 = 0 23.26 

It should be noted that: 

1. The components of the row and column of Y (the input 
axes) do not occur in the criterion. 

2. The components of the fourth row and column of Y, representing 
the ignorcxi meshes and not shown in equation 23.1, also do not occur 
in the criterion. 

(6) The problem is to establish a transformation tensor (“con¬ 
jugate transpose inverse transformation tensor” that is denoted 
by Aa) changing Y of the given network to Y' of any other network as 



V 

2' 

3' 

1' 

yll' 

yl2' 

yl3' 

- 2' 

y21' 

y22' 

y23' 

3' 

y31' 

y32' 

y33' 


so that the ''criterion of performance' remains unchanged, invariant. 
That is, after the transformation 

y22' _ y23'.y3.V-l.Y32' = y22 _ y23,y.33-I .y32 23 28 

from which the components of have dropped out. If this condition 
is satisfied that even after the transformation 

Y22' _ = 0 23.29 


and the output currents of the new network are constant. 
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The synthesis tensor has the form 



V 

r 

3' 


1 

2 

3 

1 

Al 

A? 

A\ 

V 

A}; 

Aj; 

As/ 

II 

b 

< 

Aj 

Al 

a:] 

Al, =- 2' 

A?; 

A^* 

As/ 

3 

31 

Ai 

Al 

3' 

A?; 

Ai; 

a3* 

As/ 


23.30 


in which all the components are as yet arbitrary. 

(c) After transforming Y by the formula the new Y' of 

equation 23.27 is Y' = 


Ai;-(Y‘'.A{ 

+Y“.Aj + Y'’-aJ) 
+a5;.(y»>.a} 
+r'*2.Aj + r'*».A|) 

+Ai;.(Y’‘.Al 
+Y“-Ai + y^-aJ) 

A{;-(Y'>-A? 

+Y‘^A5 + Y'S.Ai) 

+aJ;.(y^‘.a! 
+Y“.A'^ + r-!«.Ai) 
+Ai;.(Y»‘.\? 
+Y“.Ai + Y^’'.Ai) 

A{,*-(Y».Af 
+Y'«.Ai + Y‘’-Ai) 
+Ay.(r>.A? 

+ Y“»-Ai) 
+Aj;-(Y^‘.A? 
+Y9*-Ai + Y“.Ai) 

A?;-(Y«.Aj 
+Y«-Aj + Y“-aJ) 
+Ai;.(Y*‘.Ai 
+Y**-Aj + Y--»'AJ) 
+Ai;-(Y«.Ai 
+y“-aJ + y“-aJ) 

Af;.(Y'>.A? 

+Y‘2.Ai + Y".Al) 
+Ai;-(Y'‘‘.Af 
+r"-Ai + r»-A|) 
+Air.(Y»'.A? 
+Y»2.Ai + Y“-i^) 

A?r-(Y“-A*, 

+Y‘2-A| + Y'^-Aj) 
+Air-(Y*«.A! 
+Y^2.Ai + y'».a|) 
+A5r.(Y’'.A? 
+Y’i*-Ai + Y»’.a5) 

a!:.(y».a} 

+y‘2.aJ + y'-’-aJ) 
+Ai;.(r'.A{ 
+Y«-Aj + Y«.AJ) 
+A|;.(Y«.A{ 
+Y»*-Aj + Y«-A|) 

a!;.(y“.ai 
+Y'“.A i + Y'^-Ai) 
+Ai;.(Y2'.A? 
+Y’«“.Ai + r^*-A^ 
+Ai;.(Y’'.Ai 
+Y**-Ai + Y^’-Ai) 

Ai;.(Y».A? 

+Y**-Ai + Y'5-Ai) 
+A2,*-(r''‘-A? 
+Y'=-Ai + Y“.a|) 
+A?;.(Y’‘.A’, 
+Y“-A? + Y^^-Al) 


(d) To set up the criterion, it is necessary to find the inverse of the 
expression in the right lower 2-tensor containing nine different 
Y’s. Since in the criterion (equation 23.26) only the inverse of Y^^ 
occurs, all terms in the right lower 2-tensor Y^*^' may be reduced to zero 
except Y^^, if A? and A 2 are assumed to be zero, (Of course, other, more 
complicated assumptions could also produce the same result.) 

Also in order that in the center 2-tensor Y^^' the term of Y^^ needed 
in the criterion should have the form of Y*^- without being multiplied 
by anything, Ai may be equated to the unit tensor I. (Other assumptions 
are also possible. This present assumption is made only to simplify 
the results.) 
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Hence if A® = 0, A® = 0, and Ai = I, then Y' becomes 


1' r 3' 


V 

A{,*-(Y“.Ai + Y“.Ai 
+Y“-Ai) 
+Air.(Y*‘.A} + Y«.Aj 

+y**.aJ) 

+Ai?-(Y*‘.Al + Y**-aJ 
+Y».Al) 

A5r-(Y“-Af + Y“ 

+Y**.i4) 
+Air.(Y**.A? + y« 
t-y’-Ai) 
+aJ;.(Y*‘-A? + Y** 
H-Y**.^) 

A};.Y« + 

Aj;.Y*» + 

aj;-y»»).a| 


Afr-(Y“.A{ +Y**.Ai 
+Y«.Ai) 

Afr-(Y».A! + Y“ 
+Y«-A|) 

(A?;.Y« + 


+ (Y*‘-A} + Y***Aj 

+(Y*‘-Af + Y** 


2 

+Y**-A}) 

+Y».Ai) 

Y*» + 


4-i^*-(Y«.A} + Y»*-Aj 
+Y«.Ai) 

+i^*.{Y«.Af + Y« 
+Y>*.Ai) 


»/ 

A|;-(Y»»-A} + Y**.Aj 

Air.(Y*‘.A! + Y** 



+Y».Aj) 

+Y»».Aii) 

A},*.Y**.i4 


(e) The “criterion of performance” — y23',y^3'-i,y32' ^ 
culated from this tensor assumes the form 

Ajr-(Y'^A?+Y^^+Y^^-Ai)+(Y^^.A?+Y2''+Y"^-Ai)+Air-(Y®^.Af 
+Y32+Y33 • A|)- (A?;. Y^®+Y2^ 
+A|;-Y22).Y^®''-(Y®^A?+Y22+Y®3.Ai) 23.33 


Simplifying, the criterion assumes the form 
A?;. (Y''. A?+Y'2)+Y^^ A?+Y"^-(A?r-Y'2 

+Y23) . y 33 (Y3' . Af+Y32) 23.34 

If Ai is also made equal to zero, then the criterion becomes Y^^ — Y^® 
• Y^3~i .Y32. This is the form sought for the criterion. 

(/) Hence if the synthesis tensor assumes the form 


V r 3' 


Al 

0 

0 

a| 

I 

0 

A^ 

A| 



23.35 


in which the inverse of A3 exists, then the ''criterion of constant load 
current,'' equation 23.26, remains invariant. 

In other words, (1) if Y is multiplied by A„ to find Y', and (2) if the 
criterion is established from the components of Y', then all the com- 
ponents of A^ of equation 23.35 disappear from the criterion, no matter 
what the various component k's are. 
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The component A’s may contain real numbers, complex numbers, 
linear operators, etc. No matter what they are, they do not influence 
the constancy of the load currents. However, the inverse of A 3 must 
exist, since it occurs in establishing the criterion, equation 23.33. 

Xn. THE SINGULAR SYNTHESIS TENSOR 

(a) The very important fact should be noted that since the inverse of 
a} is not needed, its matrix may have any rectangular form, so that the 
number of axes in group 1 ' may vary from zero to any number. Hen re 
the new network may have either more or fewer junction-pairs than the 
original network has. There is however an absolute minimum number 
of junction-pairs that the new network may have, namely the sum of the 
junction-pairs in groups 2 and 3. 

Since the matrix of most A„ is rectangular, their inverse can not be 
calculated and the various matrices of A^ form only a ''semi-group" 
(Chapter XI, Section III) instead of a “group.*' While all previous 
transformation tensors have transformed into each other only such 
networks that had the same number of coils, the synthesis tensor 
transforms into each other networks that have different number of 
coils. 

The synthesis tensor A, = AZ may be considered as a "multiple 
tensor" with one index <r belonging to the references axes possessed by 
all w-coil networks and with the other index a belonging to those pos¬ 
sessed by all i-coil networks. In the previous studies the »-coil net¬ 
works and their reference axes were independent of the fe-coil networks 
and their axes. 

ip) The transformation A^ may involve (among others) the follow¬ 
ing three changes: 

1. The interconnection of the network may be changed. 

2 . The impedances of the coils may be changed. 

3. The number of coils may be changed. 

(c) It must be emphasized that the given ka is not the only trans¬ 
formation tensor that leaves the output current invariant. By knowing 
the value of the Y*s it is possible to give values other than zero to 
Ai, A?, and A® that keep the criterion invariant. These other possible 
forms of A» are not investigated here. 

xm. THE EFFECT OF INACTIVE JUNCTION-PAIRS ON A, 

(o) It was mentioned that the criterion 
not involve the first rows and columns of Y of equation 23.1 and con- 
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sequently it would have been sufficient to calculate the second and 
third rows and columns of Y' by a similarly decreased as 




The effect of an extra row and column in Y (that is not needed in the 
criterion) is to add an extra column to k„ (containing the arbitrary com¬ 
ponents A}, AJ, and Aj) since multiplication with this extra column of 
A, does not change the needed components of Y'. That is 


1 

2 

3 


1' 

2' 

3' 

1' 

2' 

3' 

1 1 Y“ 

Y12 

ylS 

1 

Al 

0 

0 1 1' 

yll' 

yli' 

ylS' 

y = 21 

Y22 

Y23 

il 

< 

Ai 

I 

li 

O 

Y21' 

Y22' 

Y23' 

3 I Y” 

: 


Y83 

3 

As* 

a| 


Y31' 

Y32' 

Y33' 


23.37 


It should be recalled (Section XV, Chapter XVI) that the addition 
to C of columns along the extra junction-pair axes (and the correspond¬ 
ing addition to z) does not change the components of z' along the other 
mesh axes. Similarly here the addition of column 1' to A,, (and the 
corresponding addition of row and column 1 to Y) does not change the 
components of Y' along the other axes 2' and 3'. Since A^ can have 
additional non-zero components only along the added columns, the 
additional components along its other columns are zero. 

Hence, in calculating the synthesis tensor it is sufficient to transform 
those compound axes of Y (or z) only that play a part in the criterion. 
The remaining compound axes add the same number of arbitrary columns 
to the synthesis tensor. 

(b) Since in the present e.xample Y contains still another compound 
axis 4 representing the ignored me.sh axes, therefore the synthesis 
tensor contains another arbitrary column as 


4 

1 

2 
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4' 

1' 

2' 

3' 

|y« 

Y« 

Y42 

Y43 

4 

Al 

Al 

0 

0 

jyu 
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Y“ 

Y12 

Y13 

1 

A — 

Al 

A} 

0 

0 

|y*4 

yjl 

Y22 

Y23 

2 1 

Al 

Al 

I 

0 

1 Y“ 

Y31 

Y32 

ySS 

3 I 

1 

Al 

Aj 

A| 

Ai 


23.39 



















SYNTHESIS TENSOR FOR UNVARYING OUTPUT CURRENT 609 


In using this tensor the network should be considered as a complete network. 

Since need not have an inverse, the new network may have any 
arbitrary number of mesh axes 4'. 

(c) In other words, if any network has equation 23.38 as its admit¬ 
tance tensor and it supplies constant load current P, then it can be 
multiplied by of equation 23.39, changing its interconnection, its 
number of coils and the admittances of its coils, and the new network 
still supplies constant load current I^'. 

However, this current P' is not the same as the current P, since by 
equation 23.412 = (Y2i - ¥2^. .y31).e^ and the coefficient ot Ei 

does not remain invariant after transforming Y by A<, of equation 23.39. 


XIV. SYNTHESIS TENSOR FOR UNVARYING OUTPUT CURRENT 


»(a) Let it be now required not only to keep 12' constant while the 
load varies, but also to keep the new value of 12' the same after the trans¬ 
formation as it is before the transformation. In other words, let A, 
keep not only the coefficient of E:^ in the second equation of 23.2, 
namely, Y 22 — Y23*Y^3-i.y 32^ invariant, but also the coefficient of 
Ej, namely, - y32.y33^i.Y3i. 

In this second criterion all three axes of Y contain a component, 
hence the only ignorable axes are the mesh axes 4. 

(b) From equation 23.32 (where now also AJ is zero), this last 
criterion is 

¥21.^1 ^ y“-AJ + Y^-A^ + A|;-(Y®‘-A} + Y^^'-Aj + Y“-A|) - 


(Y^'^.Al + A|;.Y®3-A|).Ai- 


•A} + Y®^-Aj + Y® 


Simplifying, the criterion becomes 


Y®‘-Al + Y® 


A 1 

0 — I • 


.(Y®^Ai* + Y®®-A|) 


If A2 is made equal to zero and Ai is made equal to I, the criterion 
becomes Y21 - y 23 .y 33 - 1 .y 31 . 

(c) Hence, also the magnitude of V remains the same in all trans¬ 
formations if A, has the form 

1' 2' 3' 



23.41 
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The effect of the ignored mesh axes is to add an arbitrary fourth 
column to A, hence the complete synthesis tensor is 


4 ' 1 ' r y 






Ai 

I 



At 


I 


At 

Aj 

Ai 



23.42 


where A\ may have any rectangular form. 

(d) A simple computation shows that this last leaves also the 
coefficients of Ei and E 2 in the first equation of 23.2 invariant. That 
is, Af of equation 23.42 leaves all phenomena viewed from the input and 
output axes 1 and 2 unchanged. It should be noted that along these 
invariant axes A, contains only the unit tensor I. 

ifi) Computation also shows that the above synthesis tensor would 
have been found if the criterion had been alone, 

or Y 12 ^ Yi3,y33-i.Y32 alone. 

This latter criterion leaves the generator current constant. It 
appears that in order to do that it is also necessary to leave the output 
current V also constant at the same time. This occurs only because 
some of the A’s were made equal to zero, which steps were not at all 
necessary. They could have been defined as functions of some of the 
Y’s. In order to simplify the results, that definition was not intro¬ 
duced here. 


XV. SYNTHESIS TENSOR FOR CONSTANT DIFFERENCES 
OF POTENTIAL 


(a) In order to keep the differences of potential E 3 across some of 
the inactive junction-pairs constant the criterion is that in the com¬ 
pound admittance tensor Y having four rows and columns Y^^ _ y ®4 
.Y44~i.y42 == 0 . (Equation 23.7.) 

Since this criterion does not involve the components of the first 
row and column of Y, it is sufficient to examine the changes in the re¬ 
maining rows and columns of Y, namely, in 
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23.43 
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(6) In order to use some of the results of Section XI, let the indices 
of the component Y’s be changed temporarily as shown. The criterion 
becomes - Y^^.yas-i = q. 

The product A,,*Y*A, is shown in equation 23.31. Since here 
it is also necessary to keep the inverse of Y®® unchanged, here also 
Ai = 0 and A| = 0. 

In order to keep the tensor Y®*' as Y®*, let A^ = I and A} = I. 
With these values equation 23.31 becomes equation 23.32, in which 
also a} = I. 

(c) The criterion of performance Y®*' - Y®®'*Y®®'“*• Y®^' is from 
equation 23.32 

A?;-(Y" + Y’2.Ai + Y13-AJ) + Y®' + Y^^-Ai + Y^s-A^ + 

+ A^*-(Y®» + Y32-A1 + Y3®.A^) - (Ai*.Y*® + Y®® + 

+ A^;.Y®®).Y®3-*.(Y®» + + Y^AJ) 23.44 


Simplifying, the criterion becomes 

A?;.(Yi‘ + Y>2.Ai) + Y2‘ + Y22.Ai - 


- (A?,*.Yi® + Y®3)-Y3 ®-i-(Y®» + Y®2.AJ) 23.440 


If Ai = 0 and A] = 0, the criterion becomes Y®* — Y®®*Y®® 'Y®'. 

Hence the synthesis tensor has the same form as equation 23.41. 
Changing the subscripts of the components of and adding two 
arbitrary columns along the ignored junction-pair axis 1 and along the 
ignored mesh axis 6, the synthesis tensor is 


5' 1' 2' 3' 4' 

5 
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A<r *= 2 
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At 


23.45 


XVI. SYNTHESIS TENSOR FOR EQUAL INPUT IMPEDANCE 

(a) In order to keep the impedance of the network constant when 
viewed from several input terminals, the criterion (equation 23.13) is 
that Zii — 212 * 222'*221 should remain invariant while the coil inter- 
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connections or the coil impedances are changed by C^. The problem 
is to find the form of C,. Let 


1 2 


1 ' 2 ' 


z 


1 

Zll 

Z 12 

1 

c} 

ci 

2 

Z 21 

Z 22 

— 

2 

c! 

cl 


23.46 


After transformation the network impedance is by C*i*z*Cir 


V 


2' 


(6) In order to find the inverse of the right-lower corner matrix, 
assume Cj = 0. In order to leave Zn in the upper left-hand corner 
tensor unchanged, assume C} = I. Hence assuming 


V r 


(c};-z„ + c?;.zji).c|+ 
(c};.ZM + c?;-z2s).c? 

(c{;-zu + cir-z*i).ci+ 

(Cy-ZlZ + C|*>Z»)*Cl 

(C 21 -zii -|- Cjr •Z2i)*Ci-f 
(C^**Zi2 -h C^**Z22)*Ci 

(cy-zii + ClT-ztO-d 
(ci;-z« + ci;-z!K).c| 


V r 





23.48 


as the synthesis tensor, the impedance tensor is after the transformation 


y 2 ' 


Zll *f Zl2'Ci -f Cy-Zjl Cy-Za’C* 

Zi 2 *c| Cj^*Z 22 ’C 2 

c|r-z*i + C|*-ZzfC* 

clTmCi 


(c) The input impedance as viewed from axis 1' is by the reduction 
formula 

Zil — ziz'ZzZ ^'*21 = (zii + Zl2*Ci + Cir'Z2i + 

-h Cl*-222’Cl) — (Zi2*C2 + Cii**Z22'C2)* 
•(C2r*Z22*C2)“'^*(C2f •Z 2 I + Cli •Z22*Ci) 


Simplifying 

zJi — zj2*Z22'**21 *11 *12 *Zm'*Z21 23.50 

Hence the input impedance (the criterion of performance) is the 
same after the transformation as it is before the transformation. The 
components of C 9 dropped out of the picture. 
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Assuming the ignored junction-pair axes 3' also, the synthesis tensor 
that keeps the input impedance of an asymmetrical network uncimnged is 



V 

2' 

3' 

1 

I 


Cj 

C, = 2 

cf 

cl 

cl 

3 



cl 


23.51 


where C 3 may have any rectangular form. 

(d) Similarly applies if instead of the input impedance Z\\ — Zi2* 
•Z 22 *Z 2 \ the input admittance ^-Y^* is kept invariant. 

For instance in order to keep both input and output admittances, 
equation 23.24 (containing open-circuit admittances), constant along 
axes 1 and 2 , the synthesis tensor is 


1' 2' 3' 4' 
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23.52 


(e) Or as another example, in order to maintain the voltages E 2 
across the loads constant, it is necessary to keep by equation 23.10 
the admittance of axis 3, namely constant in the presence of the 
inactive junction-pair axes 4. Hence 

r 2' 3' 4' 5' 
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23.53 


where 6 is the ignored compound mesh axis. 

(f) Let it be assumed that all the inactive meshes of the previous 
network contain impressed voltages 62 so that the voltage vector e 
before and after the transformation C 9 (equation 23.48) is 


e = 



23.54 


c;.e 


r 


2 ' 


Cl -|- Cir • 62 

C2t*'e2 


23.55 





614 


THE SYNTHESIS OF NETWORKS 


(g) The second criterion (equation 23.16) is by equation 23.54 and 
23.49 

6 t * = ©1 — ^ 12*^22 ^*©2 ~ 

= ©1 + Cj**©2 — (212*C2 + Cf**Z22*C2)(Cjj**e2) 

= ©I — Zi2*Z22^»©2 23.56 

Hence the previous synthesis tensors are valid also if the inactive 
meshes or junction^pairs contain impressed voltages or currents^ that is, 
they keep both the input impedances and input voltages of active networks 
invariant. 

(A) A special case of the simpler synthesis tensor of 23.48 (without 
including the junction-pair axes 3) has been established by Cauer. 
In the synthesis tensor of Cauer: 

1. The components of namely C? and Ci, may contain only 
real numbers. 

2. The network is symmetrical, that is, it contains only lumped 
resistances, inductances, and elastances. 

3. The network is passive. 

The limitations of Cauer’s synthesis tensor are due to the fact that 
it was not established by keeping a “criterion of performance,” namely, 
the input impedance Zn — Zi2*z^^»Z2i, invariant, but it was established 
by keeping three real quadratic forms simultaneously invariant. These 
three real quadratic forms are i*r»i, i*l*i/2, and i*s*i/2 of mesh net¬ 
works. 

It should be noted that in general no quadratic (or hermitian) 
forms are associated with the networks considered in this chapter, since 
they are not necessarily stationary symmetrical networks. 

XVIL THE “PRIMITIVE” SYNTHESIS TENSOR 

(a) The synthesis tensor changes zj (or Y^') of a network to 
Z2 (or Y^') of another network having the same performance. Since the 
components of both z\ and z^ represent the self- and mutual impedances 
of several coils connected into closed or open meshes, it is quite awk¬ 
ward to determine from them the impedances of the individual coils. 

A synthesis tensor may be established between the individual coils 
of two networks instead of between their meshes or junction-pairs. That 
is, it is possible to find immediately the self- and mutual impedances 
of the individual coils of the second network in terms of those of the 
first network with the aid of C,. This additional step is quite impor¬ 
tant since it is much easier to examine the self and mutual impedances 
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of individual coils for, say, their physical realizability, than the self 
and mutual impedances of whole meshes, open or closed. 

(b) Ca of the individual coils may be found from of the meshes 
(established in the previous sections) by the following^ steps. Let: 

1 . Cl = transformation tensor of the original network changing 
Zi to z[ by Cj,-Zi»Ci = z[, 

2 . C2 = transformation tensor of the new network changing Z2 
to Z2 by C2I-Z2-C2 = Zj. 

3. C' = network synthesis tensor transforming z[ to Z2 by 

= Z2. It is assumed to be known. In general it has a 
singular matrix. 

4. C, = primitive synthesis tensor (to be determined) tiansform- 
ing Zi to Z2 by C*i-Zi-C^ ■-= Z2. 

Since the two networks hive different number of coils, Ci and C2 have 
different number of rows and columns. 

Substituting 1 and 2 into 3: 

Transferring C2< and C2 to the left-hand side 


By comparison with 4 the individual synthesis tensor C, transforming 
Zi to Z2 is found from the original synthesis tensor by 


— Cl*C0'*C2 


23.57 


where Ci is the transformation tensor of the first network and is that 
of the new network assumed. 

Since the inverse of the transformation tensor C2 is needed in 
calculating each network is assumed as a completely orthogonal net¬ 
work in establishing its C'. 

(c) In changing Y‘ to Y- each C is replaced by so that 

c;r‘ = or a, = Ai.a;.A2' 23.S8 


{d) If it is not intended to change the network itself, but only the 
impedances of the individual coils, then C2 = Ci. That is, the imped¬ 
ances of the individual coils of any network Ci may be changed by the 
transformation tensor 

I-1 

23.59 


Cff —■ Ci'Cy’Cx 


without changing the performance characteristic of the network. 
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Of course, each coil itself may be a compound coil representing a 
whole network. 

XVm. EXAMPLE OF TWO EQUIVALENT NETWORKS 
(a) Let three coils with asymmetrical mutual impedances be given, 



(o) (b) (c) (d) 

Fig. 23.8.—First Network with Three Coils 


forming tw^o meshes and one junction-pair (Fig. 23.8a). As a complete 
network its C and are 


Ir 2i/ 3v h 2i 3i 



When viewed from e\ this network has a certain impedance Z\, 

(b) Now let another network of Fig. 23.9 be given in which four 



Fig. 23.9.—Second Network with Four Coils 


coils are arranged arbitrarily to form two meshes and two junction- 
pairs. (E^ch coil of course may represent the equivalent impedance of 
a whole network). As a complete network its C and C“* are 



23.62 
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The problem is to find the self- and mutual impedances of the four 
coils of the second network Z 2 in terms of the three coils of the original 
network zi 2 * 3 * 4 . 

2i 3i I— ---7 - 

—-j——I I2 Zii Z^i2 Ziz Zii 

li -2^11 Z 12 - 

22 Z21 Z22 ^23 ^24 

Zi = 2i Z 21 Z 22 23.63 ^ =-- 23.64 

- 32 Zil Z32 Z33 Zm 

3j -- 

——42 Zii Z 42 Z 48 Z 44 

SO that both netwotks should have the same input impedance when viewed 
from the impressed voltage €i. 

(c) The impedance tensor zj of the original network (not estab¬ 
lished) may be multiplied by the synthesis tensor of equation 23.51 
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where the component k's are any real or complex numbers or operators, 
giving the impedance tensor of the new network (not established). 

Let the above C' be changed to an individual synthesis tensor 
changing the impedances of their primitive networks (namely, changing 
2 i to Z 2 ) by equation 23.58. Hence by Ci*C'^ = 
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in which the k’s are arbitrary quantities. 
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(d) The impedance tensor Za of the primitive network of Fig, 23.9 
is by C^*Zi*C,r = Za = 

l2 22 32 42 


l2 


22 


32 


42 


This matrix represents the values of the self- and mutual impedances 
of the four coils of Fig. 23.9 in terms of the three coils of Fig. 23.8. 

The various k!s are so selected arbitrarily that the four coils should 
be physically realizable. Of course some of the k's in may be 
assumed to be zero, while the diagonal k's may be assumed unity. 

It should be expressly noted that the second network (having the 
same input impedance as the original network) has been established 
without calculating the impedance matrix or the criterion of perform¬ 
ance or the input impedance of either network. By simply knowing 
the individual synthesis tensor C^r of equation 23.66, it can be foretold 
without any additional calculations that the two networks of Figs. 23.8 
and 23.9 have the same input impedance when viewed from e\. 

XIX. THE PHYSICAL REALIZABILITY OF COILS 

As tentative steps in the determination of the arbitrary /j’s, the 
following may be mentioned: 

1. The first condition of the realizability of coils is that the various 

mutual inductances in equation 23.67, namely, the non-diagonal 
components, should be of the form This condition puts several 

limitations upon the arbitrary values of the Jfe*s in terms of the Z's. 

2. It may be required that some or ail of the mutual inductances 
should be zero. This requirement restricts the arbitrariness of the 
various k's still further. 
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3. Another condition is that the mutual inductances must be 
smaller than the self-inductances. This condition puts upper and lower 
limits upon the values of the Jk's. 

XX. THE THREE ARBITRARY SETS OF QUANTITIES OF 
NETWORK SYNTHESIS 

(a) When the criterion of performance has l>een established for 
some desired network characteristics, but no network is as yet available 
whose constants satisfy the criterion, it is just as well to assume the 
primitive network with any arbitrary number of coils as the starting point 
and establish (on paper) the constants of the primitive network with¬ 
out paying any attention to its realizability. Most of its constants 
may be assumed arbitrarily; the rest must be so selected that they 
satisfy the criterion. If the network performance is to be independent of 
frequency, the primitive network serving as a starting point may contain 
only resistances. 

For instance, to maintain constant load currents the criterion that 
has to be satisfied by the coils is from equation 23.3 

Y22 ^ Y2.3.Y33 1.Y32 23.69 

Hence if the admittance tensor Y of the primitive network is divided 
into 42 = 16 component tensors (one of the four groups being the 
ignored meshes), fifteen of the tensors may be selected arbitrarily while 
the diagonal tensor has to satisfy this last equation, 

(b) On these arbitrary tensors tw^o other arbitrary operations 
may be performed. 

1. The coils may be interconnected into any arbitrarily seUcted 
network by a non-singular C. 

2. The tensors may be multiplied by the synthesis tensor C' 
whose component tensors are mostly arbitrary. 

(c) Hence, to find a network with a prescribed performance character¬ 
istic, three arbitrary sets of quantities have to be given definite values; 

1. The arbitrary components of the impedance tensor of the 
originally assumed primitive network, satisfying the “criterion of 
performance.’* 

2. The components of the transformation tensor of any arbitrary 
selected network showing its manner of interconnection, etc. 

3. The arbitrary components of the synthesis tensor. 

The value of these arbitrary quantities is fixed by the conditions of 
realizability of the coils and by economic factors. 
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Active junction pairs, 422 
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Admittance tensor, 105, 385 
leakage, 378, 491 
mutual, 491 
of individual coils, 130 
of non-linear systems, 384 
open-circuit, 378, 491 
self-, 491 

Affine, connection, 193, 238, 479 
space, 199 

transformation, 180, 275 
All-junction network, 355 
All-mesh network, 93 
Amplication, factor, 386 
tensor, 597 

Amplifier, degenerative feedback, 403 
feedback, 395 

intermediary frequency, 391 
push-pull, 397 

Analysis, of junction networks, 363 
of mesh networks, 108 
of orthogonal networks, 415, 426 
Analysis situs, 73 
Apparent coil, 361, 407, 411 
Associated, geometric objects, 179 
tensors, 466 

of design constants, 466 
of electromagnetic quantities, 467 
Asymmetrical networks, 331, 388 
Autotransformer, 284, 344 

Base letter, 7, 67 
Basic, tensors, 382 
variables, 451 
Branch, 76 
Bridge circuit, 124 

Cell, 212, 448 
Chain, 212, 448 


Characteristic, curves, static, 380 
equation, 468 
matrix, 468 
Closed delta, 509 
Cofactor, 28 

Coil, apparent, ^61, 407, 411 
compound, 182 
definition of, 73 
interconnection of, 94 
oi)en-circuited, 128 
physical realizability of, 618 
short-circuited by brushes, 171 
tensor, 508 

along seciuence axes, 513 
of faults, 521 
Commutation, 172 

Compensation theorem, generalization 
of, 581 

Complete networks, 423 
Complex, numbers, replacement of, 571 
series, 549 

Components of geometric objects, 67,199 
Compound, coils, 482 
currents, flow of, 499 
geometric object, 216 
indices, 217, 238 

multiwinding transformers, 495, 517 
networks, 482 

elimination of variables from, 485 
reduction of, 486 
primitive network, 497 
series, 551 
systems, 482 

tensor, arbitrary subdivision of, 217 
definition of, 216 
doubly, 227, 245 
inverse of a three-rowed, 259 
inverse of a two-rowed, 257 
manipulation of, 222 
multiply, 227 
subdivision of, 256 
transformation tensor, 496 
Conductance tensor, 438, 452 
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vector representation of, 199 
Correspondence of path, 214 
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vector representation of, 203 
Criterion, of oscillation, 399 
of performance, definition of, 592 
of constant differences of potential, 
597 

of constant load currents, 594 
of constant load voltages, 597 
of equal input impedance, 599 
of active networks, 600 
of equal input or output admittance, 
601 

Current, branch, 146 
compound, 499 
equation of, 83, 459 
impressed, 78 
junction, 356 
load, 159 
magnetizing, 159 
neglecting of, 156 
mesh, 149 
new, 97 
old, 97 
response, 77 
short circuit, 589 

vector, transformation formula of, 99 
Cyclomatic number, 213 

Decrement factor, 466 
Delta connection, 502 
Derived, tensors, 382 
variables, 451 
Design constants, 452, 469 
Determinants, 27 
Dielectric, constant, 437 
network, 443 

Differential geometry, 73, 197, 207, 211 
Differentiation of n*matrices, 31 
Direct-current windings, 169 
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Direction, 200 
Dissipation function, 457 


Distortion tensor, 547 
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Elastance tensor, 452 
Elastivity, 437 
Electric network, 436 
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flux lines, 443 
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Ellipse, unit, 470 
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electrostatic, 477 
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magnetic, 479 
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426, 454 

of an orthogonal network, 33, 455 
of Lagrange, explicit, 453, 455 
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of performance, 83, 417, 468 
of power, 455 
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tensor, 188 

Equivalence, of mesh and branch cur¬ 
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of n-coil networks, 434 
of open-mesh and junction-pair, 76 
Euclidean, geometry, 207 
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Extensity factor, 474 
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Faults, 502 

double, in balanced network, 535 
impedance tensors of, 521 
simultaneous, 527 
single, 522 

in a balanced network, 534 
transformation tensors of, 521 
Flow, of compound currents, 499 
of power into loads, 585 
Forms, algebraic, 45 
bilinear, 45 
differential, 45 
hermitian, 456 
invariance of, 100 
linear, 45, 100, 456 
multilinear, 45 
quadratic, 45, 456 
set of, 46 

Formula of transformation, 99, 182 

Frequency factor, 467 

Functional subdivision of networks, 484 

General circuit parameters, 573 
Generalization, of compensation theorem, 
581 

of Ohm’s law, 64 
of per-unit system, 462 
of Th^venin’s theorem, 252, 587 
postulate, first, 47 
second, 67, 543 
third, 70, 189 
Generators, 334 
Geometric, language, 196 
objects, associated, 179 
compound, 216 
concept of, 67 
conjugate of, 327 
definition of, 176 
induced, 184 
intermediary, 178 
mathematical representation of, 68 
mixed, 179 
non-tensor, 188 
of physics, 191 

Geometrization of physical problems, 197 
Ground impedance, 503 
Group, connection, 434 
definition of, 271 
finite, 273 
infinite, 274 


Group, of symmetrical comtX)nents, 337 
property, 271, 276 
semi-, 273, 607 
sub,274 
theory of, 270 

Hermitian lonns, 456 
Holonomic transfoimation, 181 
Hypothetical, currents, 149, 328 
reference axes, 141, 328 
windings, 159 

Impedance tenser, leakage, 244, 491 
t»f faults, 521 
of tub's, 402 
open-circuit, 243 
self and mutual, 491 
short-circuit, 244, 4^*1 
three-phase, 501 
transformation formula of, 104 
winding, 297 

Impressed (luantities, 76, 453 
Indices, barred, 345 
closed, 176 

compound, 217, 233, 238 
contravariant, 174 
covariant, 174 
doubly compound, 228 
dummy, 23 
fixed, 8 
free, 23 

individual, 217, 238 
lower, 174 
manipulation of, 44 
multiply compound, 238 
open, 176 

raising and lowering of, 465 

spin, 349, 553 

tensor, 349 

unbarred, 345 

upper, 174 

variable, 8 

Individual, indices, 238 
transformation tensor, 483, 501 
Inductance, 450 

Inscribed delta, unbalanced, 290 
Integer, tiansformations, 173 
Integration of n-matrices, 33 
Intensity factor, 474 
Interconnected networks, 447 
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Interconnection, of coils, 94, 298 
of junction networks, 374 
of mesh networks, 133, 137 
of non-linear systems, 389, 558 
Interlinked networks, 444 
Intermediary geometric objects, 178 
Interrelated networks, 447 
Intersection index, 213 
Invariance, of criteria of performance, 
602 

of forms, 101, 457 
of power, 101, 357, 414 
Invariant, equations, definition of, 68 
linear, 83, 480 
non-linear, 545 
quadratic, 238 
recombination of, 240 
subdivision of, 229, 238 
transformations, 141 
Invariants, 185 
basic, 461 
definition of, 185 
derived, 461 
differential, 186 
simultaneous, 462 
Inverse, of complex series, 554 
of compound tensor, 257, 259 
of matrix, 29 
of series, 57 

Isothermal process, 476 

Junction, current, 360 
definition of, 73 
networks, 81, 84 
all-, 355 

compound, 483, 486 
dielectric, 444 

equation of current of, 83, 454 
interconnection of, 374 
primitive tube, 89 
reduction of, 486 
summary of analysis of, 363 
pair, 75 
active, 422 

inactive, elimination of, 485, 566 
transformation of, 370 
tensor, 501 

along sequence axis, 513 
as permutation, 502 
of ground impedance, 503 


Kirchhoff's law, first, 97, 172 
second, 359, 373 
Kronecker's delta, 5 

Lagrange, dual equations of, 457 
Lagrangean function, 458 
Leakage, coefficients, 491 
impedance, 281, 491 
reactance, 281, 339, 512 
compound, 495, 518, 527 
Linear, form, 45 
graph, 213 
space, 199 

transformations, 275 
Load, current, 159 
ratio control, 286 
Lowering of indices, 465 

Magnetic, energy, stored, 474 
networks, 441 
Magnetizing current, 159 
Magnitude, definition of, 471 
Manipulation, of compound tensors, 222 
of indices, 44 
of matric equations, 43 
of n-way matrices, 13 
of products, 41 
Matric equations, 43 
Matrices, «-way, 3 
Matrix, characteristic, 468 
definition of, 4 
inverse of, 29 
notation, 12 
null, 5 
rank of, 268 
skew-symmetric, 42 
symmetric, 41 
transpose of, 38 
unit, 5 

Mechanical networks, 436 
Mesh, 75 
closed, 74 

currents, hypothetical, 149 
inactive, elimination of, 485, 566 
networks, all-, 93 
interconnection of, 133 
reduction of, 261 
summary of analysis of, 108 
transformation of, 142 
voltage equation of, 82, 453 
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Mesh, open, 76 
transformation of. 146 
Metric tensor, 193, 238, 463, 471 
Minor, 28 

Mixed, equations of performance, 468 
geometric objects, 179 
reference axes, 536 
tensors, 465, 469 
Modulation tensor, 547 
Multielectrode tube, 379 
equation of, 380 

equivalent junction network of, 388 
impedance tensors of, 402 
interconnection with networks, 389 
Multiple teusors, 538 
representation of, 539 
Multiplication, arrow rule for, 18 
of compound tensors, 223 
of n-matrices, 24 
of one-matrices, 17 
summation rule for, 21 
table, 337 

Multiply compound tensor, 227 
Multiwinding transformers, 158, 339, 387 
Mutual impedance tensor, 491 

Networks, 72 
active, 251 
all-junction, 355 
all-mesh, 93 
analytical units of, 79 
asymmetrical, 331, 388 
basic equations of, 480 
building blocks of, 73 
change in, 578 
complete, 423 
compound, 482 
dielectric, 443 

distribution, compound, 575 
dualism of, 444 
efficiency of, 476 
electric, 436 
equivalence of, 434 
functional subdivision of, 484 
interconnection of, 389 
interlinked, 447 
interrelated, 447 
junction, 81 
magnetic, 440 
mechanical, 436 


Networks, mesh, 81 
non-singular, transformation of, 430 
orthogonal, 407 
passive, 252 

physical subdivision of, 492 
primitive, 86, 89, 497 
reduction of, 486 
reference, 85, 111, 143, 431 
stationary, 49 
sub, 79 

symmetrical, 49 
thermodynamics of, 475 
transformation of any two, 431 
types of, 84 
unilateral, 389 

with zero design constants, 460 
Nomenclature, 79, 491 
Non-commutative algebra, 21 
Non-holonomic transformation, 181 
Non-homogeneous medium, 433 
Non-invariant transformations, 194 
Non-linear systems, 379 
admittance tensor of, 385 
interconnection of, 389, 558 
Non-singular transformation, 119, 428 
Non-tensor geometric objects, 188 
Notation, direct, 7, 37 
index, 7, 37 
matrix, 12, 176 
Null-matrix, 5 
»-\Vay matrices, 3 
addition of, 14 
differentiation of, 31 
division with, 29 
integration of, 33 
multiplication oi, 79 
occurrence of, 34 
of stationary networks, 35 
order of, 37 

Object, 67 

Open-circuit admittance tensor, 378, 491 
Open circuit of coils, 128 
Open delta, 509 
Open mesh, 76 
Operators, linear, 48, 74 
Orientation, 75, 206, 213 
Orthogonal, equations, of current, 427 
of voltage, 421 
networks, 407 



632 


INDEX 


Orthogonal, networks, example of, 417 
summary of analysis of, 415, 426 
subspaces, 209 

Parallelism, 479 

Part windings for synchronous motor 
starting, 318 
Permeability, 437 
Permeance tensor, 440 
Permutations, 164, 502 
Per>unit system, generalization of, 462 
Phase-shift transformer, 339 
hexagonal autotransformer, 344 
Pole and polar of ellipse, 473 
Postulate, generalization, first, 47 
second, 67, 543 
third, 70, 189 
Power, 100, 326 
equations of, 455 
flow into loads, 585 
invariance of, 101, 357, 414 
more general deflnition of, 325 
representation of, 207 
series, 53 

Primitive, compound network, 497 
junction network, 89 
mesh network, 86 
synthesis tensor, 614 
system, 85 
transformer, 281 
tube, 379 
winding, 297 
Pseudo-tensor, 351 

Quadratic forms, 456 
Quadric surface, 471 

Raising of indices, 465 
Rank of matrix, 268 
Reactance, air-gap, 302 
calculation, of capacitor motor wind¬ 
ings, 308 

of double winding for turbo-alter¬ 
nator, 310 

of individual coils, 301 
of neighboring coils, 298 
of part windings, 318 
of standard three-phase, 309 
differential-leakage, 301 
end-leakage, 304 


Reactance, fundamental, 301 
harmonic, 301 
slot-leakage, 303 

Recombination of invariant equations, 
240 

Reduction, formulas, of admittance, 378 
of current, 378 
of impedance, 244, 247 
of voltage, 244,249 
of junction networks, 486 
of mesh networks, 488 
of orthogonal networks, 489 
to diagonal form, 332 
Reference axes, 198, 408 
curvilinear, 477 
hypothetical, 141, 328 
mixed, 536 
multiple, 538 
rectangular, 201 
rectilinear, 198 
time, 542 

transformation of, 204, 214 
Reluctance tensor, 440 
Reluctivity, 437 

Representation, of contra variant vector, 
199 

of covariant vector, 203 
of metric tensor, 471 
of multiple tensors, 539 
of «-matrices, 9 
of power, 207 

of symmetrical components, 338 
Resistance tensor, 438, 452, 479 
Resistivity, 437 
Response quantities, 76, 410 
Resultant systems, 136 
Riemann-Christoflfel curvature tensor, 
193 

Rotating machines, 65 

Scalar, definition of, 188 
Secular equation, 468 
Self-impedance tensor, 491 
Sequence, axes, 328 
impedance tensor, 330 
tensor, 327 
Sets, 2 

Short-circuit, currents, 589 
impedance, 244 

Short-circuited coils, by brushes, 171 
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Sign conventions, 107 
Simultaneous eciuations, 266 
Singular transformation, 119, 366 
Skew-symmetric matrix, 42 
Spaces, affine, 199 
Euclidean, 200 
interconnected, 211 
linear, 199 
local, 477 

n-dimensional, 199 
orthogonal sub-, 209 
points of, 206 
tangent, 478 
transformation of, 214 
underlying, 477 
unitary, 202 
Spin indices, 553 
Spinor, 349 

transformation formula of, 327, 349 
weighted, 351 

Star-mesh transformations, 261 
Structure of a space, 208 
Subdivision, of complex problems, 278 
of compound tensors, 256 
of linear equations, 229 
of networks, 
functional, 484 
physical, 492 

of quadratic equations, 238 
of tensors, 217 

of transformation tensor, 279 
Sub-network, 74 
Subspace, orthogonal, 209 
Summation convention, 23 
Symmetrical, components, 328, 511 
matrix, 41 

Synthesis tensor, definition, 592, 602 
establishment of, 603 
for constant differences of potential, 
610 

for constant output current, 604 
for equal input impedance, 613 
for unvarying output current, 609 
primitive, 614 

Tangent spaces, 478 
Taylor series, 544 
complex, 549 
inverse of, 554 

Tensor, acceleration, 192, 467 


Tensor, admittance, 105 
amplification, 547 
analysis, 62, 71, 207 
associated, 466 
of design constants, 466 
of eletroniagnelic quantities, 467 
basic, 382 
capacitance, 444 
coil, 501, 508 
compound, 216 
conductance, 438, 452 
connection, 275, 434 
definition of, 187 
del sity, 351 
derived, ^82 
displacement, 444 
distortion, 547 
elastance, 444 
electric charge, 444 
electromotive force, 443 
electrostatic flux, 443 
equations, 188 
flux-linkage, 449 
force, 192, 467 
impedance, 104, 491 
in physical problems, 188 
inductance, 449 
junction, 501 
leakage cofficient, 491 
leakage impedance, 491 
magnetic flux, 4v^9 
magnetizing force, 439 
magnetomotive force, 449 
metric, 463 
mixed, dual, 476 
modulation, 547 
momentum, 467 
multiple, 538 
multiply comix)und, 227 
non-singular transformation, 928 
permeance, 440 
pseudo, 351 
reluctance, 440 
resistance, 452, 479 
Riemann-Christoffel curvature, 193 
sequence, 327 
impedance, 330 

singular transformation, 119, 366 
susceptance, 449 
synthesis, 592, 602 
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Tensor, transformation, 69, 98, 452 
turn-ratio, 449, 512, 519 
unit, 103, 605 
velocity, 192 
weighted, 350 
Tetrode circuit, 387, 400 
Thermodynamic potential, 476 
Thermodynamics of networks, 475 
Th6venin's theorem, generalization of, 
252, 587 
Time, 191 

Topology, 207, 211, 213 
Torus, 212 

Transformation, affine, 180, 275 
changing number of turns as, 159 
complex, 326 

constraints as, 119, 157, 368 
formula, of admittance tensor, 182 
of current vector, 99 
of geometric objects, 187 
of impedance tensor, 104, 327, 353 
of individual admittance tensor, 131 
of intermediary objects, 183 
of mixed impedance tensor, 469 
of power, 101, 327, 352 
of pseudo-tensors, 351 
of tensors, 182 

of transformation tensor, 184 
of voltage vector, 102, 327, 352 
of weighted spinors, 352 
of weighted tensors, 351 
fractional, 158 
functional, 180 
holonomic, 181 
integer, 173 
invariant, 141 
linear, 180, 275 
ff-mesh networks, 142 
non-holonomic, 181 
non-invariant, 194 
of branch currents, 146 
of intermediary geometric objects, 183 
of junction-pairs, 370 
of mesh networks, 142 
of opening of circuits as, 162 
of patH^, 215 
of points, 206 

of reference frames, 209, 214 
of space structures, 214 
permutations as, 164 


Transformation, rational, 158, 275 
real, 275 
spinor, 327, 349 
star-mesh, 261 
tensor, 69, 98 
compound, 496 
definition of, 69, 98 
fault, 521 
individual, 501 
non-singular, 428 

physical interpretation of, 172, 373 
singular, 118, 366 
three-phase, 501 

Transformer, auto-hexagon, forked, 284 
phase-shift, 344 
compound, multiwinding, 517 
load-ratio control, 286 
multiwinding, 280 
phase-shift, 339 
primitive, 281 
two-winding, 161 
unbalanced inscribed delta, 290 
Transpose of 2-matrix, 38 
Traveling waves on multiconductors, 50 
Tree, 213 

Triode, compound, 572 
constants of, 387, 402 
mesh network of, example, 403 
simplified representation of, 405 

Ungrounded star, 509 
Unified field theory, 241 
Unit, element, 272 
ellipse, 470 
matrix, 5 
tensor, 103, 605 
vector, 70, 198, 204 

Valence, 68, 183 
Vandermonde determinant, 333 
Variables, basic, 451, 461 
contra variant, 192, 409, 451 
covariant, 409, 451 
derived, 451, 461 
elimination of, 59, 242, 485 
independent, 461 
selection of, 139 

Vector, contra variant, representation of, 
199 
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Vector, covariant, representation of, 
203 

definition of, 188 
direction of, 479 
magnitude of, 472 
unit, 70, 198, 204 
Voltage, equation of, 82, 453 
impressed, 77 
junction, 78 
mesh, 153 
open circuit, 162 
response, 78 

unbalanced, in d-c. windings, 293 


Weighted, spinor, 351 
tensor, 350 

Winding, capacitor motor, 308 
direct current, 169 
double for turbo-alternator, 310 
impedance tensor, 297 
part, for synchronous motor starting, 
318 

primitive, 297 
standard three-phase, 304 

Withdrawn current, 78, 453 

Zigzag connection, 339, 502 
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